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ABSTRACT. We shall show that every stable equivalence (functor) between represen-
tation-finite selfinjective algebras not of type (Dsy,, s/3,1) with m > 2, 31 s lifts to a
standard derived equivalence. This implies that all stable equivalences between these
algebras are of Morita type.

INTRODUCTION

Throughout this paper k denotes an algebraically closed field, and unless other-
wise stated, all algebras considered here are assumed to be basic, connected, finite-
dimensional k-algebras with identity. For an algebra A, we denote by mod A, by pro A
and by mod A the category of finite-dimensional (right) A-modules, the full subcat-
egory of mod A consisting of finitely generated projective A-modules and the stable
category of mod A, respectively. Further by DP(mod A) and by H"(pro A) the bounded
derived category of mod A and the bounded homotopy category of pro A, respectively.
Recall that mod A is the factor category (mod A)/(proA), where (proA) is the ideal of
mod A consisting of morphisms of mod A factoring through an object in proA. Then
we have the canonical functor 7y : mod A — mod A. When A is a selfinjective algebra,
the category mod A is naturally regarded as a triangulated category.

For two algebras A and II, an equivalence mod A — mod Il is called a stable equiva-
lence from A to I1. The algebras A and II are said to be stably equivalent if there exists
a stable equivalence between them. Following Broué [5] (see also Linckelmann [7]) a
stable equivalence ¢ : mod A — mod Il is called of Morita type if there exist bimodules
AMi, 1N such that the following three conditions are satisfied:

(1) AM, My, nN and N are projective modules;

(2) (a) M ®@p N 2 A @ P in mod A°? ®; A for some P € pro A°? ®; A, and

(b) N®@y M 21T @& Q in mod I1°° ® IT for some @ € proII°P? @ II; and

(3) ¢ lifts to the functor - ® M, i.e., the diagram

mod A Z®aM, mod I1

m | |

mod A —— modIl
)

commutes up to natural isomorphisms.
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Note that the ¢ above lifts to a Morita equivalence if and only if it is of Morita
type with P = 0 = @ in the definition. An example of a stable equivalence of Morita
type is given by the loop functor over a selfinjective algebra, as we shall see later. In
particular, the loop functor over a (non-semisimple) selfinjective Nakayama algebra
gives an example of a stable equivalence of Morita type that does not lift to a Morita
equivalence.

On the other hand, for two algebras A and 11, a triangle equivalence ® : D®(mod A) —
DP(modl) is called a derived equivalence from A to II. The algebras A and II are said
to be derived equivalent if there exists a derived equivalence between them. If ® has

the form ¢ = - (%2) AM" for some twosided tilting complex M~ of A-II-bimodules, then
® is called a standard derived equivalence. When A is selfinjective it has been shown
in [6] or in [9] that the embedding functor mod A — D"(mod A) yields an equivalence
oa :mod A — DP(mod A)/HP(pro A) of triangulated categories. Let oy* be the quasi-
inverse of o, given in [9]. Denote the composite of the functors

DP(mod A) —~ DP(mod A)/HP(pro A) 0, mod A

by 7a : DP(mod A) — mod A.
A stable equivalence ¢ : mod A — mod II of selfinjective algebras A and II is said to
lift to a derived equivalence ® : D®(mod A) — D"(mod II) in case the diagram

D*(mod A) —2>— DP(mod II)

m| |m

modA —— modlIl
@

commutes up to natural isomorphisms. Note that if ¢ above lifts to a Morita equiva-
lence, then ¢ lifts to a standard derived equivalence.

In [10] Rickard has shown that a standard derived equivalence of selfinjective algebras
supplies a stable equivalence of Morita type. We shall see later (in section 5) that if a
stable equivalence ¢ of selfinjective algebras lifts to a standard derived equivalence ®,
then the stable equivalence of Morita type obtained from ® coincides with ¢. This is
not clear from the proof given in [10, Corollary 5.5], and means that a stable equivalence
of selfinjective algebras liftable to a standard derived equivalence is of Morita type.

Since the condition to be of Morita type is rather strong, most stable equivalences
seem to be not of Morita type. But in constructing stable equivalences one usually
uses those of Morita type. Therefore it seems that only few examples of stable equiv-
alences not of Morita type are known. In looking for such examples in the class of
representation-finite selfinjective algebras, we realized that by contraries it is impossi-
ble to find them in most cases in this class. Further the argument used in this proof
could be easily extended to obtain the following.

Main Theorem. Let A andll be selfinjective algebras. Assume that A is representation-
finite and not of type (Dsp,s/3,1) with m > 2, 31 s. Then every stable equivalence
between A and 11 lifts to a standard derived equivalence, and hence in particular, it is
of Morita type.
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See the next section for the definition of types of representation-finite selfinjective
algebras. At present we do not know whether there exist stable equivalences that do
not lift to standard derived equivalences in the remaining cases. However, Proposition
3.3 suggests us that at least in the remaining standard cases all stable equivalences
would be of Morita type.

