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Abstract 10 

 11 

In the motion of two gravity-driven bubbles arranged in a line, the trailing bubble is known to accelerate in 12 

the wake of the leading bubble. Furthermore, the approaching bubble migrates laterally as a result of 13 

bubble–bubble interactions. This paper presents the physical mechanisms for the acceleration and lateral 14 

motions of deformable bubbles under stable conditions, i.e., rectilinear motion in a solitary bubble, using 15 

numerical simulations. First, the trailing bubble decreases the drag coefficient relative to the case of a 16 

spherical bubble as a result of the increased vorticity generated at the leading bubble surface by its 17 

deformation. Second, the trailing bubble moves laterally as a result of the shear-induced lift force. In 18 

addition, lift reversal occurs in high Bond number cases and very weak lift occurs in low Galilei number 19 



 

cases. Predictions under the assumption of spherical bubbles nearly reproduce the interaction of a pair of 20 

deformable bubbles; however, the motion associated with the lift reversal cannot be predicted. Third, the 21 

bubbles repel each other as a result of their potential interaction when they are adjacent. This repulsive 22 

interaction is due to both the pressure at the surface and the vortex interaction around the bubbles. 23 

 24 

 25 
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1. Introduction 29 

 30 

 The hydrodynamic interactions between bubbles rising in a viscous liquid are fundamental factors in 31 

determining the structure of bubbly flow, including the local void fraction and the distribution of the bubble 32 

diameters. Local void fractions have been experimentally observed (Prakash et al. 2016). In particular, 33 

horizontal clusters have been experimentally observed in two-dimensional bubbly flows resulting from wall 34 

interactions (Sangani et al. 2001; Takagi et al. 2008). Therefore, it is necessary to understand the motions 35 

of bubbles when they interact to predict the development of a bubbly flow. The various aspects of the 36 

interaction between two bubbles, such as bubbles rising in line, are unknown despite their simplified 37 

interaction, that is, compared to the interactions of multiple bubbles that arise in various industrial 38 



 

applications. 39 

 Assuming irrotational flow, Levich (1962) theoretically derived the drag force of a spherical bubble 40 

according to the kinetic energy balance. This assumption is reasonable in nearly all regions except at the 41 

boundary layer of the bubble surface, where vorticity is generated as a result of the curvature even for zero 42 

shear stress conditions, and in the wake as a result of the advection of vorticity from the surface (Moore 43 

1963). Based on the potential flow model, Kok (1993) theoretically derived the interaction between two 44 

spherical bubbles and found that the bubbles attract each other when the angle between their centerlines 45 

and the direction of motion is in the range of 0° to 180° − θ௖, where θ௖ is a critical angle ranged from 35° 46 

to 54.7°; otherwise, the bubbles repel each other. Therefore, repulsion is an in-line bubble interaction. 47 

 Direct numerical simulations by Yuan and Prosperetti (1994), in which the Reynolds number (𝑅𝑒 ൌ48 

𝜌𝑈𝑑/𝜇) ranged from 50 to 200, disagreed with potential flow predictions because the effect of the wake of 49 

the leading bubble (hereinafter referred to as B1) is an important factor that attracts the trailing bubble 50 

(hereinafter referred to as B2) when bubbles rise in line. They demonstrated the existence of an equilibrium 51 

distance Se normalized by the radius, where the potential repulsive force balances the wake attractive effect: 52 

𝑆௘ ൌ 4.4 logଵ଴ 𝑅𝑒 െ 4.38. (1) 

Considering the effect of the vorticity generated at the surface of B1 and its advection and diffusion in the 53 

wake of B2, Harper (1997) recalculated his previous analytical model (Harper, 1970) and found results in 54 

good agreement with the numerical results. 55 



 

 In the numerical simulation results of Watanabe and Sanada (2006), the Bond number ሺ𝐵𝑜 ൌ 𝜌𝑑ଶ𝑔/𝜎ሻ 56 

is 0.00878, predicting a reduction in the equilibrium distance resulting from the bubble deformation. In 57 

addition, they performed experiments employing silicone oils (5 ≤ Re ≤ 40) and found different interesting 58 

interactions, including collisions, equilibrium distances greater than the numerical results, and escapes from 59 

the rising line. Hallez and Legendre (2011) computed the three-dimensional (3D) flow around two fixed 60 

spherical bubbles (20 ≤ Re ≤ 500) and simulated general cases in which the positions of the bubbles were 61 

not arranged. They found another important effect of the wake, a transverse effect due to shear flow. In the 62 

wake, the transverse effect is similar to the lift force 𝐹௅ of a solitary bubble in a linear shear flow (Auton 63 

1987; Legendre and Magnaudet 1998): 64 

𝐹௅ ൌ 𝐶௅ሺ𝜋𝑑ଷ/6ሻ𝜌𝑈 ൈ ሺ∇ ൈ 𝒖ሻ, (2) 

where 𝐶௅ is the lift coefficient, 𝒖 is the fluid velocity, and ሺ∇ ൈ 𝒖ሻ corresponds to the vorticity in the 65 

wake. The lateral migration of B2 was experimentally observed by Kusuno and Sanada (2015) for bubbles 66 

rising in pure water (50 ≤ Re ≤ 300). They found that B2 escapes from the rising line immediately after the 67 

bubble is generated and predicted that this was caused by the shear-induced lift because a solitary bubble 68 

rose stably under the same conditions. Consequently, they never observed the equilibrium distance for a 69 

combination of the potential effect and the wake effect. The 3D simulations using a volume of fluid (VOF) 70 

method by Gumulya et al. (2017) indicated that the development of the vorticity around B2 due to the 71 

acceleration causes the escaping from the original line (50 < Re). More recently, Kusuno et al. (2019) 72 

performed a series of experiments employing silicone oil (20 ≤ Re ≤ 60). They observed the relative motions 73 



 

of the bubbles and found collisions at low Re and escapes from the rising line at intermediate Re. 74 

Interestingly, B1 was repelled vertically and horizontally at short separation distances, even though the 75 

bubbles rarely came into contact according to images from a high-speed video camera with a 0.084-76 

mm/pixel resolution. Accordingly, they predicted that the repulsive interaction was a potential 77 

hydrodynamic effect. 78 

 Visualization of the flow fields was not performed by Kusuno et al. (2019), and important parameters, 79 

such as the velocity and the vortex structure, around the interacting bubbles are unknown. In particular, the 80 

vortex structure dominates the characteristics of the bubble rising path. The pair of counter-rotating threads 81 

in the wake of a solitary bubble induces a zigzag or spiral path (Tripathi et al. 2015; Cano-Lozano et al. 82 

2016; Zhang and Ni 2017). The thread pairs also appear behind the bubble, acting on the shear-induced lift 83 

force in a linear shear flow (Magnaudet and Eames 2000). As a consequence, the structure of the flow 84 

behind each bubble is also important for its interactions. 85 

In this study, a pair of 3D bubbles rising in line is numerically computed using the open-source code 86 

