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Abstract

We give proofs for the important formulae required in the articles [1] and [2].
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1 Introduction

The formulae which we would like to explictly show in this note are

/ /dxd49 y =0, / /dxd4<9 yf =0,

(91 Ol

/ /d:vd49 yoe =0, / /dxd40 yo© =0,
Ol Ol

/ dzd 0 yoy = d---].

We use the same notation here as in [1] and [2] , except for 0 = 0,. The N = (4,0)
superspace with supercoordinates (x,6,,0%,t) is extended to a fictitious space

a
(.’137 0a797 tlv t27"'7tn )
—_——— — — —
left—moving extended
sector right —moving sector
On

y is a 1-form in the extended right-moving sector, while f, ¢, ©* are 0-forms. All of them
are functions in the left-moving sector as well. fOl implies integraton along an orbit in
the extended right-moving sector O,,.

To show all of the above formulae we have expanded the integrands in the fermionic
cordinates 0, and 6%, and have been involved in calculating their top component, i.e., the
terms proportional to (0 - 8)2. As for y the expansion of the form

Y = [yloo + [Ylor + [ylo= + [ylos + [yl

is explicitly given in Sec. 2. For the work in [1] it is particularly important that the top
component [y]ps is merely a boundary term of integration as

y:---+(0-9)2(d[---]+6[---]).

Hence we give detailed calculations for this in Sec. 3.

2 Various formulae

2.1 Superfields in components

f=h+0-v+1¢-0+0-00+ (0'0)t" + %eabeaabm + %eabeaebn
+(0-0)(0-w)+ (6-0)(w-0)+ (6-0)%g,
1

@ = E(w—0-0)|6°+n(x —0-0) + Sewd"ta"(w —6-6),

1
e =p(z+0-0) [ec el +0-0) + S bubhac(a + 6 9)} .
Here the inner product implies that

0 -1 = 0,0, (05°6) = 0,(c6)?, ete.

The components of ¢ and ¢, have arguments shifted as * — = — 6 - 6, so that ¢°
and ¢, satisfy the chirality conditions D%p¢ = 0 and Dg,p. = 0. Expanding them in



0 - 0 we calculate the superconformal conditions D,f = p.D,p¢ and D*f = p°D%p, in
components. Then we find them to be

Oh + (pn : 8(577)) - (8(/)77) - fn) = pt,
Y = p&n’, Ya = —p&Na;
m=—pn-§a,  n=pa-L,
t=0,
l= 3(/m ' €n>,
wt=0(ptn"),  w=0(p&na),
1 1 1 1
9= —5(,077 : 82(5?7)) + 5(82(977) : 577) + 5800+ 5p0¢,
£dp = pdk,
Lag =2e0(En°),  pa =2¢"0(pmy).

Here use was made of the formulae for the fermionic coordinates 8. and 6¢

1 a b} cd _ _1 2
Seant" 0" 5000 = =50 0)7,

1
(0-0)0,0° = (0 AR

1 1

ieabeaebac =0 - Oe.q0°, ieabeaebec = —0-0ef,,

1 apnb __1 2 }ab cd__}cd 2
5 €anl*0"0c0q = 266(1(9 6)2, S € 0a0,0°0" = — e (6-6)2,
1 a bl cd o 1 2

5€abl 0" 5 betha = 2(w 0)".

Putting these constraints in the above superfields we find
f=h+pg|©@-m) —(r-0)]
§ 4
+0 - 93(977 ‘ 50) + 2; (pn - 9) (3(/)77) - 9) + 25 (9 : 577) (9 - 3(577))
+0-0[(6-9(pem)) + (9(&pm) -6)]
1

+5(0- 9)2[— (pn : 32(577)) + (32(/)77) : En) +§3p+p3£},
©F=En°+E0°—0-00(En°) + %eabHGQbﬁac —0-00°0¢ + %(9 -0)%9%(€n°),
©e = e+ pOe. + 6 - 00(pne) + %eabﬁaﬁbpac +0-00.0p + %(6 -0)%9%(pn.).

It is worth noting that the components are given in terms of h, png, pn®, £ng, En®, which
are still constrained by

Oh + (pn : 3(577)) - (8(/)77) ‘ én) = pé,
§0p = pdg.

The last constraints are used frequently in the following calculations. Using these super-
field expansions we calculate the following quantities.

A =0f + @a0p® + ¢ 0¢a
= pt[1+2( 8(?7)) —2(8(;”7).9)
+46 - leg(‘)(pn) -0(&n) — eabH“Ob(a(Zn) - a) + €°0,6, (a : 8(277))




+49-9(9 (?7)) a6 9(‘9(5”) -9) 0¢ 1eab0“9b(9-aa) —%eabaaeb(aa-e)

w5 (0:0) {25 - T 6% % 2 (o2m) - o)) - (o0om) - )
+0a - a—a-@aH,

i G f’”)+2(8(ﬁ”)-0)

49 an(pn) - ogn) -~ 8(0- 8(5”)) (M 0)
—69.0(9-(@)?—69-9@%’”.9 8;
+20-0(0- 62(57’)) +29.9(82(p”) )

0. (g”))pg o(om) - oen) — 160-6( 2L g
+s(0- 2EDY’ (j(zn) 0) - 8o ZLE) (A2 gy
0%p
p

2
+3(00) {50

166 - 9(

and
df + padd® + ¢ dipa
= dh + (pn : d(fn)) - (d(m?) : §n)
+2 (9 : d(én))p - 2(d(m7) : 9)6
+2(0-0)(9pm) - d(€n) ) +2(0 - 0) (d(pn) - D)) + (6 - 0)(pd€ — Edp)
+45 (d(on) -0) (0(pm) - 6) + 42 (0 a1 (o d(en)
+2(0- >(0 d(€n))op+2(0 e>(< n)-0)o¢

(60 2% oo )]

e
+200-0) |2 (0 0(en) ) de — (9 do(en)) |

%(9 0)2{ = 2(dlpm) - 9%(em)) +2(8%(om) - ()
+30pd€ + 3dpo& — pdO& — EdAOp
~6(a(pm) - daem) ) + 6(dd(pn) - O(¢n))

+8<Cf§ - Cif)( (on) - 9en)) .