In section 1, we recall the derived equivalence classification of representation-finite
(standard) selfinjective algebras from [1]. In section 2, we investigate the stability of
configurations of the universal coverings A of representative algebras A in the derived
equivalence classification (in section 1) under “essential” automorphisms of the stable
Auslander-Reiten quivers of A. In section 3, using the result in section 2 we describe
the group StPic(A) of natural isomorphism classes of stable self-equivalences of A for
each representative algebra A. In particular, it is shown that StPic(A) is generated by
the loop functor and the ones liftable to Morita equivalences for each representative
algebra A the type of which is treated in Main Theorem. In section 4 we notice
that the loop functor lifts to a standard derived equivalence, and we give a proof of
Main Theorem by reducing the problem to stable self-equivalences of representative
algebras. Section 5 is an appendix in which for the benefit of the reader we recall the
construction of 1y, and prove a proposition that produces both the construction of a
stable equivalence of Morita type from a standard derived equivalence ([10, Corollary
5.5]) and a proof of the fact that a stable equivalence liftable to a standard derived
equivalence is of Morita type. Finally section 6 is also an appendix in which we give
explicit quiver presentations of all the representative algebras, which were presented
by now as quotients of repetitions of tilted algebras (most of which were hereditary
algebras) in [1, 2.5]. We hope that this will help to study invariants of representation-
finite selfinjective algebras under derived equivalences.

1. PRELIMINARIES

Note that Main Theorem holds trivially if A is semisimple. Therefore throughout
the rest of the paper we assume that all selfinjective algebras considered here are not
semisimple, or equivalently that they are not isomorphic to the one-dimensional algebra
k. By D, Q4 and 75 we denote the usual k-dual functor Homg(-, k), the loop functor
and the Auslander-Reiten translation of an algebra A, respectively. For algebras R and
S over a commutative ring K, we regard R-S-bimodules as right R°P ® g S-modules in
an obvious way.

Recall from [1] the definition of the type typ(A) of a representation-finite selfinjective
algebra A. By Riedtmann [11] it is known that the stable Auslander-Reiten quiver of
A has the form ZA/{g), where A is a Dynkin graph, r is a natural number, g = (77"
and ¢ is an automorphism of the quiver ZA with a fixed vertex. In this case, we set
typ(A) := (A, f,t), where f := r/ma and t is the order of (. Here ma is equal to n,
2n — 3, 11, 17 or 29 according as A = A,,, D,,, Eg, E7 or Eg, respectively. Note that if
n is the number of vertices of A, then nf is equal to the number of isoclasses of simple
A-modules (Bretscher et al. [4]). Thus we have f = s/n. We recall the following.

Proposition 1.1 ([1]). The set of all the types of representation-finite selfinjective
algebras (% k) is equal to the disjoint union of the following sets:
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{(A,, s/n,1)|n,s € N};
{<A2p+17572)|p78 S N}7
{(Dpn,s,1)|n,s € Nyn > 4};
{(Dsm,s/3,1)|m,s € Nym > 2,31 s};
{(Dn7$72)|n75 € N?” > 4};
{<D47373>‘8 S N}7
{(En,s,1)ln=26,7,8,s € N}; and
{(Fs, s,2)|s € N}.

Notice that non-standard algebras have type (Ds,,, 1/3,1) for some m > 2. Hence
all the algebras in Main Theorem are standard algebras.

Recall that algebras A and II are said to be derived equivalent (Rickard [8]) if the
bounded derived categories of mod A and mod Il are equivalent as triangulated cate-
gories. If this is the case, then there exists a standard derived equivalence between A
and II, which supplies a stable equivalence between A and II of Morita type by Rickard
[10]. With this in mind we have the following:

Theorem 1.2 ([1]). Let A and I1 be representation-finite standard selfinjective alge-
bras. Then the following are equivalent:
(1) There exists a standard derived equivalence between A and I1;
A and 11 are derived equivalent;

)
(2)
(3) There exists a stable equivalence of Morita type between A and I1;
(4) A and 11 are stably equivalent; and

(5)

typ(A) = typ(Il).

For each type (A, f,t) we gave a representative algebra A(A, f,t) that is a representa-
tion-finite standard selfinjective algebra of type (A, f,t) as quotients of repetitions of
tilted algebras (see [1, 2.4 and 2.5]). We set can(A) := A(typ(A)) for each representa-
tion-finite standard selfinjective algebra A. See Appendix 2 for the quiver presentations
of all the representatives.

2. STABILITY OF CONFIGURATIONS

For A = A, (n > 1), D, (n > 4), Es, we define an automorphism 7 of ZA and
for A = D4 we define an automorphism 1’ of ZA below to give a description of all
automorphisms of ZA.

If A=A, with n odd, say n = 2p + 1, then let A be the quiver /fg:

1 2 p p+1)—(p+2) —=—>n

and define pp by z—n+1— .
If A = A, with n even, then let A be the quiver A,,:

1 2 n.
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If A= D,, then let A be the quiver D,:

n

|

1 2 (n—2)—> (n—1)

and define po by the permutation (n,n — 1). When n = 4, define py, pa, p3, p4, p5 by
the permutations (1,3), (1,4), (3,4), (1,3,4), (1,4, 3), respectively.
If A = FEg, then let A be the quiver Ejg:
6
1 2 3

and define pa by the permutation (1,5)(2,4).