Basilisk (Popinet, S) with an adaptive VOF method, as sketched in Figure 1. The target range of the Galilei 87 

number ሺ𝐺𝑎 ൌ 𝜌𝑑ଷ/ଶ𝑔ଵ/ଶ/𝜇ሻ and Bo is based on a previous experimental study by Kusuno et al. (2019), 88 

and the mapping of the conditions onto the phase diagram in the (Ga, Bo) plane proposed by Cano-Lozano 89 

et al. (2016) is shown in Figure 2. We divide the interactions between the two bubbles into the following: 90 

the vertical attraction of B2, the transverse repulsion of B2, and the vertical/transverse repulsion of both 91 

bubbles. To examine the physical mechanisms underlying the attractive/repulsive motion, we investigate 92 



 

the forces acting on the surfaces of the bubbles, the vortex structure, and their couplings for each case. The 93 

main focuses in the present study are, first, the deformation effect connected to the approaching bubble, 94 

second, whether the lateral migration of B2 occurs as a result of the shear-induced lift or the bubble-95 

velocity-induced lift, and third, why the two bubbles repel each other. We analyze the motions of the bubbles, 96 

pressure and normal viscous stress at the surface, and vortical flow structure, including the vorticity and 97 

the invariants of the velocity-gradient tensor 𝜆ଶ (Jeong and Hussain 1995), around the bubbles to discuss 98 

the above points. 99 

 100 

 101 

Fig. 1. The computational domain of a pair of gravity-driven bubbles. The domain is 170 times the bubble 102 

diameter allowing the boundary effects to be neglected. 103 

 104 



 

 105 

Fig. 2. Mapping of the numerical conditions for the current study onto a phase diagram in the Ga–Bo plane 106 

proposed by Cano-Lozano et al. (2016). All the conditions are near those of the experimental results 107 

(Kusuno et al. 2019) and under stable bubble conditions (rectilinear motion in a single bubble). 108 

 109 

2. Methods 110 

 111 

2.1 Numerical method 112 

 113 

 We considered a pair of gravity-driven spherical bubbles in a container, as shown in Figure 1. The initial 114 

positions were on the centerline or slightly deviated from the centerline, as shown in Figures 3(a) and 3(b). 115 

To enable the boundary effect to be neglected, the domain was 170 d × 170 d × 170 d, where d corresponds 116 

to the diameter of the bubbles. The x–y plane was the horizontal plane, and the z-direction was in the 117 

direction of gravity and was perpendicular to the x–y plane. Table 1 provides a list of the numerical 118 

conditions. 119 



 

(a)  (b) 120 

 121 

Fig. 3. Initial positions of a pair of bubbles. 122 

 123 

Table 1. Numerical conditions corresponding to Figure 2. 124 

Case Ga Bo Re Δy0 
Aspect 

ratio 
Contact 

Lift coefficient 

 (Hayashi et 

al.,2020) 

1 20 0.15 20 0 1.0  No 0.37  

2 50 0.57 81 0 1.2  No 0.42  

3 100 1.25 165 0 1.7  No 0.18  

4 8 0.15 4.6 0 1.0  Yes 0.36  

5 20 0.5 20 0 1.1  Yes 0.28  

6 30 0.86 36 0 1.2  No 0.37  

7a 40 1.25 52 0 1.3  No 0.34  

7b 40 1.25 52 0.1 1.3  No 0.34  

8 80 3.2 98 0 2.1  Yes -0.30  

9 16 1.25 13 0 1.1  Yes 0.30  

10 32 3.2 32 0 1.5  Yes 0.08  

11 44 4.9 43 0 1.8  Yes -0.16  

12a 68 8 62 0 2.6  Yes -0.67  

12b 68 8 62 0.5 2.6  Yes -0.67  

 125 



 

 We used the open-source code Basilisk, which was developed by the same author who developed the 126 

Gerris flow solver (Popinet 2003, 2009), to calculate the incompressible, variable-density, Navier–Stokes 127 

equations: 128 

∇ ⋅ 𝒖 ൌ 0, (3) 

𝜌ሾ𝜕𝒖/𝜕𝑡 ൅ 𝒖 ⋅ ∇𝒖ሿ ൌ െ∇𝑝 ൅ ∇ ⋅ ሺ2𝜇𝑫ሻ ൅ 𝜎𝜅𝛿𝒏 ൅ 𝜌𝒈, (4) 

where 𝑫 ൌ ሾ∇𝒖 ൅ ሺ∇𝒖ሻ்ሿ/2  is the deformation tensor, σ is the surface tension coefficient, κ is the 129 

curvature of the interface, δ is the Dirac distribution function, n is the unit vector normal to the interface, 130 

and 𝒈 is the gravity. The spatial gradient calculation is second order, and the time advancement uses a 131 

second-order fractional-step method with a staggered discretization. 132 

 The interface was tracked using a geometric VOF method. The advection of the volume fraction field is 133 

written as 134 

𝜕𝑐/𝜕𝑡 ൅ ∇ ⋅ ሺ𝑐𝒖ሻ ൌ 0, (5) 

where c is the volume fraction. The density and viscosity at each cell are calculated as a function of c: 135 

𝜌 ൌ 𝑐𝜌ଵ ൅ ሺ1 െ 𝑐ሻ𝜌ଶ, (6) 

1/𝜇 ൌ 𝑐/𝜇ଵ ൅ ሺ1 െ 𝑐ሻ/𝜇ଶ, (7) 

where 𝜌ଵ,𝜌ଶ  and 𝜇ଵ, 𝜇ଶ  are the densities and viscosities of each fluid, respectively. The density and 136 

viscosity ratios were 900 and 300, respectively. 137 

 The grid resolution is important to determine the accuracy of the bubble motion and the flow around the 138 

bubbles (Blanco and Magnaudet 1995; Magnaudet and Mougin 2007). The velocity field in the viscous 139 



 

boundary layer, which is the origin of the wake, needs to be calculated accurately because the wake of B1 140 

affects the motion of B2 according to multiple previous studies (e.g., Yuan and Prosperetti 1994; Hallez 141 

and Legendre 2011). Kusuno and Sanada (2020), who computed the axisymmetric flow around a solitary 142 

bubble, compared the velocity profiles using a boundary fitted coordinate system (BFC) and a Cartesian 143 

coordinate system using the VOF method. They found that 4 points are required within the critical distance 144 

(where the critical distance is ඥሺ𝑅𝑒 ൅ 75ሻ/ሾ𝑅𝑒ሺ𝑅𝑒 െ 5ሻሿ  on the side of a spherical bubble) to make 145 

accurate computations using VOF because the sign of the tangential velocity gradient for the radial direction 146 

𝜕𝑢௧/𝜕𝑟 reverses in the boundary layer. For example, in Case 3, which is the numerically toughest condition, 147 

the critical distance (the distance is approximately boundary layer thickness) is 0.097d. Based on their study, 148 

we set 96 cells within the bubble diameter in this study. At low Re numbers, we set 48 cells within the 149 

bubble diameter because of the computational cost. The grid size accurately calculates the pressure-velocity 150 

field in the boundary layer. Note that, according to Zhang et al. (2019), this resolution is not sufficient to 151 

compute the bubble coalesce/bounce accurately. 152 

 An adaptive mesh refinement method can lower the computational cost (Cano-Lozano et al. 2016). We 153 

used a wavelet decomposition of the volume fraction and the velocity fields to refine the mesh. We believe 154 

that the velocity criterion, which is sensitive to the second derivative of the velocity fields, is suitable to 155 

calculate relevant fields of a rising bubble because the reversal sign of the velocity gradient is in the 156 

boundary layer where the grid resolution is high. The error threshold was set to 0.005. 157 