Finally we calculate the product of the two quntities.

a a 1
y = [df + pade® + ¢*dp,]—

A
_dh P
A
wa(o 42 2 ) D -2(0 B +2( 252 0)



420 9{(0(;"7) d(gn)) (d 277)_0(?7) ]+0'9(d€£_i§))
) . d

+a] :
: p £

The calculations to show these formulae are tedious, but can be done straightforwardly.

It is worth noting that the coefficient of (# - #)? in the expansion of y is of the form

d(--+)+ 9(---). For this we give the detailed calculations in Section 3.

2.2 Notations special for this note

P and @ defined as follows are frequently used for simplifying the presentation.
P = (pn : d(En)) - (d(pn) ' én), R= —(pn : 3(577)) + (3(m7) : 677),
AR + 0P =2(0(pn) - dign) ) — 2(d(pm) - D(em)).

aP =2(d(pn) - d(¢n)).



3 Proof of [y]pu = (0-0)*d[- -]+ 9] -])
[y]gs indicates the top component in the expansion of the superfield y

Y=o +(9.9)2(...)'

In this section we obtain an explicit form of this top component. It is calcuculated by
epanding as

a a 1 a a 1

[Ylos = [df + @adp® + " dalgo > [ Kot + [df + adp® + @ dipalgr x [ o
a a 1 a a 1

Hdf 4 @adp® + " dpa]p2 x [Z](ﬁ + [df 4 @adp® + " dpa)ps x [K]el

1
+df + @ade® +  dipalgs ¥ [Z]GO-

Below we calculate the r.h.s. piece by piece and give the coefficient alone, i.e., without

(6 6)2.

3.1 [df + pade” + @ dipa)pp X Ko

O(n°):

gin{ 0 + 0 75} — Lanof 55 + %)

(2 ol 2 )] ol 5 )

:% gd{ii+€ (1)

ralgno{ 7 + et ol + )]

R+ ) @)
o)

o)

5Po{ o5 + 2%} )

3.2 [df + pude® + pdpgler X [%]93

O(n°): none

O(n?):

B 82(;77)@(577) ot 82(577)) -

O(n*): vanishing

3.3 [df + @adg" + ©"dpa]e> X [£]e

O(n%): none.
O(n?): vanishing.
O(n*): vanishing.



3.4 [df + padp” + 9 dpa]gs X (5o

O(n°): none

O(n?):

_o(Oen) dEn)\Op  ,dlpn) O(En)\ ¢

2<P § p+2(p 5)5 ©)
do(pn) 0(&n) 9(pn) do(&n)

_y(Olen) O(En)y dp _ dE

4< p 3 )(p ¢ ®

O(n*): none

o)
fi{?)@pdf + 3dpdE — pddE — gdap}. 9)
O(n?)
d(pn) 9*(&n) *(pn) d(&n)
(p g>+(p'§> (10)
d(pn) do(&n) do(pn) 0(&n)
(5T () (1)
d§ dp,9(pn) 0(&n)
e =5 5) (12)
O(n*): none.

We calculate (1)+(2)+- -+ (10) to show that there remain 9- and d-boundaries alone
as follows.

(1) +(9) =0
1 1
(2) +(3) = —5ldR + aP}a(—E) (a)
1 1 1 1
+d[§R8(—%)} abpa(—%)},
(5) + (7) + (10) + (11)




Summary of Sec. 3

( D
[y]e4=(9'9)2(d:%h8 ;?552+,?22H a[ hd{fé n 5}}

+d:;R8(—p1€) +6[;P8(—p1§)}

Lol - (2l dEn)y L dlpn) O(En)

4 Proof of |, [ dxdd*yflp =

/d94[yf]94

= /d94([y]90 X [flos + [Ylgr x [flos + [yle2 X [flo2 + [ylos X [flor + +[ylgs ¥ [f]90>-

Below we calculate the r.h.s.

piece by piece to each order of 7. We are interested in a

result after the integration. Therefore either 0- or d-boundary term is discareded once it
happens to appear, by notifying as “boundary” without giving explicit forms.

4.1 O

/ 0l x [l

”Z(gap +p0€) = Sdhdlog p + log )
= Eﬁhd(logp + log &) + boundary term
= S Rd(logp + log§)

O(n?)

+boundary term,

/d40[y]92 X [flg2 = d; - dpp = boundary term.

[ #0010 < 11 = a0 %+ 2} s anea( 2

0
—p} = boundary term.

I3

Summary for O(n°)

1
iRd(log p +log &) +boundary term

[ dolufio: -

O(n?)

This will be cancelled in the calculation to order O(n?

) in the next subsection.



4.2  O(n?)

/ d*0lylgo x [flos
! i}g {= (pn-0%em) + (0%(om) - €n) }
+;[Z(§ap + p0g),

/ d40lylgr % [flgs

= 5oe{ = 2(00m - en) 2+ 2(on-0em) 5}
+(d(zn) 0(pen)) — (9&pm) - d(én))
[ 0l 1 = 0 m-0) (%5~ )
[ @t < 51
o

—2(82@77) : 577) - 2(m7 : 32(&?7)) }

B d; B Cif) [(PU . 8(§n)> + <8(pn) -577”
+[ (- d(gn))—p — (d(pn) fn) 8;}

+ —2(8(pn)- 77>?p+2(m7' 3(5?7)?)}7

- —dhéR@(—plg)] - 8h[;P8(—p1£)}
- /0 d d 9
o (O ()
- _dh;Ra(—plg)] - pEBPﬁ(—plg)]
T /9 d d 9
e[~ ( <zn>_ (?7))+( (Zn)' <§7>>}
-~ 9 0
_n ((277) d(§n>)+(d(zn), (gn)ﬂ
o(n*)
1 1
—REP@(—E)} .
O(n*)

(12)

(13)



We calculate (1)+(2)+- - -+(13) to order O(n?) plus a contribution from the calculation
to order O(n°)

1
/d40 < [ylgo % [flo* > from omo)= iRd(logp + log &) +boundary term, <a>

O(n?)