We introduce the coordinate of ZA by identifying as ZA = ZA. Then any automor-
phism p of A induces an automorphism Zp of ZA by defining (Zp)(i, ) := (i, p(z)) for
all i € Z and for all vertices z of A.

Now define 7 as follows. If A = A,, with n odd, A = D,, or A = FEj, then define
n:=Zpa. If A = A, with n even, say n = 2p, then define by n(i,z) :== (i +x —p —
1,n+1—x); in this case n satisfies 7 = n?. For A = Dy, define n; := Zp, for i = 1,2, 3,4
and 5. With these definitions we have the following that is due to Riedtmann [11].

Proposition 2.1. Let A = A, (n > 1), D, (n > 4) or E, (n =6,7,8). Then any
automorphism of ZA has the form tp for some p € {1,1n,m1,m2,13,M4,15} and some
a €.

Now let A be one of the representative algebras, thus A = can(A). Set typ(A) =
(A, f,t). Then the Auslander-Reiten quiver of A has the form (ZA)¢/(g) for some
configuration C of ZA, where g = (77/™2 and ( is an automorphism of ZA with a
fixed vertex and with order . It is easy to calculate the C (e.g. use the argument in
[4, 4.1] and the form of B in [1, 2.5]). We collect necessary information on C below.

If typ(A) = (A, s/n, 1), then C = {(i,n)|i € Z}.

Iftyp(A) = (A2p+1a 8y 2)? then C = <TmA>{(_17 1)7 <_27 1)? SRR (_p> 1)7 (_17 n)> (_27 n)>

. (_p> n)> (_p - 17p + 1)}

If A = D, and f is an integer, then {(—1,1),(=1,n —1),(=1,n)} C C (thus A is
“two-cornered” by the terminology in [4]).

If A = D3, and f is not an integer, then {(0,n),(—(m—1),n),(=2(m—1),n)} CC
(thus A is “three-cornered” by the termlnology in [4]).

If A = Fg, then C = (7"3){(—1,1), (=2, 1), (~1,5), (~2,5), (~1,6), (=6, 1)}

By this calculation we obtain the followmg

Lemma 2.2. Assume that A = A, (n > 1), D, (n >4) or Eg (i.e. thatn is defined).
Then C is stable under n if and only if

typ(A) & {(An, s/n, 1), (D3, 7/3,1)|n,ry s = 1,m > 2,311}
If A = Dy, C is stable also under n; for all i € {1,2,3,4,5}.
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Remark. This calculation of C makes up the omitted part in the proof of [1, Theorem
2.2(4), p. 194]. Namely, this shows that all the types listed in Proposition 1.1 really
appear in examples.

3. STABLE PICARD GROUPS FOR REPRESENTATIVE ALGEBRAS

In this section we investigate stable self-equivalences of representative algebras listed
in Appendix 2.

Definition 1. Let A be an algebra. The set StPic(A) of natural isomorphism classes
[¢] of stable equivalences ¢ : mod A — mod A forms a group under the composition of
functors, which is called the stable Picard group of A. The image of the canonical ho-
momorphism Pic(A) — StPic(A) from the Picard group Pic(A) to StPic(A) is denoted
by Pic(A). Thus for a [¢] € StPic(A), [¢] € Pic/(A) if and only if ¢ lifts to a Morita

equivalence.

Remark. (1) As easily seen [2] commutes with all [¢] € Pic/(A).
(2) If A is a selfinjective algebra, then - ® y DA is a Morita equivalence and hence the
Auslander-Reiten translation 7, satisfies [1p] = [Q3 o (-®ADA)] € Pic/(A){[Q4]).

The purpose of this section is to prove the following.

Theorem 3.1. Let A be a representative algebra of representation-finite standard self-
injective algebras listed in Appendiz 2. If A is not of type (D3, s/3,1) with m > 2,
31s, then we have

StPic(A) = Pic/(A)([Q4]).
If A is of type (D3, s/3,1) with m > 2, 31 s, then
StPic(A) = (Pic'(A){[Q])) U (Pic'(A)([Qa])) [H],
where H is a stable self-equivalence of A induced from n, which satisfies [H]* € Pic/(A).

For a representation-finite standard selfinjective algebra A, let ind A be the full sub-
category of mod A formed by a fixed complete set of representatives of isoclasses of
indecomposable A-modules. Identify ind A with the mesh category k(I'y) by a fixed
isomorphism. Also identify the mesh category k(sI'y) with the stable category k(I'y)
by the equivalence k(;'y) — k(I'y) induced from the inclusion ;I'y < I'y. Then the
stable category ind A is identified with k(sI'y).