We also investigated the force acting on a bubble surface induced by the flow field. However, the 158 



 

calculation points and the bubble surface do not match. According to Kusuno and Sanada (2020), the 5th 159 

order extrapolation pressure and velocity at the surface obtained by the VOF method with an accurate 160 

pressure-velocity field agree with the BFC method, which calculates the value at the surface directly. The 161 

grid size in the current research is sufficient to obtain the accurate pressure-velocity field. Therefore, we 162 

used 5th order extrapolation in the liquid phase to estimate the bubble surface pressure and velocity. The 163 

expected velocity and pressure errors are less than 1% and 3%, respectively. 164 

 165 

2.2 Forces acting on the bubble 166 

 167 

To investigate the details of the bubble interactions, it is necessary to conduct comparisons with previous 168 

studies. One general quantitative evaluation involves a comparison of the drag coefficient and the lift 169 

coefficient. We adopted the method used in Shew et al. (2006) based on the generalized Kirchhoff equations 170 

(Howe 1995; Mouguin and Magnaudet 2002) to derive the drag and lift coefficients of each bubble. 171 

Assuming two-dimensional plane motion (zero spiral motion), an axisymmetric shape, and that the minor 172 

axis of the bubble is nearly aligned with its velocity (Mouguin and Magnaudet 2001; De Vries et al. 2002, 173 

Shew et al. 2006), these equations can be reduced to 174 

𝜌𝑉𝐴ଵଵ 𝑑𝑈ଵ/𝑑𝑡 ൌ 𝐹஽ ൅ 𝐹஻ଵ, (8) 

Ωଷ𝜌𝑉𝐴ଵଵ𝑈ଵ ൌ 𝐹௅ ൅ 𝐹஻ଶ, (9) 



 

where 𝐴ଵଵ is the added mass inertia tensor, Ωଷ ൌ 𝑑𝜃/𝑑𝑡 is the angular velocity, 𝐹஽ is the drag force, 175 

and 𝐹஻ is the buoyant force. The bubble orientation is (1, 2, 3), as shown in Figure 4. The centers of both 176 

bubbles are in the (1, 2) plane. 𝐴ଵଵ of a solitary bubble is a function of the bubble aspect ratio 𝜒 (Lamb 177 

1945; Kochin et al. 1964), with a simplified linearization of (Klaseboer et al., 2001) 178 

𝐴ଵଵ ≅ 0.62𝜒 െ 0.12 for 1 ൑ 𝜒. (10) 

We selected Eq. (10) to estimate the drag and lift coefficients. Note that the total added mass of the two 179 

spherical bubbles 𝐴௦௨௠ estimated by the kinetic energy is a function of the relative distance given by 180 

𝐴௦௨௠ ൌ 1 ൅ 𝑆ିଷሾെ3/4 െ 9/4 cos ሺ2𝜃ሻሿ . For adjoining bubbles where S ~ 2, the added mass of the 181 

bubbles varies by approximately 30% from that of a solitary bubble. The variable added mass effect on the 182 

drag and lift coefficients is smaller than 12% because the buoyant force is greater than the added mass force. 183 

 184 

 185 

Fig. 4. Definition of the bubble orientation: 1 and 2 indicate the rising and lift directions, respectively, while 186 

θ and Φ indicate the tangential and azimuthal angles, respectively. 187 

 188 
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 189 

3. Results and discussion 190 

 191 

3.1 Comparison of bubble trajectories with previous experiments 192 

 193 

We computed the motions of pairs of bubbles under various conditions, as shown in Table 1. We set the 194 

position to be in line or slightly out of line to reproduce the experimental conditions. We first confirmed 195 

the motion of the bubbles and then investigated the interaction mechanisms. 196 

Figure 5(a) shows the temporal change in the velocities for each bubble, Figure 5(b) shows the relative 197 

trajectory, and Figure 5(c) shows the image sequence of the bubbles at Ga = 40 and Bo = 1.25 (Case 7a in 198 

Table 1), where the initial position was in line. At first, the rising velocity of B2 is greater than that of B1 199 

at times (i) and (ii), corresponding to t ~ 0–25. The velocity of B1 is nearly the same as that of a solitary 200 

bubble, and that of B2 is fast enough to catch up with B1. Because the relative distance is large, the 201 

acceleration of B2 results from the interaction with the wake of the leading bubble, as found in previous 202 

studies (Yuan and Prosperetti 1994; Harper 1997; Hallez and Legendre 2011; Kusuno et al. 2019). The lift 203 

force does not act on either bubble during this period, and B2 approaches B1 from the rear. Then, the 204 

velocity of B1 increases at time (ii), corresponding to t ~ 25 and S ~ 2.6. Assuming an axisymmetric flow 205 

around the two spherical bubbles, the bubbles should maintain an equilibrium distance as a result of the 206 

balance between the potential and wake effects (Yuan and Prosperetti 1994; Harper 1997). The bubbles 207 



 

approach each other up to S = 2.6, but the equilibrium distance 𝑆௘, estimated by Eq. 1, is 3.1 at Ga = 40 208 

(Re = 50). Our numerical distance is shorter than the numerically obtained equation under the spherical 209 

bubbles assumption. This tendency is the same as that found in axisymmetric numerical results considering 210 

deformation (Watanabe and Sanada 2006). 211 

  212 



 

(a) 213 

 214 

 215 

(b) 216 

 217 
  218 



 

(c) 219 

 220 

Fig. 5. Time advancement of the bubble motion (Ga = 40, Bo = 1.25, Case 7a in Table 1): (a) bubble 221 

velocity; (b) relative trajectory of B2; and (c) motion of both bubbles, where the reference frame follows 222 

that of the rising velocity of a solitary bubble, at the following times: (i) B2 accelerated by the wake of B1, 223 

(ii) onset of repulsion of the two bubbles, (iii) maximum repulsion of the two bubbles, and (iv) weakened 224 

mutual repulsive interaction. 225 

 226 

After the acceleration of the two bubbles, the bubbles repel each other in the transverse direction at times 227 

(ii)–(iv), corresponding to t ~ 25–30. Because the relative distance is small, the repulsion is likely due to 228 

the potential effect. This lateral migration can be observed in experiments (Watanabe and Sanada 2006; 229 

Kusuno et al. 2019). Under the condition in Figure 5, the bubbles rarely come into contact; however, they 230 

do come into contact under some conditions. Figure 2 shows a summary of contact/non-contact occurrences 231 

in the initially positioned in-line case around the experimental conditions: the bubbles come into contact 232 

when there is no lateral migration. Within the conditional range of the current numerical study, non-contact 233 



 

occurred at high Ga and low Bo. Kusuno et al. (2019) stated that bubbles easily deviate from the original 234 

line in experiments as a result of asymmetrical disturbances due to the initial relative angle. 235 