To order O(n?) there remain boundary terms alone. In the following we show how can-
cellations occur in the sum.

(1) +@3)+(6)+(7)
_Ldh

=30

{4(3(/)77) : fn) 8; - 4(pn : 0(677)) app

- (82(p77) : 577) + (pn : 82(&1))}
= %dh@[R(— )
AhOIR(——c)
- —;d(pf)R(—plé) — ;dRR(—plf), <b>
o

{(4) + (10)} + (9) = 9] (d(p€) - €n) — (pn - d(&m)) | = boundary term,

1 1 1
E)] + §tha(_E
{1+ B)+6)+ (N} +(2)+(12)

(5) +(8) =0,
_ g, X ) (X
(1) = =R(Z+ )+ 0pn - &n) (=),
(11) = —R(dpp + d;) + boundary term, <c>

1
(13) = §[dR + 0P| = boundary term,

1 1
<a>4+<b>+<c>=—--dRR(——).
2 <p£)

Oo(n*)

Summary for O(n?)

[ d6luflon =~ 5ROP(— —

O(n*) O(n*) O(n*)

) — R[%P@( )] — dRR(—i) +boundary term,

23

The terms of order O(n*) will be canceled in the calculation to order O(n?) in the next
subsection.

/d40[y]eo X [flgr = ;f [ — (pn : 82(5?7)) + (82(m7) : §n)], (1)

10



[ a0t = 1l = 2 [ (oteom - ZE2) - (22 o(pg) . )

/ 20l x [flee =

/ 20l x [flon

= dR;rgaP[( ) (pn-ﬁ(ﬁn))} (3)
+§*£{ (3(/)77) E)f (pn-a(ﬁn)f; (4)
—2(82(/”7) §)+ (577 82(5?7))} ()

We calculate (1) + (2) + --- + (5) plus a contribution from the calculation to order
O(n?)

4 __1 R L S
[ @6 < 108101 > rom 002>= ~ 5ROP(~—) = R[3PO(~—) (©
Oo(n*) Oo(n*)
1
— dRR(——g) “+boundary term. (7)
#
Oo(n*)

(1) +(6) =0
)+ (@) = P{(0(m) -€n)o——c) = (pn- 0(em ) o)}
= ig{(@(pn) : fn) - (pn 3(577))}
P

5 Proof of [, [dzdf'[yps =0

[Ypclos = [Ylgo X [pelor + [Ylor X [wclgs + [ylo2 X [pelo2 + [ylos X [@elor + +[ylgs X [pelgo-

Below we calculate piece by piece the r.h.s. to each order of 1. Here also d- and 0-
boundary terms are discarded once they happen to appear, by notifying as “boundary”
without giving explicit forms.

11



5.1 O(nh)

1dh

= 7782 c)s
o (pne)

/ 0l x [elos

A dh 9(pne) | d(pne) dh 9(pn.)
[ sl  ledds = 901~ B 3lon) . o)) _ g

/d49[y]92 X [@clgz = (9(,0170)(62é - dpp) = boundary term,

[ 6l x (oo

l@{ 0(;)770)5 —20%(pne)} — d(pne) 7
20(

o€
£
+d8(,077c) -

/d40[3/]04 X [pelgo = pncd[;ha{ii + TH 8[ hd{ 8552 5}]

(:0770) '

= ;pncdfﬁ?(—pl&) - ;pncahda(—p&)
— Gomdhd®(—=0)
—;pncffd@(—plg)
- ;pncRd(?(—plf)’

O(n?)

= —0p— ——— + boundary term,
p

In the following we calculate (1) 4 (2) 4 --- 4 (6) to show that there remain only

boundary terms to order O(n?!).

(1)+ @)+ (3) = yan{20(m)o(— )~ - (oma) .

1 1 1 1
(1) + (2) + (3) + (5) = idhag [pnc(_§)] = §d82h[p77¢(—§)]
1 1 1

= —@hldlone) (= g) + pred(——0)

= —%3(%) [d(pnc)(—

= — JOR|d(pn)(~

1 1
*5) + pncd(—%)} + boundary term
1
cd(——)1,
5) + pred(— pf)]

O(n?3)

(4) = —2d(p77,;)8pp + boundary term

= —2d(p770)@ + boundary term, = —d(pnc)(p;) + boundary term,
p p

(6) = ; (PUc)Pﬁ@(—plg) + 1pnc d(p&)0 (_plf) + boundary term,

(4) 4 (6) + {(1) + (2) + (3) + (5)} = boundary term.

12



Summary for O(n')
/d40[ ] = Rdo( L ) 18R d(pne)( ! ) + pned( : )} +boundary term
clod — — 5P7c ——) 3 c)\——~ e\ ——
YPclo 2077 PY: 9 £ o€ 1] PY: Yy

o) O(n3)

The terms of order O(n?) will be cancelled in the calculation to order O(n®) in the next
subsection.

5.2 O(n?)
[ d6lsloo x oo = 552 ono). @
[ 0l x lode = 5 2(-2052), ®)

/ d*0[ylp2 x [@elgz = boundary term,

o€ dR+ 0P

[ d6lulos x ledon = 5 {600 — 202} = T o), 0
/ d40lylps x [pclgo = Pncd[;R@(plg)} +pnca[§Pa<p1£>} (10)
+pnc<9[— (3(577) _ d(gn)) N (d(zn) . 3(?7))}_ (11)

We calculate (7) + (8) + --- 4 (11) plus a contribution from the calculation to order
O(n')

/d4(9 < [y(pC}O‘l > from O(n')

1 1 1 1 1
=— §pncRd8(—E) - §8R {d(pnc)(—g) + pncd(—g)] +boundary term, (12)
O(n®) O(n?)
10P 1 1
() +(10) = —5 = 0(me) — d(pne) [5 RO~
1P o6 . o _dR+0P

(8)+(9) = 5 {400 g —20%(on) | — = = 0(ome)

1 1 dR+ 0P dR

= 5 P{ = 20(00me) ¢ ]} = =g 00m) = = Folme)

1 1 1 1 1 1
(12) = bd(pnc)Ra(——) + §pncdR8(——)} — ~dRO [pnc(—E)] + boundary term,

123 123 2
Lt RO(—2) — Laro(pne) (=) + boundary t
J— . _—) — — )\ ——— ounaar erm,
Sdlpn &)~ 3dRO(me)(——; y

(D) + 000} +{(3) + (10)) + (12) = 5 T

Summing this and (11) we conclude that [ d*0yp. vanishes modulo boundary terms.
There is no contribution to higher orders than O(n?3).