Lemma 3.2. Let A and I1 be representation-finite standard selfinjective algebras, and
let ¢ : mod A — mod I a stable equivalence. If the isomorphism ¢ : k(;T'n) — k(s'n)
of the mesh categories induced from ¢ lifts to an isomorphism of the mesh categories
k(T'y) — k(I'n), then ¢ lifts to a Morita equivalence.

Proof. This is straitforward. n

The following proposition makes it possible to prove Theorem 3.1 by a combinatorial
argument.
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Proposition 3.3. Let A and 11 be representation-finite standard selfinjective algebras,
and ¢ : mod A — modlIl a stable equivalence. Then ¢ lifts to a Morita equivalence
if and only if ¢ maps the configuration of A into that of 11, i.e., for any projective
indecomposable A-module P, there exists a projective indecomposable I1-module Q) such

that ¢(rad P) = rad Q.

Proof. (=). Assume that ¢ lifts to a Morita equivalence ®. Let P be an indecompos-
able projective A-module. Then @) := ®(P) is an indecomposable projective II-module.
Since the inclusion map « : rad P — P is a source map, ®(«a) : ®(rad P) — @ is a
source map. Hence ®(rad P) = rad @) in modII. Thus ¢(rad P) = rad () in mod IT.

(«<). By the identifications k(;['y) = ind A and k(;['n) = indII, ¢ induces an iso-
morphism ¢’ : k(sI'y) — k(sI'n), and ¢’ induces a quiver isomorphism ¢ : ;I'y — .
Assume that ¢ maps the configuration of A into that of II. Let P be an indecomposable
projective A-module, and consider an almost split sequence

f1
0 — radP —— () —— P&®rad P/socP ——— (ov02), P/socP —— 0.

By assumption ¢(rad P) = rad @) for some indecomposable projective II-module @ :=
Qp. Then clearly ¢(P/soc P) = @Q/soc@Q. Since gofo = —g191 : rad P — P/ soc P fac-
tors through the projective module P, any representative h in ¢(g.f2) factors through
a projective II-module. But since @ is a projective cover of @)/ soc @, h factors through
. Now denote the mesh corresponding to the almost split sequence above by

D

17*>?Jl*>z
Yn

Then for each : = 1,...,n we have
¢ () = sith(ai) + p
&'(B;) = tib(B:) + v

for some s;,t; € k* := k\{0} and some y;,v; € rad® k(I'y), where (-) denotes the coset
modulo the mesh ideal. Further by the above h := """, &'(3;)¢' () in ¢(gaf2) factors

through the projective cover @ of ¢(z), say h = —np(p. Then we have

(1)

(2) 77PCP + Z ¢ ﬁz z) - 07

by which we can define a functor ® : k(FA) — k(') by @ := ¢ on (['y; and &(P) :=
Qp and ®(ap) = (p and P(Lp) := np for each projective vertex P in I'y. Then
by construction ® is a lift of ¢’. By Lemma 3.2 it is enough to show that ® is an

isomorphism. Since ® induces a quiver isomorphism ¥ : I'y — 'y that is an extension
of 1, we have dimy k(T')(z,y) = dimy k(T'y)(P(z), P(y)) for all vertices z,y of T'y.
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Thus we have only to show that ® is full. For each projective vertex P in I'y we can
write

Cp = sp¥(ap) + pup

3
) np =tp¥(Bp) +vp

for some sp,tp € k and some pp, vp € rad® k(I'yy). Suppose that sptp = 0 for some P.
Then (1), (2) and (3) show that

> tish(B)i(as) € rad® k().

But since each mesh relation is a sum of paths of length 2, this forces to have U (5p)¥(ap)
= 0 in kI'y, which gives a contradiction. Indeed the formula above yields

D tisib(B)(as) — €= ridmy;
i=1 j=1

in kI'n(¢z,1z) for some r; € k*, some paths 7;,0; in I' and some mesh relations m;.
We may assume that d;m;v; # 0 for all j. Let m(¢z) := U(Bp)¥(ap) + Y i\ ¥Oa;
be the mesh relation ending in ¢)z. Comparing the terms of length 2 we get

D tisab(B(an) = 7 m(v2)

where r 1= 3", ;r; € kand J := {j € {1,...,m}|both §; and ~; are trivial paths},
from which we get W(8p)¥(ap) = 0 in the path category kI'y, as desired. This
contradiction implies that sptp # 0, i.e., sp # 0 and tp # 0 for all projective vertices
P in T'y. This shows that W(ap), ¥(Bp) € ®(rad k(T'y)) + rad® k(). Therefore since
® = ¢ on Ty, we have rad k(I'yy) < ®(radk(Ty)) 4+ rad® k(T'y). Thus rad k(I'y) <
®(rad k(I'y)) because rad k(') is nilpotent. Hence @ is full. O

Remark. Let ¢ be a stable equivalence between selfinjective algebras. If ¢ is of Morita
type, then (1) by Linkelmann [7, section 2] ¢ lifts to a Morita equivalence if and only
if ¢ maps simples to simples, and (2) as easily seen the latter is equivalent to saying
that ¢ maps the configuration into configuration. Therefore when ¢ is of Morita type,
Proposition 3.3 necessarily holds. This suggests us that all stable equivalences between
representation-finite standard selfinjective algebras would be of Morita type.