We investigated the effect of the initial arrangement. Figure 6 shows the same conditions as in Figure 5 236 

but with the initial position out of line to simulate the experimental conditions (Δ𝑦଴ ൌ 0.1𝑎, Case 7b in 237 

Table 1), Figure 6(a) shows the temporal changes in the velocities of each bubble, Figure 6(b) shows the 238 

relative trajectories, and Figure 6(c) shows an image sequence of the bubbles at Ga = 40 and Bo = 1.25. 239 

From the figure, it appears that lateral migration occurs more easily under this condition than under the in-240 

line condition. This is because axisymmetry is broken. The lateral migration is caused by the wake effect 241 

resulting from the large relative distance. However, it is necessary to discuss whether this migration is due 242 

to shear-induced lift or instability, i.e., bubble-velocity-induced lift. 243 

Based on the above results, in the following section, we discuss three topics: (1) if deformable bubbles 244 

approach each other more than spherical bubbles, (2) if lateral migration is due to the shear-induced lift or 245 

instability, and (3) if the bubbles repel each other. The detailed flow structures obtained from the numerical 246 

analysis are then discussed. 247 

 248 

  249 



 

(a) 250 

 251 
 252 

(b) 253 

 254 

 255 

  256 



 

(c) 257 

 258 

Fig. 6. Progression of the bubble motion through time (Ga = 40, Bo = 1.25, Δ𝑦଴ ൌ 0.1, Case 7b in Table 259 

1): (a) bubble velocities, (b) relative trajectory of B2, and (c) the motions of the two bubbles (t = 12). Only 260 

B2 is observed to migrate laterally. 261 

 262 

3.2 Acceleration of the trailing bubble 263 

 264 

When the two bubbles are positioned in a vertical line, the rise velocity of B2 increases as a result of the 265 

wake effect from B1, as shown in Figure 5(a) at time (i). According to Hallez and Legendre (2011), this 266 

interaction is a combination of three effects: the potential effect, a viscous correction, and a wake effect. 267 

The potential effect is a repulsive force (an increase in the drag force on B2) when the bubbles rise in line. 268 

The drag coefficient of B2 increases as the bubbles approach each other because the potential interaction 269 

effect is proportional to 𝑆ିସ, e.g., the drag force of the trailing spherical bubble considering the potential 270 

flow is written as (Kok 1993; Hallez and Legendre 2011) 271 



 

𝐶஽ଶ ൌ 48/𝑅𝑒ሾ1 െ 2𝑆ିଷ ൅⋅⋅⋅ሿ ൅ 12𝑆ିସ ൅⋅⋅⋅. (11) 

The relative distance S is approximately 7 at time (i) in Figure 5; therefore, the effect of the potential 272 

interaction on B2 is negligibly small. 273 

Based on the above results, we examined the drag coefficient of B2. The interaction components of the 274 

drag and lift coefficients are expressed as 275 

𝐶஽ ൌ 𝐶஽
௦௜௡௚௟௘ ൅ ሺ𝐶஽

ு௅ െ 𝐶஽
ெ௢௢௥௘ሻ,  

𝐶௅ ൌ 𝐶௅
ு௅, (12) 

where the superscript “single” indicates an empirical model of the drag coefficient for a deformable single 276 

bubble estimated by an experiment (Kusuno et al. 2019), the superscript “HL” indicates the spherical 277 

bubbles model proposed by Hallez and Legendre (2011), and the superscript “Moore” indicates the 278 

theoretical spherical bubble model derived by Moore (1963). Thus, the left terms are a combination of 279 

solitary deformable bubble drag coefficient and spherical bubbles interaction coefficient. 280 

Figure 7(a) shows the total drag coefficients of the bubbles. For B1 at time (i), the total drag coefficient is 281 

in good agreement with the drag coefficient 𝐶஽
௦௜௡௚௟௘ estimated by Kusuno et al. (2019) without interactions. 282 

For B2 at time (i), the total drag coefficient decreases as a result of the wake effect but is smaller than that 283 

predicted by Eq. (12). The dominant interaction for B1 is the potential effect because the flow upstream of 284 

B1 is uniform. However, this effect is minimal because of the large relative distance at time (i). Similarly, 285 

the potential effect of B2 is minimal. Therefore, the potential effect could be negligible here. One difference 286 

in the computation conditions between the present simulation and that of Hallez and Legendre (2011) is 287 



 

deformation. Because the deformation effect that contributes to the potential effect is small, we consider 288 

two causes for the different drag coefficients: the deformation effect on the drag coefficient of B2 and the 289 

deformation effect on the vorticity strength of B1. 290 

 291 

(a) 292 

 293 

 294 

(b) 295 

 296 

Fig. 7. Comparison of the drag and lift coefficients of the bubbles (Eq. (8)) as predicted by the model (Eq. 297 

(12)) (Ga = 40, Bo = 1.25, Case 7a in Table 1), with times (i)–(iv) corresponding to the times indicated in 298 

Figure (5): (a) drag coefficients and (b) lift coefficients. 299 



 

 300 

Figures 8(a), (b), (c), and (d) show the aspect ratio, top and bottom curvature, left and right curvature, and 301 

shape of bubbles, respectively. At the time (i), the shape of B1 is the same as a solitary bubble because of 302 

the minimal potential interaction. Conversely, the shape of B2 is elongated as a result of the strong wake 303 

interaction although Weber number ሺ𝑊𝑒 ൌ 𝜌𝑈ଶ𝑑/𝜎ሻ of B2 is greater than that of B1 due to the velocity 304 

of bubbles. Thus, the drag coefficient of B2 is smaller than that of a solitary bubble because of the aspect 305 

ratio reduction even if the large We. 306 

 Also, Figures 8 (b), (c), and (d) show that the shape of the top of B2 is sharp. It is because of the pressure 307 

reduction of the wake effect as follows.  Figure 9 shows the pressure coefficient and the normal viscous 308 

stress at the bubble surface at time (i). The pressure coefficient at the front stagnation point of B2 is smaller 309 

than that of B1 as a result of the wake effect of B1 on B2, whereas the flow upstream of B1 is uniform. The 310 

integration of the normal pressure reduces the drag force. More interestingly, the pressure at the rear of B2 311 

is close to that of a single bubble. This suggests that the wake of B1 has only a small effect on the rear part 312 

of B2. This pressure difference varies the bubble curvature, as shown in Figures 8 because the bubble 313 

curvature is determined by balancing the normal stress at the surface. The curvature of B2 is different from 314 

that of a single bubble but the bottom of B2 is the same. The curvature of the front of B2 is greater than 315 

that of a solitary bubble because the pressure reduction at the front of B2 prevents flatting. The curvature 316 

of the side is smaller than that of a solitary bubble because of the tangential velocity reduction due to the 317 

wake of B1 (see appendix C). Thus, the maximum vorticity of B2 is smaller than a solitary bubble, the drag 318 



 

force, which is approximately proportional to the maximum vorticity (Legendre, 2007), is expected to be 319 

decreased. 320 

 321 

(a) 322 

 323 

(b) 324 

 325 

(c) 326 

 327 

(d) 328 

(i) (ii) (iii) (iv)