A(pne)- (13)

13



6 Proof of [dxd*0ydy=d|---]=0
We show
/dmd04 yoy = dJ.....].

To this end we use the expansion formula of y given by in Sec. 2, of which components
have been denoted as

Y = [yloo + [Ylor + [Ylo= + [Ylos + [yl

We expand here furthermore each component in the fermionic components 7, and n®.

[y]G" = [y}G”,no + [y]en,nl + [y]O”,n2 + [y]en,n3 + [y]G”,n47 n=1234

We are interested only in [y]ys. The integration over the left-moving sector is calculated
as

[ 220 tyoglgs = [ da*s 2(1u)oo x Olyles + lslos x Olls + 5ol x Dol )

In the following we calculate | d*0[ydy)gs in this integration with the convention

/d46(9 02 =1

Then d-boundary terms are given with concrete expressions. But for d-boundary terms
their exsistence is merely notified, because it disappears anyway after integration over x.

6.1 O(n")

/ d*0yler o x Olylgs o = / d*0ylgz o x OYlg2 o = 0,

[ d6lulip x Oles
dha[d( ha{ % 85}—0 %hd{@JrgH

5dh 5 pE2 p*s  p&?

1 1

= 50 1(1 (- 50)) = 0 nao- o)
;iz [dha2 - ahdﬁ(—plg)}
- oty 1)
—{dh(dlog(pﬁ))(‘ﬁ(—E) - dh(8 log(pﬁ))da(—plg)

+d{dh82(—%)}
dh I dh 1. dn 1
MR )

o)
= 5{an(d108(06))02(——2) + an (a0108(0) ) o~

14



+d[dha2(— ! )+ dh(&log(pf))a(—i)]

3 pé
dh 1. dh 1. dh 1
—dRJ*(——=) — —0ORdI(——) — — RdO*(——
+p£ ( pf) 23 ( pé) P ( pﬁ)}
O(n?)
1 1
= 3 {ano [ (drom(oe) o]
1 1
+d[dh82(—%) +dh (810g(p£)>8(—@)]
dh 1. dh 1. dh 1
ZLARO*(— =) — ZORAO(——) — — RdO*(——
+p£ RO pﬁ) 123 R pi) pSR ( pé)}
O(n?)
1 1 1
- i{d[dha%—;{) + dh(a log(pﬁ))@(—g)}
dh 1. dh 1. dh 1 1
AR (— —) — 22 )y - = 2y — =
2 gAROM(—0) = “CORAD(— ) — - RAD(——) dR(dlog(pg))a( pg)}
o(n?)
+0-boundary term.
e Summary for O(n°) ~
[ d6tulor  0lulos = [ d6lsle x Dl = 0
[ d6lul x Ol
1 1 1
= §d[dh82(—g) + dh<8 log(p§)>8(—%)} -+ d-boundary term
1 (dh 1. dh 1. dh 1 1
—{ —dRY*(——) — —0RdI(——) — — RdI*(——) — o(——
2{/)6 ( p§) 23 ( pé) prd ( pﬁ) dR(leg(pg)) ( pf)}
O(n?)
+0-boundary term

J

The terms of order O(n?) will be canceled in the calculation to order O(n?) in the next
subsection.

6.2 O(n?)

[ d6lule x otee =0,

/ﬁwwmxawe

2 2

- (. 260) (om St 0
+[2<8(Z77) 6(d(€€n))))—2<3(d(zn)) 8(?7))” (ZZ) (2)
~{a - (0 HE) (7R o) ®
+[2(a<8/;77)) a(d(gn))) _2<8(dpp77)) 8(8(?7)))}}6;2 (4)



123

L dhgg(Olen) 98 _ g(a(den)y  9(En)y 9p
{8<2(,02) (577) ) \ ( )
(=0 ) +

P £ £
G0} e o)
+4<a(d(’pm))-6( (?7)))7

In the following we calculate (1) + (2) + --- + (8) to show that there remain only

boundary terms to order O(n?).
(1) + (3) = —49RdE 4 )[_(a(a(pn)),a(ﬁn)>+(8(pn) ‘a(é’(ﬁn))

25 § ol 3 p 3
L dhy0d 9 d(pn) 9 dR
i e

(
_ —4dhd(—p1£)[— (a(a(zn) .

dh[2(02(m7) 8(§n)>_2(8(pn) 82(&7))]613

T p £

(a(pn) ,8(8(677))”

O(n*)

>+pd<1>][(82<pn> <>) ((pn

|
—
Q
[ %)
e
R
N~—
jo 8
>
e
3
~
—
jo8
Q)
b
d
QU
[\')
~
3
QD\_/\/

H/_/

+d{_4dh[_(a(a(gn)) (gn)>+( (Zn) a(
(P 06 (0 W;“WR

d

)
dh 1 (9(pn) (&n))\\ 9¢ d(pn), 9(&n)\ p
Hoe (55 0) 7 - (005 - =5)
(2) +(4)+(5) +(6) + (7)

A o) - o )

+4dh8(_p1£)[<a(zn) -a(d(?»)) B (8(d(zn)) ' 8(?7)”

16




g dp.r (9(pn)  d(&n)) d(pn)
HCE 0= (F0F o) + (a0
+[2( (Zn) a(d(ﬁgn))D _2(8(61(277)_0(?7)
O(n*)
dh

123 p 3 P 3
+4;lza{<a(zn) a(d(?)))) B (a(d(gn)) ' 6(?7)”
a2 2y (ol )

O(n*)
+0-boundary term
Gl o) - (e 220
Hi};[(a(zn) ‘a(d(?)))) B (a(d(zn)) . 8(?7))}

O(n*)