Proof of Theorem 3.1. Let A be a representative algebra of representation-finite
standard selfinjective algebras listed in Appendix 2. Let ¢ : mod A — mod A be a
stable equivalence. As above ¢ induces an automorphism ¢’ of k(;I'y). Put typ(A) =
(A, f,t). Then ,I'y is identified with ZA/(g) for some admissible automorphism g of
ZA as in section 1; and ¢’ induces a quiver automorphism ¢ of ZA/{g). Lift ¢ to an
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automorphism 1/; of ZA, thus we have a commutative diagram

ZA v ZA

! |

ZA/(g) - ZA/(g),

where the vertical morphisms are the canonical one. We keep the notation in section
2. By Proposition 2.1 we have ¢ = 7%p for some p € {1, nm,m1,m2,13,M4, M5} and some
a € 2.

Suppose that typ(A) & {(A,, s/n, 1), (Dsp, /3, 1)|n,r,s > 1,m >234r} or p=1
Then by Lemma 2.2, C is stable under p, i.e., under 7~%), which means that & := T O
maps the configuration of A into itself. Therefore by Proposition 3.3, £ lifts to a Morita
equivalence, i.e., [¢] € Pic/(A). Hence [¢] = [75¢] € Pic'(A)([Q4]).

Next suppose that p # 1 and typ(A) = (A,, s/n, 1) for some n,s > 1. Then p = n,
A is the selfinjective Nakayama algebra of Loewy length n + 1 with exactly s isoclasses
of simple modules, and C = {(i,n)]i € Z}. In this case both ¢ and the loop functor {2,
maps indecomposable modules of length = to indecomposable modules of length n+1—x
for all 1 < 2 < n. Therefore £ := Q,¢ maps the configuration {{(g)(i,n)|i € Z} of A
into itself. Hence [¢] € Pic/(A) by Proposition 3.3 and [¢] = [Q2;'¢] € Pic'(A)([Q4]).

Finally suppose that p # 1 and typ(A) = (D3, s/3,1) for some m > 2 and s with
31 s. Then p = n and [¢] € (Pic'(A){[Q4]))[H] by the same argument as above. It
follows from n* = 1 that [H]? € Pic/(A). O

Remark. (1) The product Pic'(A)([Q4]) is not necessarily a direct product. For
instance, if typ(A) = (A, 1,1) with n > 2, then A is symmetric, and [1] #
[Ta] = [Q4] maps the configuration of A into itself and is in Pic’'(A) N ([Q24]) by
Proposition 3.3.
(2) The reason why Main Theorem is open for the types (D3, s/3,1) with m > 2,
31 s > 1is that in this case we could not make it clear whether the stable
equivalence H induced by 7 lifts to a standard derived equivalence or not.

4. PROOF OF MAIN THEOREM

The following is easily verified.

Lemma 4.1. Let A, A’ and A" be selfinjective algebras.

(1) If ¢ : mod A — mod A’ is a stable equivalence that lifts to a standard derived
equivalence, then so does any quasi-inverse of ¢; and

(2) If both ¢ : modA — modA’ and ¢’ : mod A" — mod A" are stable equiv-
alences that lift to standard derived equivalences, then so does the composite

¢'¢ : mod A — mod A”. O
Lemma 4.2. Let A and 11 be selfinjective algebras. Then

(1) The loop functor Q lifts to a standard derived equivalence;
(2) If a stable equivalence ¢ : mod A — mod 1T lifts to a Morita equivalence, then ¢
lifts to a standard derived equivalence; and
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L

Proof. (1) As easily verified Q2 lifts to the standard derived equivalence - @4 (A[1]).
(2) If ¢ : mod A — modII lifts to a Morita equivalence - @, M : mod A — mod I,
then M as a complex concentrated in degree zero is a twosided tilting complex and

L
-@aM : DP(mod A) — DP(modTl) is a standard derived equivalence to which ¢ lifts.
O]

By Theorem 3.1 and Lemma 4.2 we obtain the following.

Theorem 4.3. Let A be a representative algebra of representation-finite selfinjective
algebras listed in Appendiz 2. If A is not of type (D3, s/3,1) with m > 2, 31 s, then
every stable self-equivalence of A lifts to a standard derived equivalence. [

Proof of Main Theorem. Let ¢ : mod A — mod Il be a stable equivalence from A
to II. Then can(A) = can(II) =: I'. By Theorem 1.2 A and I' (resp. II and I') are
derived equivalent. Therefore there exists a standard derived equivalence D(mod A) —
DP(modT) (resp. D"(modIl) — DP(modT')) that induces a stable equivalence ¢ :
modA — modT (resp. 7 : modIl — modTI'). Thus both ¢ and 7 lift to standard
derived equivalences. Then by Theorem 4.3, £ := n¢¢~! : modI" — mod T lifts to a
standard derived equivalence because I' is a representative algebra. Hence ¢ = n~1£(
lifts to a standard derived equivalence by Lemma 4.1. O

5. APPENDIX 1: STABLE EQUIVALENCES AND STANDARD DERIVED EQUIVALENCES

In this section we show that if a stable equivalence ¢ of selfinjective algebras lifts
to a standard derived equivalence ®, then the stable equivalence ¢’ of Morita type
obtained from ¢ as given in Rickard [10, Corollary 5.5] coincides with ¢. But giving a
proof of this is almost equivalent to giving a proof of the fact that ¢ is of Morita type.
Therefore we here give a simple proposition that produces both proofs.