 

 329 

Fig. 8. Progression of bubbles shape through time (Ga = 40, Bo = 1.25, Δ𝑦଴ ൌ 0, Case 7a in Table 1): (a) 330 

aspect ratio, (b) top and bottom curvatures, (c) left and right curvatures, (d) bubbles shape and curvature 331 

contour. 332 

 333 

 334 

Fig. 9. Pressure coefficient 𝐶௣ and normal viscous stress coefficient 𝐶௩௜௦ of the bubbles as a function of 335 

the angle θ from the center of each bubble at time (i), when B2 is accelerated by the wake of B1 (Ga = 40, 336 

Bo = 1.25, Case 7a in Table 1). 337 

 338 

Next, we explain the deformation effect of B1. When a bubble deforms from a spherical shape, the amount 339 

of vorticity generated at the bubble surface increases because of the boundary conditions; here, the gas–340 

liquid boundary conditions for the curvature and velocity are that the shear stresses are the same. Because 341 
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the viscosity of gas is sufficiently smaller than that of a liquid, it can be regarded as zero-shear stress. The 342 

gas–liquid boundary condition is 𝜔 ൌ 2𝜅𝑢  (Batchelor 1967) for zero-shear stress, and the vorticity is 343 

proportional to the curvature and the velocity. A spheroidal bubble has a larger curvature and a higher 344 

velocity than a spherical bubble; therefore, its vorticity generation is also larger. The maximum value of 345 

vorticity generated at the surface of a spheroidal bubble is expressed as a function of the aspect ratio χ in 346 

the infinite Re limit (Magnaudet and Mouguin 2007): 347 

𝜔௠௔௫ ൌ
2𝑈
𝑎

𝜒ହ/ଷ ሺ𝜒ଶ െ 1ሻଷ/ଶ

𝜒ଶ secିଵ 𝜒 െ ሺ𝜒ଶ െ 1ሻଵ/ଶ , (13) 

where 𝜔௠௔௫ is proportional to 𝜒଼/ଷ at very large χ. At low Re, the vorticity reaches the simple expression 348 

(Legendre, 2007): 349 

𝜔௠௔௫ ൌ
𝑈
𝑎
𝜒 , (14) 

where 𝜔௠௔௫ is proportional to 𝜒. Our numerical results show the same trend (see appendix C). The wake 350 

of the spheroidal bubble, where vorticity increases because of the deformation, reduces the drag force of 351 

B2 in comparison to a spherical bubble because the vorticity affects the pressure field. The large deformed 352 

bubble (spheroidal bubble) case is discussed in the following section. Even though the wake also increases 353 

the normal stress because it decreases the relative velocity between the bubble and the liquid, the pressure 354 

is dominant. 355 

 356 

3.3 Lateral migration of the trailing bubble 357 

 358 



 

When the two bubbles are initially positioned slightly off the vertical line (Δ𝑦଴ ൌ 0.1), B2 escapes from 359 

the original vertical line as a result of the wake effect of B1, as shown in Figure 6. This lift force is due to 360 

the shear-induced lift force (Auton 1987; Legendre and Magnaudet 1998; Hallez and Legendre 2011). 361 

According to Legendre and Magnaudet (1998), the asymmetric pressure profile dominates the shear-362 

induced lift force at O(10) < Re. We checked the pressure coefficient, normal viscous stress coefficient, and 363 

velocity at the B2 surface to show the lift force due to pressure at t = 12 in Figure 6; this is shown in Figure 364 

10, where Φ = 0 is between the bubbles on the (1, 2) plane (see Figure 5). The front part of the bubble, 365 

where the pressure at Φ = 0 is smaller than at Φ = π, has a small effect on the lift force as a result of the 366 

normal direction (i.e., the effect on the drag force is large). The important direction for the lift of the bubble 367 

is on the side. On the side of the bubble, the pressure is higher in the wake region. The side pressure is 368 

asymmetric because the relative velocity between the liquid and the bubble is slower on the side of B2 in 369 

the wake region. The effect of the normal viscous stress on the lateral migration is weak compared to that 370 

of the pressure, even though normal viscous stress asymmetry is observed. This shows that the lift, due to 371 

pressure asymmetry, acts to help the bubble escape from the original vertical line. The rear pressure nearly 372 

coincides at all azimuthal angles. These pressure profiles depend on the tangential velocity. The azimuthal 373 

angle velocity has only a small effect. 374 

 375 



 

 376 

Fig. 10. Asymmetric pressure coefficient 𝐶௣  and normal viscous stress coefficient 𝐶௩௜௦  of B2 as a 377 

function of the angle θ from B2 at t = 12. The green area more affects the lift direction than the orange area. 378 

Only B2 migrates laterally (Ga = 40, Bo = 1.25, Δ𝑦଴ ൌ 0.1, Case 7b in Table 1). 379 

 380 

In addition, we confirmed a vortex pair behind the bubble. Figure 11 shows the vorticity contour in the z-381 

direction at t = 12 in Figure 6. The vorticity, whose effect is negligibly small in the vicinity of B1, is due to 382 

the spurious current. Around B2, we find vorticity pairs corresponding to the bubble trajectory. In particular, 383 

a pair of counter-rotating threads arises behind the bubble. The liquid evacuation direction according to the 384 

counter-rotating thread determines the bubble trajectory. The bubble trajectory corresponding to the 385 

counter-rotating threads is the same as that in previous reports of the lift force in a linear shear flow 386 

(Magnaudet and Eams 2000) and zigzag motion (Cano-Lozano et al. 2016; Zhang and Ni 2017). 387 

 388 



 

 389 

Fig. 11. Isosurface of the vorticity ω୸ ൌ േ0.05 at t = 12 (Ga = 40, Bo = 1.25, Δ𝑦଴ ൌ 0.1, Case 7b). The 390 

arrow shows the direction of the lateral migration of B2. 391 

 392 

Quantitative comparisons of the shear-induced lift force are difficult because both the leading and trailing 393 

bubbles are deformed; however, qualitative evaluations are possible, i.e., whether the origin of the lift is 394 

due to shear or instability. It is known that, when the deformation of a bubble becomes large, the shear-395 

induced lift force becomes opposite to that of a spherical bubble (Adoua et al. 2009; Aoyama et al. 2017). 396 

It is expected that lift reversal acts on the bubbles in Case 12 (see Table 1), where the lift coefficient 𝐶௅ is 397 

approximately −0.7 according to the empirical formula of Hayashi et al. (2020). We focus on the direction 398 

of the lift force acting on B2 in Case 12. 399 

Figure 12 shows the motions of the bubbles and the vorticity in the z-direction, where B2 is initially 400 

positioned a unit radius away from the original vertical line in Case 12b in Table 1. As shown in the figure, 401 

lift reversal occurs for B2 and B2 continues to move on the vertical line of B1. The rotation direction of the 402 

vorticity pair behind the bubble in Fig. 12 is definitely opposite to that of the spherical-like bubble in Fig. 403 



 