+0-boundary term
= 18U (0(pm) - doP(en)) — (0 (on) - 9len)) |

123

123
+220() (0(pm) - do(en)) —2

+;822(8(pn) : d(«fn)) - 2
Hif;[(@(zn) ﬁ(d(é'gn)))) 3 (a(

1,1
¢

dion), 9(en)

p

d(én)
§

)

O(n*)

+0-boundary term,

+d{—4
+@[2

123

dh
P&

)+ @)+ (5)+(6)+ (1)}

1
§

ddlpm) - 6*(en)) — (9%(om) - do(en) ) |

1
&
oom), o(en)

- (05 =7)

p § p

1
P

(=

(820”7).8@77)) _2<0<m>_82<€n>>]d3

o2 (dton) - oem) }
d(pn) 8(3(«5?7)

£

§

(a0(pm) - o1em) )
82; (d(pn) : 3(517)) }

)+ @[ (2%m) - o(en)) = (0em) - (e |

)(0em) - doen)) — 20() (d0(em) - )

))} } -+ - d-boundary term

<1l>

<2>

<3 >

<4>



+0-boundary term,

The 1st line in the above result can be calculated as

< 1 >=ddhdig e ][ (0%(om) - 9(en)) = (20om) - 0*(e))
= —2h s [o(d0em) - o(&n)) — 000 - doen))
~2(d(pn) - 0%(€n)) +2(0(om) - doen) )|

+af - (pé)Q (8%(om) - 0m)) — (0Com) - 0*(em)) | }

— 2d(— plf)[(d(?(pn)@(&n))—(3(pn)-d5(£n))} <la>

—4dh((§f>[(da<pn> o(en) - (oo >-da<sn>)] <1b>

(f) [(d@ (pn) - 02 57)) (82 )} <le>
+2dR( A [(da 1) ) (a - do gn)}

O(n*)

it =2 s [ (0H(om) - 0t6n)) — (0em) - 96|

+0—boundary term,

<la >= 4;5 (da(pn) 'da(ﬁn))

vaf - ;[(dé’(m) o(en)) — (9(om) - aoem )|},
<1lb>4+<3>=0,
<le>+<2>=0,

18



2
r Summary 1 for O(n?) N
[ d6lule x otee =0,

/d49[3/]93 x Olyle
- o ) - Lt )
+4(d(pn) - d(¢n) ) 0(-)

2
)20 )

+2d£[(8(pn) .a(d(fn))» B (a(dzn)) _ 8(?])>]

O(n*)
+2dR(pé)2 [(da(pn) : é’(577)) - (8(pn) : da(f’?))]

O(n*)

+0-boundary term
N J

/d4(9[y]907770 X O[ylgs 4.2

= ;ilga{d(R(apg + 652) + 8( (82 + aé))

+26[(d(/;77) (?7)) B (3(;”7) ' d(én))}}
/35) - Rda(—plg) +P62(—p1£)

_a[dR—l— 8P}}

123
1 _1 2 L 2 L s L

{0{1ar + oPo(- pg)}wmm( p§)+Rd8( ) FOPO () + PO pg)}

1 dh)a[dR+8P

)
3 (pi 23

1dh
5—58{[dR—|—8P]8(—

_Ldh
2 p€

} + 0-boundary term,

[ 6l 2 Dl

1 2 _i E 3 _i - 2 Ty 2 1
{pﬁ(dah)a( p§)+p§dha( pﬁ) pﬁa 40 pﬁ) pﬁahda( 123
1¢P 1 P 1 P 1
= d(p€)d*(——=) + —dhd*(—— dd — PdO*(——
2{[)5 (P60 () + - dhd(—— ) = ~c0(pE)dD(~ e }

i

19



1P 1 1P 1 1P 1

+ 5%@%@2( pf) — i%ﬁRda(—%) — §%Rda2(—%)
e
= 5{ 0P (1080 ) o) — Pa (9108(09)) o~ )]
+p§dh83(—p1£) Pda2(—p1§)}
+ ;;dROQ(—plf) - ;ZaRdé(—plg) - ;pPnga?(—pg) +O—boundary term,
e

Contribution from the calculation to order O(n%)

[ 6 < wloo % Olsls > geom oot

horor— Ly - Porao— Ly P pasr - L L
{pdea( ) SFORAN——g) — Te R () - dR(d1og(pg) ) O pg)}’

[ d6lulo x ol

= [ylgo o X O[Ylgan2 + [Ylo 2 X Olylga o+ < [ylgo X AYlos > from omo)

1dh 1 1dh . 1. 1_dh._[dR+0P
5—58{[dR—|—8P]8( pg)}+§—§[dR+aP]a (—§)+§a(g)a[ pe }
1 1

1 1
—5[dR + 0P| (dlog(6) )0 (—og) - 5P| (9108(0) )0 <—&>] -y PA0 (=)
LP ety VP pp Ly LR b 1
+2p§dRa( pE) 2p€aRda( pﬁ) 2p£Rd8( pé)

O(n*)
+0-boundary term,

lﬁ[dRJraP]{za?(—— +p§< 15))} <d1°g >8{dR+8P]

2 p€ 123
1, 1

—i[deLOP](dlog(p&) —) =3P [(alog pg) - ] —dea2(—E)

1P pe_ Ly 1P _i 1P _i
+2p§dRa( pf) 2 p§ da( pﬁ) 2 p¢ 40°( p§)

o)
; (,101?8 [dR/—)i—g@P} +0-boundary term,
O(n)

1dh ,, 1 132y 1 d[dR + OP)

= 5 g liR+0P){20 (e + pe(95)) ) + 5 (dlosoe)) =

1 1 1., 1
~5Pd|(9108(06) )0(——0)| — 5 PO ()

1P 1. 1P 1. 1P 1

~—dRO*(——) — = —0RdI(—— RdO*(——
o) 7 g 0RO ) 5 g AT )

O(n*)
; i];@ [dR:g@P} +0-boundary term,
O(n)
1dh ,, 1 132y 1., 1
gg[dRJr@P]{?@ (—E)erf(@(%)) }+§d( pg)a[dR+aP]