First recall the definition of 1, : D’(mod A) — mod A for a selfinjective algebra A.
Denote by H, (proA) the full subcategory of the right bounded homotopy category
H~(pro A) of pro A consisting of objects with bounded homology. As well-known there
exists an equivalence p, : D’(mod A) — H, (proA) of triangulated categories such

that there is a quasi-isomorphism p,(A") — A" for all A" € D°(modA). Now let
A" € D*(mod A) and put py(A") = P* = (P!, d%);cz. Then we can choose an integer
a < 0 such that HY(P") = 0 for all ¢ < a, and define ny(A") := Q4(Imd%). This
is known to be well-defined ([9]). Thus nz(A") = M if and only if we have an exact
sequence
0—>Imdap—>Q“+1—>---—>Qo—>M—>O

in mod A with each Q° in pro A.

Before stating the proposition, we recall general facts in the following three lemmas.
The following is well-known.

Lemma 5.1. Let K be a commutative ring and R and S be K-algebras. If M is an R-
S-bimodule, X is a right R-module and Y s a right S-module, then we have a natural
1somorphism

HOIﬂs(X KRR M, Y) = HOmRop®KS(M7 HOHlK(X, Y))
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In particular, if K is a field and M is a projective R-S-bimodule, then X Qg M is a
projective right S-module for all right R-modules X . 0

As for the converse of the last statement we recall the following from Auslander and
Reiten [3, Corollary 3.3].

Lemma 5.2. Let K be a perfect field and R and S be finite-dimensional K -algebras.
Then for a finite-dimensional R-S-bimodule M the following are equivalent.

(1) M is a projective bimodule.
(2) M is a projective right S-module and X @ M are projective right S-modules for
all finite-dimensional right R-modules X .

In particular, if M is projective as an R-S-bimodule, then so is X ®@r M for any
finite-dimensional right R-module X . [

Lemma 5.3. Let K be a field and R and S be finite-dimensional K-algebras. If X
1s a finite-dimensional injective left R-module and Y 1is a finite-dimensional injective
right S-module, then X Qg Y is an injective R-S-bimodule. In particular, if both R
and S are selfinjective algebras, then so is R°P @k S.

Proof. The assertion follows from the following isomorphisms:
Hompgorg . s(-, X @k Y) = Hompgorg . s(-, Homg (Homg (X, K),Y))
=~ Homg(Homg (X, K) ®g-,Y).
The last isomorphism is given by Lemma 5.1. O
We now prove the following.

Proposition 5.4. Let ', A, II be selfinjective algebras and X~ € DP(mod A°P @, I1)
be a twosided tilting complex. Then M := npore, (X ) € mod AP @4 IT is projective
both in mod A°? and in mod Il and the diagram

L .
DP(mod I'P @, A) ZoaX DP(mod I'P @, 1)

Urop®k/\l lﬁrop@%n

mod I'™P ®; A —_ mod I'°P @, I1
-Q®rM

commutes up to natural isomorphisms.

Proof. First note that algebras A° @ II, I'P @, A, ['P ®,, II are selfinjective algebras
by Lemma 5.3. Put A" = (A", d}4)icz := Pporg,(X ) and choose an integer a < 0
such that H*(A") =0 for all 7 < a. It is enough to show that

L .
A K M = nrop®kH(A Rp X )
for all A € modI'” ®; A natural in A. Let A € modI'” ®; A. Then

L . . . . .
pFOP®kH(A @ X ) = pF0P®kH(A @5 A ) ZARNA = (A @p A", A®p dZA)ieZ
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because A @4 A® € prol® @, II for all i € Z by Lemma 5.2. By definition of M we
have an exact sequence

(%) 0—Imdy -0 —... 50" = M —0

in mod A°P @, IT with ©% € proA°® @, II for all i € {0,...,a + 1}. Since all A%, ©°
are both in pro A°" and in proll, we have \M = npep(X ) and My = np(X ). But
since A X~ € HP(pro A°P) and Xj; € H"(proIl), we have nyer (X ) = 0 in mod A°" and
nm(X") =0 in modIT. Thus aM € proA° and My € prolIl. Hence the sequence (x)
is a composite of short exact sequences that split in mod A°?, and Im d{ is in pro A°P.
Therefore H'(A ®x A”) = 0 for all i < a and we have an exact sequence

0 —Im(A®ydy) =AaImdy — AR, 0T — ... 5 AR,0° - AR, M — 0

in mod I ®,, IT with each A ®, © € prol'®® ®;, II by Lemma 5.2. Hence we have
L .
A @p M = nropg, (A @5 X ), which is natural in A by construction. O

Proposition 5.4 gives a simple proof of the construction of a stable equivalence of
Morita type from a standard derived equivalence that is due to Rickard [10, Corollary
5.5].