11. 404 

The above results show that the shear-induced lift force acts on B2 and causes it to escape from the vertical 405 

line for spherical-like bubbles under the present conditions. In addition, instability due to the acceleration 406 

of B2 rarely occurs. First, it is clear that the lift acting on the bubble is directly related to the vortex pair 407 

behind the bubble. When the lift force acts on a spherical bubble in a uniform shear flow, the vortex pair 408 

arises behind the bubble because of the stretching/tilting of the vorticity at infinity (Adoua et al. 2009). 409 

When the lift acts on a spheroidal bubble with a high aspect ratio in a uniform shear flow, the vortex pair 410 

arises because of the tilting of the azimuthal vorticity at the bubble surface and the vortex pair has an 411 

opposite sign to that in the case of a spherical bubble. The mechanism of lift reversal is related to the 412 

mechanism of instability as a result of infinitesimal disturbances. It is why the unstable region and the lift 413 

reversal region nearly coincide. The lift reversal observed in the present study is related to the mechanism 414 

of instability, and the wake of B1 uniquely determines the lift direction. Therefore, a spherical trailing 415 

bubble escapes from the original vertical line as a result of the shear-induced lift while a spheroidal trailing 416 

bubble rarely escapes because of the lift reversal. 417 

 418 



 

 419 

Fig. 12. Isosurface of the vorticity ω୸ ൌ േ0.05 (Ga = 68, Bo = 8.0, Δ𝑦଴ ൌ 0.5, Case 12b). The arrow 420 

shows the direction of the lateral migration of B2. 421 

 422 

3.4 Repulsion of the two bubbles 423 

 424 

 When the bubbles are adjacent, as shown in Figure 5 at time (ii), the bubbles repel each other in opposite 425 

horizontal directions. That is, no equilibrium distance is observed. This repulsion interaction acts on both 426 

bubbles and is expected from the potential effect because of the small relative distance. First, we use the 427 

vertical interaction to discuss why the equilibrium distance is not observed. After explaining the vertical 428 

interaction, we then discuss the lateral motion. 429 

 Figures 13 shows the pressures and the normal viscous stresses acting on B1 and B2 at time (ii), where 430 

S ~ 2.6. The rising velocity of B1 increases as a result of an increase in the pressure in the rear part of B1. 431 

This is different from the case where the bubbles separate from each other enough to neglect the potential 432 

effects. The mechanism of the B1 velocity increase is different from the interaction acting on B2, which 433 

increases its rising velocity as the pressure decreases in front of B2 as a result of the wake effect. This is 434 



 

the potential effect. 435 

 The interactions acting on B2 include both the potential effect of the decrease in the velocity and the 436 

wake effect of the increase in the velocity. Considering the equilibrium distance, the rising velocity needs 437 

to decrease as a result of the fore-aft symmetry of the potential flow with the increasing pressure on the 438 

front part of B2. However, Figure 13 indicates that the pressure at the front of B2 is less than that of a 439 

solitary bubble. Therefore, the rising velocity is also faster than that of B1. The wake effect is larger than 440 

the potential effect even when the bubbles are adjacent. This is because the deformation effect is promoted 441 

as follows. 442 

・When the bubbles are adjacent, the pressure at the rear of B1 is increased and the aspect ratio is increased 443 

(see Figure 8(a)). Therefore, the vorticity generated at the bubble surface increases because of the 444 

maximum curvature, as described in Section 3.2. 445 

・The pressure and the relative velocity between the bubble and the liquid in the wake region decrease; 446 

therefore, the pressure decreases at the front of B2. 447 

・The pressure in the wake reduces the aspect ratio of B2. As the aspect ratio decreases, the velocity of B2 448 

increases and the bubbles approach each other. 449 

The leading bubble accelerates, and the trailing bubble further accelerates. An equilibrium distance due to 450 

the balance between the potential effect and the wake effect is not observed because the wake effect 451 

powerfully acts by repeating the above-mentioned effects. 452 

 453 



 

 454 

Fig. 13. Pressure coefficient 𝐶௣ and normal viscous stress coefficient 𝐶௩௜௦ of the bubbles as a function of 455 

the angle θ from the center of each bubble at time (ii), the onset of the repulsion of the two bubbles (Ga = 456 

40, Bo = 1.25, Case 7a in Table 1). 457 

 458 

Next, we discuss the factors contributing to the horizontal repulsion. Figure 7(b) shows the lift coefficients 459 

of the bubbles. At time (i), the lift coefficient is approximately 0. At time (ii) to (iv), the bubbles repulse 460 

apparently. At time (iv), the repulsion is finished and the lift coefficients overshoot for an instant. First, 461 

when the potential effect is small at t = 15 prior to the apparent repulsion, lateral migration of B1 is not 462 

observed but that of B2 is already observed (see Figure 5(a)). In fact, the curvature asymmetry, which is 463 

determined by asymmetric normal stress, can be confirmed first with B2 in Figure 8(c). B2 moves 464 

horizontally as a result of the wake effect prior to the horizontal repulsion caused by the potential effect. 465 

This lift may result from the flow not being perfectly axisymmetric because of the accumulation of very 466 

small numerical errors, such as spatial discreteness, even if the O(Δଶ) error and the center of each bubble 467 

varies (x, y) ≠ (0,0) during the period of 0 < t < 15. 468 



 

 Next, when the bubbles approach each other with a small deviation from the original line, the bubbles 469 

repel each other horizontally. Figures 14(a) and 14(b) show the pressure coefficient 𝐶௣ and the normal 470 

viscous stress coefficient 𝐶௩௜௦, respectively, as a function of the angle θ from the center of the bubble 471 

surface at time (iii). It is clearly seen that the pressure increases between the bubbles when strong repulsion 472 

occurs at time (iii), when Φ = 0 is between the bubbles on the (1, 2) plane (orientation is defined in Figure 473 

4). The repulsion process consists of potential repulsion and lateral migration by the wake with minimal 474 

asymmetry. Therefore, repulsion could not be confirmed under weak shear-induced lift conditions, namely 475 

low Ga or high Bo (see Figure 2). For low Ga, the lift coefficient is small as a result of the small vorticity 476 

in the wake (Eq. (2)) because the viscous effects reduce the tangential velocity at the surface and diffuse 477 

the vorticity in the wake, i.e., small vorticity. For high Bo, the lift coefficient is small (opposite sign) as a 478 

result of deformation. Therefore, horizontal movement due to the wake does not occur. The conditions 479 

under which repulsion was observed are strong shear-induced lift and small deformation (the nearly 480 

spherical case). 481 

We connect the curvature and the lift coefficient to understand the details of the repulsion. While time (ii) 482 

to (iii), the lift coefficient of B1 is greater than that of a spherical model, also greater than B2. We consider 483 

that it is a zigzag effect due to the asymmetry curvature. B2 pushes the bottom of B1 at ϕ = 0, so the B1 at 484 

ϕ = 0 is flattened. The maximum curvature at ϕ = 0 is greater than that at ϕ = π. Considering the zigzag 485 

motion, the bubble moves laterally to the smaller curvature direction. This curvature relationship promotes 486 

repulsion (increases lift coefficient). In contrast, the asymmetric curvature of B2 is not so B1 is greater than 487 



 