20



1 1 1 1
~5Pd|(9108(06) )0~ )]| — 5P ()
1P ppe 1y 1P L1y 1P g 1
"2 J23 4RO p£) 2 p¢ 40 pé) QpﬁRda( pé)
O(n*)
1dR _[dR + OP
+ = 3 € 8[T} +0-boundary term,
O(n*)
1dh 1 1 1 2
m[dmaP]{z@?(——g ot (0 <—§>)}+f{2 <§> ps(09)) Jap
+d[—f—£8[dR+8P]+ Ppg( 5) 7P82 )}
1. 1P 1 1 1dR _rdR + oP
P ror - Ly _ 1L ppaa— L Rd®?(—— ] kit
g g0 g g g 00 s) 5 26+ 5,60 )
o) On")
+0-boundary term.
- Summary 2 for O(n?) ~N
[ d6lulo x e
= 2O ar+ 0P {20° () +pe(0)) }+ [20°() — o (0)) Jap
2 p¢ € 123 123 123
1
+d[—5%6[dR+8P]+ Pp£< f) P02 ?)]
1P by 10 1P, 1 EP ,, 1. 1dR_rdR+0P
+ 5o RO (o) = 5 g ORAD(—2) = 5 RaP () + 50| =]
o(n*) Oo(n)
+0-boundary term
J

6,078{

By the constraint ¢ We can easily show that

oo -1 -l %)
it

P ) )
282(_,015) + pf(a(plg))2 =% (ap + 85)2 + 2[)158(3; + a;)

By means of these formulae We sum over the results of Summaries 1, 2 for O(n?) to find
only d- and d-boundary terms remaining. The terms of order O(n*) will be cancelled in
the calculation to order O(n*) in the next subsection.

6.3 O(n?)

1
2

= /d49[y]927,74 X 6[y]927no =0,

21




1
3 / d*0ylge 2 X OlYlge 2
_ oy dh dah(a(pn) 0(&n) 2

d
+( (
We have

o dhd(pg) (0(pn) A(EmN2 | dhdR (D(pn) d(En)\2
W) =240t ( p ¢ )+2 ( )

DR

g (0009 - 0(em) (9065) - 9l

_11(3P+6§)[(6(gn)‘d(én)>+<d(pn)ﬁ(fn)n@(pn) 0(577))}
(52

(3) + (6) = —16dh{

2p8" p § p 13 P 5

+d[8W
(4)“5)__8(;2 8(8(577) 3(277))[(0(277) d(gn))Jr(d(zn) 0(?7))}
) ) ) ) OP +dR
[t ) - (e Tt
(2) + )+ (4) +(5) + (6)
— 21 dog(pe) (122 HE’
doh (9 ) ) d d )
s ( (gn) (gn )[( (zn)_ (?7)>+<(;m) (?7))}



A, o) o o

+d [8 (;Z;g (8(p77) - a(gn))2] + &—boundary terms

= —24dhdlog(p§)<8([pm : (g”))

+8d€0p€§) (0(;)77) ‘ a(?7) Ka(zn) , d(?z)) N (d(zn) . 0(?7))} (a)
Rl ) - e

+d[8 5 (00m) - 0(en)) |

+8i§<8 Zn) . 8(5?7)) [(6@77) , d(én)) n (Cl(gn) . 6(?7))

§ p §
O

+0-boundary terms,

_2_<8(zn> d(§n>)+(d(zn),8(?)):8[(8(577).d(§n>)+( - g )}
+2_<3(zn) d(?’)) 3 (d(zn) 3(?7)):8[ 3(/;?7) ' d(gn)) B (d(zn) a(?7) ]
_4_(8(577) d(én)) B (d(gn) ‘ 8(?7)): K(a(@(gn)) ' d(én)) B (d(/pm) '6(3?7))}
+0-boundary terms

= {4t ) (200m) (5n))+< (on) - 0(em) ] (9om) - Dem)) 0
A (pgz)[( (on) ) (dom) - doen) )}(a ) -o(en) (©

vl = 4 [(8 (€0)) + (dton) - 2tem)) | (20em) - 90em) ) }
[ )

.d(ﬁn))Jr(d(pn) (é‘n))]aKa(pn) (fn))Jr(d(mz)‘@(&n))] ()

§ p § p § p §

23



d(pn) 8(577))]8[(8(/”7) , d(fn)) B (d(pn) .

p §

p §
0

§ p

(a) in ((2) + (3) + (4) + (5) + (6)) + (b) in ((10) + (11)) =0,
0
0

d(Zn) ‘ 0(577)>] [((a(a(pn)) ' d(&n)) B (d(fm) -a(%) 7

4)
(7)+ (d) in ((10) + (11)) =
(8) + () in ((10) + (11)) =
s Summary 1 for O(n?) N
5 [ 4480l x Olulee = [ @6gle o x Olsloas + 5 [ 6lulon o Ol
e[ (o2 - ()| <
d d 0 d d 0
+4( (zn)‘ (277))[(8( (Zn)), (gn))_( (Zn) Lo (gn))ﬂ <>
. ) o o
xa[ a(zn) , d(?})) B (d(zn) ‘ 3(?7))} <3
(2 ey _ o) 6
y K(a(a(zn)) ' d(?})) B (d(zn) ‘a(agn))} 4>
+d[8 (;i:)?) (3(P77) . 8({77))2} .................. d-boundary terms
=gz (00 - dtem) + (dtom) - otm) ] (20om) - e
.................. d-boundary terms
dh dR 19(pn) O(En)\2
el e
0(n)
dR (0 0 0 d d 0
+8p§( (;m) , (?7)) K (zn) ' (gn)) N ((zn)(gn)m
O(n®)
+0-boundary terms J
[ 61l = Ol
_ Z;{ . G(a(d(zm) : 6(2?7))8;’ + 6(28(277) . a(d(?)))) 355 (12)
+2(8(d(zn) 0 (;n)) 2(8 (ppn) a(d(zfn)»} (13)
d d 0 d
8[<8< (zn)), (?}))( (Zn) ' (?’))
+<8(zn) .8(d(€§n)))) (d(/pm) ‘ 8(?7))] (14)