Corollary 5.5. Let A and 11 be selfinjective algebras. If Xy and gY, are twosided
tilting complexes giving a standard derived equivalence between A and 11, then M =

Naore, (X ) and N := nrovg, A (Y ) give a stable equivalence of Morita type between A
and II.

. L . . L .
Proof. By assumption we have X ®pY = Ay andY ®, X = gllg. By Proposition
5.4 AM, My, nN and N, are projective and we have a diagram

L . L .
D (mod AP @), A) —22%, DP(mod AP @, TT) —22 Db(mod A @ A)

77Aop®kAl 7IA0P®kHJ( J/WAOP®,€A

modA®* @, A —— modA®? @Il ——  modA®®;A
- QM QN
that commutes up to natural isomorphisms. This implies M @ N = A @y M ®n
N = AAp in mod AP ®, A. Hence M @ N = AAp @ P in mod A°? ®;, A for some
P € proA°® ®;, A. Similarly N @, N = pll @& @ in mod II°? ®,, II for some @ €
pro [1°P @ 11. O

Proposition 5.4 implies the statement in the beginning of this section.

Corollary 5.6. Let A and II be selfinjective algebras and ¢ a stable equivalence from
A to I1. If ¢ lifts to a standard derived equivalence ® from A to I1, then ¢ is naturally
isomorphic to the stable equivalence obtained by ®, and therefore ¢ is of Morita type.
In particular, both Q5 and T are of Morita type.
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L . .
Proof. Put ® = -®, X" for some twosided tilting complex X € D"(mod A° ®,, II)
and put M = npere, (X ). Then by applying Proposition 5.4 for TP = k we have a
diagram

DP(mod A) —22% DP(mod II)

a |m

modA ——  modlIl
@AM
L .
that commutes up to natural isomorphisms. Thus - ® M is induced from - @, X .
Therefore ¢ and - ®; M are naturally isomorphic. O]

Remark. For a selfinjective algebra A, it is not hard to show directly that the A-A-
bimodules Qpopg,a(A) and Q/_\Sp@k A(A) satisfy the properties to show that Q, is of
Morita type (see [2, Lemma 4.4]).
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6. APPENDIX 2: QUIVER PRESENTATIONS OF REPRESENTATIVES

For the benefit of the reader we present the representative algebras of representation-
finite selfinjective algebras by quivers with relations in this section.

6.1. Standard representatives. For each type (A, f,t) the algebra A(A, f,t) is given
as follows.

6.1.1. (A,,s/n,1) with s,n > 1. A(A,,s/n,1) is the selfinjective Nakayama algebra
N, with exactly s isoclasses of simples and of Loewy length n + 1; namely this is
given by the quiver Q(N;,,) with relations R(Nj,) below.

Q(Nsyp) @ 0 S

R(Ngp): Qigp - i =0 foralli e {1,2,...,s} =7Z/(s).

6.1.2. (Agpi1,5,2) with s,p > 1. A(Agpi1,s,2) is the “canonical Mbius” algebra M,
defined by the quiver Q(M, s) with relations R(M, ;) below.

/B[s 1]
O% oo
/61[)571]
WA
ﬁ([)o] o ozLS_ll]
)
o ¢
o)
Q(Mp,s) : 7
g i ol ol2 I I R
.
af! of2
51[70] Y a([)l] al a[l]_l ay] ([)2]
651\\0% cr —>0 BE]
gl Bl
R(M,,s)
(i) afy -- ag’] g ﬁg for all i € {0,...,s — 1};
(ii) ([)ZH ) = =0, ZH 5:0 =0 foralli € {O ,s—2}, and ag)]ap —Oaﬁoo]ﬁz[os 1=
0; and

(iii) Paths of length p + 2 are equal to 0.
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6.1.3. (Dy,s,1) with n > 4,s > 1. A(D,, s, 1) is given by the quiver Q(D,,s) with
relations R(D,, s, 1) below.

o1l
2

O=<—

[s—1]
a[l.s 1] 1

0 s—

M, A

O<— — O  .....
0 0
CRE

(S—> —0
o1 ]
Xp_3 2
R(D,,s,1):
(i) oy all, = gl B =115 for all i € {0,..., s — 1};

(i) For all i € {0,...,s — 1} = Z/(s),

41l _ /7([)14-1]@[1] o,

(iii) For all i € {0,...,5—1}:Z/<$> and for allj e{l,....n—2}=Z/(n—2),
a[z+1] . agz] _ 0,

j—n+2

5[z+1]5[z]5([)i] 0, %[)Huﬁ}%[)i] _o,
i+1] Qli+1] pli i+1]_[i+1] _[i
B g =0, AT =0,
(i.e. “a-paths” of length n — 1 are equal to 0, “f-paths” of length 3 are equal to
0 and “y-paths” of length 3 are equal to 0 ).