B2. At time (iv), the lift coefficients overshoot. It is also a zigzag effect. The curvature of B1 is to the left 488 

and right reversed compare to time (iii). It promotes attraction. For a moment, the asymmetric curvature of 489 

B2 also promotes attraction. 490 

  491 



 

(a)    (b) 492 

 493 

Fig. 14. Asymmetric pressure coefficient 𝐶௣ and normal viscous stress coefficient 𝐶௩௜௦ as a function of 494 

the angle θ from the center of the bubble at time (iii), the maximum repulsion of the two bubbles: (a) B1 495 

and (b) B2. 496 

 497 

It is known that counter-rotating threads form behind a bubble when the lift force acts on the bubble. In 498 

particular, the vortex structure and the vorticity in the ascending direction are important factors that 499 

determine the motion when lift acts on bubbles in a shear flow and when a bubble performs zigzag or spiral 500 

motions. For the repulsion, we found an interestingly similar vortex structure. Figure 15 shows the 501 

visualized vortex structure, where Figure 15(a) shows the vorticity in the z-direction, Figure 15(b) shows 502 

the isosurface of 𝜆ଶ ൌ െ0.001  (Jeong and Hussain 1995), and Figure 15(c) shows a schematic of the 503 

evolution of the vortex orientation. Figure 16 shows an observation of the vortex structure in Figure 15 504 

from a different direction. See also the supplementary movies of Figures 15 and 16. First, at time (i) when 505 

B2 accelerates, the characteristic 𝜔௭  cannot be confirmed; however, in the visualization using 𝜆ଶ , a 506 



 

transverse vortex exists on the side of B2. It appears that the transverse vortex is formed by a combination 507 

of the acceleration of B2 and the velocity distribution on the side of B2. This vortex becomes a ring-shaped 508 

transverse vortex centered on the vertical line of B1, as explained later. At time (i), the counter-rotating 509 

threads are not observed. 510 

  511 



 

(a) 512 

  513 

 514 

(b) 515 

 516 

 517 

 518 

(c) 519 

 520 

Fig. 15. Vortex structure when the bubbles repel each other corresponding to times (i)–(iv): (a) isosurface 521 



 

of the vorticity ω୸ ൌ േ0.05; (b) isosurface of 𝜆ଶ ൌ െ0.001; and (c) vortex direction on the side of B2 522 

(the arrows in panel (b)). The vortex ring shifts from transverse to longitudinal because of the velocity 523 

profile (see Fig. 17). 524 

 525 

(a) 526 

 527 

 528 

(b) 529 

 530 

Fig. 16. Another view of Figure 15: (a) isosurface of the vorticity ω୸ ൌ േ0.05 and (b) isosurface of 𝜆ଶ ൌ531 

െ0.001. 532 

 533 



 

Then, when the bubbles start to repel each other at time (ii), a vorticity pair is generated in front of B2. 534 

The 𝜔௭ pair is aligned in the direction of the motion of the bubbles. The counter-rotating threads are not 535 

observed. Later in time, the bubbles approach each other and the vorticity pair in front of B2 connects to 536 

the rear of B1. In this way, the evolution of counter-rotating threads behind B1 can be observed (see the 537 

details in the movie). For the 𝜆ଶ visualization, the ring-shaped vortex becomes asymmetric and the vortex 538 

remains inside the wake region of B1. 539 

When the repulsion of the bubbles develops at time (iii), we observe vorticity pairs in both bubbles (the 540 

arrows in Figure 16(a), see details in the movie). The signs of the corresponding vorticities behind the two 541 

bubbles are opposite, that is, repulsive lift acts on both bubbles. Then, at time (iv), the vorticity pair, which 542 

is in front of B1 at time (iii), moves backward. The vorticity pair behind B1 at time (iii) has the opposite 543 

sign as that in front of B1 at time (iii); therefore, the sign of the vorticity pair behind B1 at time (iv) is 544 

opposite to that behind B1 at time (iii). As a consequence, the lift is estimated to be an attractive force at 545 

time (iv) (the lift coefficient overshoots at time (iv) in Figure 7(b)). This series of events appears to be the 546 

deformation-dependent lift force seen when the bubbles execute a zigzag motion as a result of the 547 

asymmetric curvature. In general, the vorticity pair is generated to move liquid outward because the 548 

curvature on the outside is larger than that on the inside as a result of the pressure interaction. The typical 549 

induced zigzag motion and the lateral migration of B1 are in agreement. This phenomenon also occurs in 550 

B2. 551 



 

For 𝜆ଶ, the direction of the vortex structure on the side of B2 begins to change. The vortex structure at 552 

time (iv) makes it easier to understand the vortex structure variation at time (iii). A longitudinal vortex is 553 

observed behind each bubble at time (iv), which corresponds to the lateral migration at the previous time 554 

(iii). The longitudinal vortex generated behind B1 appears to be the ring-shaped transverse vortex that 555 

existed on the side of B2 and developed via the potential interaction. Figure 17 shows the tangential velocity 556 

profile on the B2 surface for Φ at time (iii). When the potential repulsion occurs, the velocity of Φ = 0 (Φ 557 

= 0 is on the (1, 2) plane and between the bubbles) on the side of B2 is the slowest compared to the other 558 

Φ values. According to the Φ-dependent velocity, the transverse vortex at Φ ≠ 0 moves backward and can 559 

become a vertical vortex, as shown in Figure 15(c). Its vortex shift can increase the lift coefficient of B1. 560 

 561 

 562 

Fig. 17. Tangential velocity profile on the B2 surface for Φ at time (iii) (Ga = 40, Bo = 1.25, Case 7a in 563 

Table 1). The velocity at the side of B2 is slowest for Φ = 0. 564 

 565 

The repulsion phenomenon of the bubbles is primarily due to the potential effect and the wake effect with 566 



 

the assumption of a steady condition and spherical bubbles. As described above, however, it is more 567 

complicated to interpret the repulsion mechanism of a realistic bubble because of various phenomena such 568 

as the deformation of the bubbles, the variation in the added mass, and the time evolution of the vortex 569 

interaction. Therefore, it is necessary to examine each phenomenon individually. 570 

 571 

 572 

4. Summary 573 

 574 

 The motion of wake-induced approaching bubbles was studied via 3D simulations using a VOF method. 575 

The parameters were selected such that the bubbles rose under stable conditions. The bubble–bubble 576 

interaction associated with the wake changed as a result of the relative angle and the relative distance 577 

between the bubbles. The interactions were qualitatively dependent on the potential effect and the wake 578 

effect, as suggested by Hallez and Legendre (2011) assuming spherical bubbles. 579 

 The trailing bubble accelerated in response to the wake of the leading bubble, which reduced the pressure 580 

in front of the trailing bubble. The trailing bubble velocity increased beyond predictions based on the 581 

interaction of spherical bubbles. Deformable bubbles with a large amount of vorticity generation were 582 

greatly affected by the pressure reduction. However, the deformation effect corresponding to the relative 583 

acceleration may be small because the acceleration mechanism is identical to that of spherical bubbles. 584 

 The spherical trailing bubbles migrated laterally from the original line after approaching the leading 585 