24



§
' é ' [(8(61(271)) 0(?7)>+<0(zn) 8(d(££7))))]
+£{_2 A(pm) 32(§n)>+2(82(pm7) 8%@)}8(2)
F : aé) 9 Apm) ,,0(&n) .\ 9&
+£{6(8(M) (gn)”—a( G ))g
. 0(/;77) 0*(&n) ' 0*(pn) a@(én)»}@
(000 =) w200 g
d(pn), 9(&n) 5(pn)_d(€n))
(o) )
{< ' 5 i(a(zn)'8(8(?7)))(%277),3(277))}6;1;
(o5 HE) ¢ (P02

25



(17) + (18) + (23) + (24) = 0,

(16) + (21) + (25) + (27) + (28)
_ @dR+8P{ B 2<8(pn) ' 82(677)) +2(62(/)77) , 6‘(577))

et pg p ¢ p &
p A(pn), O(&n) Apn) ,,0(&n)\\1,d0h  d(p§)
_E[_2<6(7)'7)+2( PR )ﬂ(p{ e

2 2
N R
P

ﬂ[_Q(a(a(pn)) . 0(£n)) +2<3(pn) '8(8(617)))}61( £)

23 p § P § 123
1ot ) ) o228
O(n®)

_—8(2){2 8(577) a(d(in))))_z(a(@)ﬂ(gm”
+£{_4(3(M) M>@+4(3(pn) 8(d(§77)))>%}
+:§3{<8(d(pn)p) a(a(fgn)))i a(a(pg)),a(d(éi)))}f
123 p 3 p 3
:_2(11;{(8(277) 8(d(2n))))_<a(CKg7).<9(§m }
_4Pa(i){<6(m) 8(d(€n)))>_ a(ﬂ) M)
d

3 p 3
_ i?{(a(lp)ﬁ) (d(?))) ‘@(dﬁm) 8('277) }
42[(8(%) z(d(gm))_(aﬂzn) 0(?7)))}

—2dR:£8P{<a(;”7) a(d(?)))>— a(d(zn)) 8(?7))}
Pr/d d d(pn) 0
EK (Zm o (§n>)>_<522n).(§7)))}

+0-boundary term,



1
3

41 =422 {2 (0om) - aeP(em) + 207 Ly

) (00om) -dten)) +2_2(5) (9Gm) - o) ) }

_4£{i<d@2([m) olen) + 132(/1)) (aon) - aen)) + 27001 (do(pm) - olen)) }]

¢
3| (9tom) - do?(em) — (40 (om) - O(em) )|

§ p

(p€)*\" p p
+50(g52) [ (90m) - do(em) = (a0(om) - otem) ]}
=205 (0om - av(en)) — (d0(om) - o€
25 [ (0em) - a0 — (a0 (om) - o(en))
2 (0% - doten)) — (a0(om) - 0%(en))
+ace (209 = 02) ) [ (06em) - aen)) = (dtom)- o)

=25 (0tom) - atem) = (d0(om) - oté)
w2z (9om) - 0%(em) = (%(0m) - 016

4P (O + 5020 [(0om) - dtem) = (dlon) - oe)
+0-bounday term.

Here use was made of

1,1 1,1

L )

Ep p € 2 p

R
— (O (%) = S (R (- a1 5F))
— 3o FP 4 5P = PP+ 50,

which can be proved by % = %. Using this [A] we find

(12) + (13) + (22) + (26) + (29)
_ 2dR+6P{(<9(m7) 8(d(£n)))> B (a(M) , M)}

pé p 3 p 3
~255 [(0tom) - aoten) = (doom) - e
w2z (9om) - 0%(em) = (%(0m) - 016
4P (0 + 500 [(0em) - dtem) = (dlom) - e

+0-bounday term,
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(12) + (13) + (22) + (26) + (29) + (30)
=2 ad] (9om) - (en)) — (#(om) - e )]

9
4P (0GR + 500 [ (0o - dtem) = (aton) - oem)
+0-bounday term,
(19) + (20)
_ _4[@(8(577)) . 6(?7)) B (6(gn) “9(8(?7)))] [(8(?7) ' d(?)) B (d(zn) . 8(?7))} cZZ‘
r Summary 2 for O(n*) N
[ 6l ol
— [ @l o x Ol + [ d6lulos s x Oler
_ _8[<a(d(zn)) . 6(?7)) (8(;)77) . d(gn)) N (8(5n> ‘a(d(ﬁgﬂ)) <d(/;?7) . 6(?7) )j
<o>
_4[(3(Zn)‘d(§n))+<d(zn) 3(?7))}
X [(a( )y.2 ) + (3(277) .a(d(?))))] <6>
2 2
g o) P )
Jz[ z(a azn a(g ))+2(8(zn) (8(?7)))]61(;6) <85>
w20 (20m) - 0%n) — (9%(om -0(6)] <9>
AP (0 + 50 plg)[( (on) - d(en) — (d(om) -0en))]  <10>
(o) ) - (FoP o) T i
Pg[ 2(‘9(6(,0)) 9(&n )) ((Zn) o (£ ))ﬂig
O(m°)
S +0-bounday term )
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[ d6lulo x ot

_ P {d(R(@ + ﬁ) + 8<P(5p + ;%)

2p¢ P2 pe? 26 pe?
d(pn) 0(&n) d(pn) d(&n)
w20 (S0 S8) - (50550}
1P 1 1 1
= — 03 [dR+ OP]O(——) + RdI(——) + PI*(——
2 pg {[ oLl p«S)+ ( p£)+ ( pi)
dR 4 0P
—8[ pE }}
1P 1 1
= ——{9[dR + dP)(——) + [dR + OP)9*(——
3 ¢ | O1AR + OPIO(——) + [dR + OPI0*(— o)
1 1 1
ORAO(——) 4+ RdD?*(— =) + OPO*(——
" ( p€)+ ( p£)+ ( pé’)}
1. P __dR+ 0P
+§8(E)8[ pr: ] + d-boundary term [B]
Contribution from the calculation to order O(n?)
[ @t x ol
1(P 1. P 1. P 1
= ¢ —dR)*(——) — —RdO*(——) — —ORdO(—— C
2{pf ( pé) 123 ( pé) 123 ( pé)} ©]
l@a[dR+8P}
2 p¢ p§ 1
P 1 1 1.\2
[B]+10] = ldR + 8P]82( - E) + 5 PldR + 0P] (a(&))
;iI;@ [dR;—g('?P} + 0-boundary term,
e Summary 3 for O(n?) ~N
[ @6t x ol
_P o1y 1 1)
= ldR+0PI0 ( pf) + 2P[dR+8P](8(p§)) <12 >
1dR+ dP _[dR + 0P
5 6[ pe } <13 >
+0-boundary term
\_ J

