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論文題目：Starting functions in representation theory of algebras

論文要旨：Throughout this paper k is an algebraically closed field, and all vector spaces
(resp. algebras, linear maps) are assumed to be finite-dimensional k-vector spaces (resp.
basic connected finite-dimensional k-algebras, k-linear maps). Further all modules over an
algebra considered here are assumed to be finite-dimensional modules.

Starting functions are an important tool in representation theory of algebras. They
were introduced by Gabriel to compute AR-quivers in [5], and were developed such as in
[6],[7],[4],[3],[2, 6.6] and [1]. In this paper, we give two results obtained by using starting
functions.

The first result gives an easier way to calculate a bijection from the set of isoclasses of
tilted algebras of Dynkin type ∆ to the set of configurations on the translation quiver Z∆,
where ∆ is a Dynkin graph of type A, D, E. By Riedtmann [7, 2.5] the computation of
the Auslander-Reiten quiver (AR-quiver for short) ΓΛ of a representation-finite standard
self-injective algebra Λ of type ∆ is reduced to that of stable AR-quiver sΓΛ of Λ and
the configuration CΛ of Λ as the isomorphism ΓΛ

∼= (sΓΛ)CΛ shows. The stable AR-quiver

sΓΛ is given by the orbit category presentation of Λ, namely if Λ ∼= Â/G for some tilted
algebra A of type ∆, then sΓΛ

∼= Z∆/G. Therefore to recover the AR-quiver ΓΛ it suffices
to compute the configuration CΛ by using information of A. Set C(∆) to be the set of
configurations on the translation quiver Z∆ (see Definition 1.6), and T(∆) to be the set
of isoclasses of tilted algebras of type ∆. Bretscher, Läser and Riedtmann gave a bijection
c : T(∆) → C(∆) in [4], which makes it possible to compute CΛ as the equivalence class of
c(A). Hence we can compute ΓΛ using these data. But the map c is not given in a direct way,
it needs a long computation of a function on Z∆. In this paper we will give an easier way
to calculate the map c by giving a map sending each projective indecomposable A-module
over a tilted algebra A in T(∆) to an element of the configuration c(A) in C(∆) by using
starting functions.

The second result gives a general formula that computes the indecomposable decompo-
sition of any finite-dimensional module over any finite-dimensional algebra. Let A be an
algebra, L a complete set of representatives of isoclasses of indecomposable A-modules.
Then the Krull-Schmidt theorem states the following. For each A-module M , there exists a
unique map dM : L → N0 such that

M ∼=
⊕
L∈L

L(dM (L)),

which is called an indecomposable decomposition of M . Therefore, M ∼= N if and only if
dM = dN for all A-modules M and N , i.e., the map dM is a complete invariant of M under
isomorphisms. Note that since M is finite-dimensional, the support supp(dM) := {L ∈ L |
dM(L) ̸= 0} of dM is a finite set. We call such a theory a decomposition theory that computes
the indecomposable decomposition of a module. The purpose of this part is to develop a



decomposition theory by using the knowledge of AR-quivers. Thus in the case that L is
already computed and all almost split sequences are known, we aim to compute

(I) dM and
(II) a finite set SM such that supp(dM) ⊆ SM ⊆ L

for allA-modulesM . Note that (II) is needed to give a finite algorithm. IfA is representation-
finite (i.e., if the set L is finite), then the problem (II) is trivial because we can take SM := L.
First, we give a general solution of the problem (I) by using starting functions, and we apply
it to the Kronecker algebra. Further, we consider problem (II) for the Kronecker algebra,
and give an example of SM .
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