6.1.4. (Dy,s,2) withn > 4,s > 1. A(D,,s,2) is given by the quiver Q(D,,s) above
with relations R(D,, s,2) below.

R(D,,s,2):

(i) The same as R(D,, s, 1)(i);

(ii) For all 7 € {0,...,s — 1} =Z/(s),

{ B[iJrl]a[lz] _ 0 %[)zﬂ]&[lz] _0,

ant B =0, aytly =0,
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and for all i € {0,...,s — 2},

[1+1]ﬁ[1] ([)ZJFH'YF _ 0’

Bypr T = 0, 7o i = 0;and

(iii) a-paths of length n — 1 are equal to 0, and for all 7 € {0,...,s — 2},

gl glil gl _ AL
ﬁ[zmﬁ[m]ﬁm 0, AFFILLE g ang

[0 ﬁls—l]ﬁ[s—l] 07 5 (0] F 1] [s 1] 0’
s—1 [0 [s—
wWhlsr =0, alaM T =0,

6.1.5. (Dy,s,3) with s > 1. A(Dy,s,3) is given by the quiver Q(Dy,s) above with
relations R(Dy, s,3) below.

R(Dy,s,3): (put ol := ol for all i)

(i) The same as R(Dy, s, 1)(i);
(ii) For all i € {0,...,s — 2},

G YO N PN
L S
oc([fﬂ}%i] —0, 6([)z‘+1} ,ﬁi] = 0, and

a([)o}oé[lsq] —0 %[)o}a[lsq] _0
a([)o} Fq] 0, ﬁ([)o]msq] 0,

0] [s—1 -
o =0, Y = 0;and

(iii) Paths of length 3 are 0.
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6.1.6. (D3, s/3,1) withm > 2 and 3t s > 1. A(Ds,s/3,1) is given by the quiver
Q(Dspm, s/3) with relations R(Dsy,, s/3) below. For s > 2,

Q(Dsm, s/3) -

and for s =1,

/o“mé ........
Q(D?)m? 1/3) B QO\ )
[@ '
R(ng,s/S)
(1) ol al?al? = BB for all i € {1,..., s} = Z/(s);
(i) ol o) = 0 for allze {1,...,s} = Z/( ): and
(iii) §Z+3 a8, 5 0 for all ¢ € {1,...,s} = Z/(s) and for all

| € {1, . ,m} (1.e. paths of length m + 2 are equal to 0).
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6.1.7. (E,,s,1) withn € {6,7,8} ands > 1. A(E,, s, 1) is given by the quiver Q(E,

and relations R(E,, s, 1) below.

Qg
O ttennnn
ab U
s—1]
[0]3 /1
o n o
0 [0 i
Ap’yg Bs
. o 750]
. 0 * .
Q(E,,s) 3 - C
. ﬁgo] ,Ygo] 7gz] . .
[0] ol
e [2] ne
Qi \) A /;3 I 2
oo \ / ol
[1] [1]
ant s | gl O————— 0" S
3 ﬂéll
D S _ .4
N N
n—2 2

R(E,,s,1):

(i) alay - il = 8116, 55 = Wl for all i € {0, s — 1);
(i) For all i € {0,...,s — 1} = Z/(s),
(il o, ofafi g
oyl =0, 26y =0,
Z-ﬁ-?l)} i _ — 0, ﬁZ-H E@ — 0: and

(iii) a-paths of length n — 2 are equal to 0, S-paths of length 4 are equal to 0 and

~v-paths of length 3 are equal to 0.

6.1.8. (Eg,s,2) with s > 1. A(Fs,s,2) is given by the quiver Q(Fg,s) above with

relations R(Fjs, s,2) below.
R(Eﬁ, S, 2)

(i) The same as R(Eg, s, 1)(i);
(ii) For all 7 € {0,...,s — 1} =Z/(s),

e

Gl o gl

b 2

,5)
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and for all i € {0,...,s — 2},

gy ol =0, agtsll <o,
oz:[so]a[ls_l] =0, ﬁg’]ﬁf‘” = (0;and

(iii) y-paths of length 3 are equal to 0, and for all i € {0,...,s — 2} and for all
je{1,2,3} =2/@3),

i+1 i it+1 i
a;fgl...@y:o’ @[31...5[]:([)7
0

0 0] [s—1 s—1 0] H[s—1 s—1
I N O I R o I

6.2. Nonstandard representatives. For each m > 2 the algebra A(m) defined by
the quiver Q(Ds,,, 1/3) above with relations R(m) below is a representation-finite non-
standard selfinjective algebra of type (Dspn, 1/3,1).

R(m):
(i) am - = B%

m+1

(ii) m: 0forallie{l,...,m}=27/(m); and
(iil) ooy, = a1 fBa,.
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