We sum over the results of Summaries 1, 2, 3 for O(n*) to find only a d-boundary term
such as

<1>4+<T7>+<11>=0,

i [(80om) - 2%(em)) = (62(om) - (em) ) |}

<2>+<8>+<9>:d{—2(p§)

--------- d—-boundary term
{<3>+<13>}+{<4>+<5>+<6>}=0,
<10>+ <12 >=0.

29



The terms of order O(n°) will be cancelled in the calculation to order O(n°) in the next
subsection.

6.4 O(n°)
5 [ 6l o Ol
48;';(8(577) (?))69(3(577) (gn))pg+4gfg(azn) f9(§77)>2 (c:;) ()
P (9(pn) 9(&n) A(pm) d(pn) 9(&n)
g( ol (% ) (557 =) g
’ (f‘9ppn a(&n) K@Zn );Ea(d(pn))'a(fn)ﬂ 3)
P € p p $
1P{(‘9,i’" M) (o )+(d(’,§” ) (o - 2
We calculate each line to find
(1) = 42?2(3(217) '8(/277)>2+24p13€(8(gn) ' 8(?7))261;9:
24i2i§(5(zn) (?7))2 1>
+24/Z(8(Zn) (gn))Zd(pp{O <>
P o B} 2dR
oy
O(n®)
+0- boundary term,
=16, 3( (em))d(D(pm) - D(em))
prapp{é (8 577 )[( //;n) (gn))+(d(£n).8(§n)>}
df))g (aGm) én) —24Pf(§>(( n)-oen) <3>
_gpa(l (3 [( ) (d(zn)‘a(gn))] 4
2
+d[8 (Pg(é’ H
(4) = — 55[ 8(277) (gn))Jr(d(Zn)'a(gn) }@ 3(2}?7)@(?7)) <5
A [2] (2 o250, - o2y 260
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_ Z[_ 2<6(pn) .a(a(gn)n n 2<8(M) _ 8(57’))}3(5) 7>

o p & e
O NCRE )
() - (2 %
[ 6t  olslos =0,
Contribution from the calculation to order n*.
;/m I % Oyl
~2e e (2 <
ci?(@(zn) (?))K (Zn) . d(?)) n <d(zn) _ 8(?7))}7 <10 >

/d Oylgs x Olyler

_pPg[_2<3(§77) 8(8(?7)»_‘_2(8(8;%7))8(?7))}7;}; <11 >
We have

2)+<4>+<5>4+<10>

3P;dR(3(Zn) . 0(?7)) Kf?(zn) _ d(?z)) N (d(zn) . 3(?7))}
+0—boundary term,

P 2
1>t <gumoq® +dR(8(p )_a(gn)> :

ps  pg §
dP 2
0 -0
8 ey (2lom) - 0(en)
<O6>+<T>+<8>+ <11 >=0.

Then we find

9(pn) 3(577)) (5(m7) ‘ d(én)) (d(pn) ‘ 3(577))

(2)+<4>+<5>+<10>:16( ¢

+0—boundary term,
<1l>+<9>=0.
owing to the fermion properties [0(pn4)]> = 0 and [0(£7%)]? = 0 with no sum over a. Using

this fermion property and explicitly writing down the inner product in spinor components,
we have

(a(zn) ' 6(?7)) <0(zn) ' d(gn)) <d(f)n) . 0(?7))

_(Ben)y (B (dm)y dien)y | (dlon)y (len)y:
= (5L (50) - (50,50 - (50R)L(57)




Therefore

{2)+<4>4+<5>+<10>}+{< 2>+ < 3>} =9J—boundary term,

- Summary for O(n%) N
;/d“@[y]ez x Olylg= + /d49[y]eo x Olylgs +/d49[y]93 x O[y]g1
= d[S (p];g (3(/)77) : 8(617)2} + 24; (E)(’;") : ‘9(?)26;?
9 o) )

The terms of order O(n®) will be cancelled in the calculation to order O(n®) in the next
subsection.

6.5 O(n®

[ d6lulo x ol =0,

1 oy P o P 0(pm)
5 /d49[y]927,74 X 6[y]927n4 = 24%8(E)(7 .

/d40[y]927n5 x O[ylg2 3 = none,

[ d6luls 5 Dl o =0,
/d40[y]9:am:a x O[ylgr 5 = none.

We have also a contribution from the calculation to order n° such as

1

P

: / 40ly)ge s % Olylo. = 24

p€

(

d(pn)

p

d(&n)

§

)

2dR
P&’

/d40[y]927,76 x O[ylg2 2 = none.

Summary for O(n®)

[ 6l x ol = [ @'l x Dyl = .

1 P OP +dR
2/d49[y]92 x O[y]

s = 24—
o P&

9(pn)
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(

P

This is the end of the long calculations in Sec. 6. The formula which we have desired

/ dzd*0 yoy = d- -]

32



has been shown. To be concrete it is given by

/d:cd40y[“)y
_ Qd/dx{ldh 2 [)15) + o, 1og(pg)am(—p1€)}
( )[(62<pn> 2(€n) = (9ulom) - 2(em) ) |
— 0u(6n)) = (9u(pm) - dou(em)) |
15 [( (on) - d(€n)) — (d(pn) - 2u(6n)) |
[ (&) = (atom) - €0)] o6 (00 "+ 02—
pn)g d(pm) - 577))
<(p1 2| (8o (€n))+(( )-0(577))]( (on) - D(en))
NGRS ) R AR R CARA)]
pggKPn d(én)) — (d(pn) - &n K@( n) -0 (577))2}
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