 

bubbles, i.e., the bubbles rarely maintained an in-line configuration as a result of the shear-induced lift in 586 

the wake. However, oblate bubbles were easily held in the wake as a result of the occurrence of lift reversal 587 

(Ga = 68, Bo = 8). The orientations of the longitudinal vortex behind an oblate bubble are opposite to those 588 

behind a spherical bubble. These lift mechanisms are completely different; therefore, applying the lift 589 

coefficient of a spherical bubble in a wake to an oblate bubble is difficult. 590 

 When the trailing bubble was close to the leading bubble, both bubbles migrated laterally in opposite 591 

directions as a result of the potential interaction. However, under some weak shear-induced lift conditions, 592 

this repulsion rarely occurred as a result of slight path deviations. During the repulsion, the ring-shaped 593 

transverse vortex at the side of the trailing bubble became a longitudinal vortex because of the velocity 594 

profile around the bubble. The longitudinal vortex affects the lateral migration of the leading bubble, and 595 

this effect is complex and includes deformation, added mass, and time evolution. As shown in the presented 596 

simulation results, a pair of clean bubbles rising in line behaves in a complicated manner. 597 
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Appendix A. Initial arrangement 611 

 612 

This appendix discusses the equilibrium distance of the bubbles (the distance likely deviated from the 613 

original line as a result of lateral migration), which varies depending on the initial arrangement observed in 614 

the experiment (Watanabe and Sanada 2006). We set Δ𝑦଴ ൌ 0.1  and varied 𝑆  to simulate the 615 

experimental conditions. The relative distance, however, was shorter than that in the experiment because of 616 

computational costs. 617 

Figure A1 shows the relative trajectory of the bubbles under the conditions of Case 7 (Ga = 40, Bo = 1.25). 618 

Note that the vertical axis indicates the relative distance and the horizontal axis indicates the relative angle. 619 

The symbols indicate whether the bubbles are approaching or not, i.e., the sign of ∂S/∂t. For Δ𝑦଴ ൌ 0, the 620 

lateral migration of B2 is not confirmed until the bubbles are adjacent, as shown in Figure 5. Whereas for 621 

Δ𝑦଴ ൌ 0.1, which simulates the experiment, the bubbles approach each other and then B2 migrates laterally 622 

because of the wake asymmetry. This lateral migration is due to the wake; therefore, the lift force acts 623 



 

immediately even at a large distance. As a consequence, B2 escapes from the original line at a distance 624 

corresponding to the initial distance. Furthermore, it escapes from the wake region (approximately on the 625 

line in Figure A1, the perturbation velocity is 0.01 on the line as estimated by the model of Hallez and 626 

Legendre (2011) in the appendix) and the interaction rarely occurs. Therefore, the equilibrium distance of 627 

the experiment is longer than that of the numerical and analytical solutions because the bubbles outside the 628 

wake appear to maintain a certain distance. 629 

 630 

 631 

Fig. A1. Relative trajectories for various initial positions, where the symbol “o” indicates that the bubbles 632 

are approaching each other, the symbol “x” indicates that the bubbles repel each other, and the dash marks 633 

“-” indicate the approximate wake region. Markers are plotted every 0.2 time units. 634 

 635 

Appendix B. Size difference 636 

 637 

This appendix discusses the relative behavior of the bubbles, which vary depending on the small size 638 



 

difference observed in the experiment (Kusuno et al. 2019). We set Δ𝑦଴ ൌ 0.1 and varied the diameter of 639 

B2 by ±5% to simulate the experimental conditions. 640 

Figure B1 shows the relative trajectories of the bubbles under the conditions of Case 7 (Ga = 40, Bo = 641 

1.25). Note that the vertical axis indicates the relative distance and the horizontal axis indicates the relative 642 

angle. When B2 is larger, the bubbles are very close to each other because of the acceleration due to the 643 

wake and buoyancy. The lift due to the wake and potential repulsion act on B2, and it migrates laterally. 644 

Here, the variation in the relative angle is inversely proportional to the relative distance. The shorter the 645 

relative distance, the easier it is to develop asymmetry, i.e., the bubbles shift horizontally in a shorter amount 646 

of time. This is why the distance and time at which a bubble escapes from the original line vary with the 647 

size dispersibility in the experiment. 648 

 As shown in Appendix A, the interaction rarely occurs outside the wake region; therefore, the difference 649 

in the buoyancy has a strong effect. It appears that the attractive force acts on B2 when the trailing bubble 650 

is larger than the leading bubble and that the repulsive force acts on B2 when the trailing bubble is smaller. 651 

  652 

 653 



 

Fig. B1. Relative trajectories for various initial positions, where the symbol “o” indicates that the bubbles 654 

are approaching each other, the symbol “x” indicates that the bubbles repel each other, and the dash marks 655 

“-” indicate the approximate wake region. Markers are plotted every 0.2 time units. 656 

 657 

Appendix C. Tangential velocity and azimuthal vorticity at the bubble surface 658 

 659 

 This appendix provides the tangential velocity and azimuthal vorticity distribution of both B1 an B2 under 660 

the conditions of Case 7 (Ga = 40, Bo = 1.25) at the time (i) to supplement Sec. 3.2. Figure C1 (a) and (b) 661 

show the tangential velocity and azimuthal vorticity, respectively. The tangential velocity of the B2 side ( 662 

= /2) is lower than that of B1 because of the B1 wake. Consequently, the vorticity is lower because the 663 

vorticity generated at the surface proportional to velocity and curvature.  664 

 665 

(a)    (b) 666 

 667 

Fig. C1. Tangential velocity and azimuthal vorticity at time (i) corresponding to Figure 5. The velocity of 668 
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B2 at the side is lower than that of B1, so the vorticity of B2 is smaller. 669 

 670 

 Figure C2 shows the maximum vorticity of B1 when the bubbles are far enough apart. The maximum 671 

vorticities are positioned to between Eq. (13) and Eq. (14) where the equations are derived in the infinite 672 

and low Re limit, respectively. It shows that the aspect ratio increases with increasing vorticity. Therefore, 673 

the wake effect for B2 increases with the aspect ratio.  674 

 675 

 676 

Fig. C2. Maximum azimuthal vorticity of B1. The vorticity increases with increasing the aspect ratio. 677 

 678 

References 679 

Adoua, R., Legendre, D., & Magnaudet, J. (2009). Reversal of the lift force on an oblate bubble in a weakly 680 

viscous linear shear flow. Journal of Fluid Mechanics, 628, 23-41. 681 

Aoyama, S., Hayashi, K., Hosokawa, S., Lucas, D., & Tomiyama, A. (2017). Lift force acting on single 682 

bubbles in linear shear flows. International Journal of Multiphase Flow, 96, 113-122. 683 

1 1.5 2 2.5
 [-]

2

4

6

8

10

12

14

 [
-]

Eq. (13)
Eq. (14)
Case 1-3
Case 5-8
Case 9 12



 

Auton, T. R. (1987). The lift force on a spherical body in a rotational flow. Journal of Fluid Mechanics, 183, 684 

199-218. 685 

Batchelor, G. K. (1967). An introduction to fluid dynamics. Cambridge University Press. 686 

Blanco, A., & Magnaudet, J. (1995). The structure of the axisymmetric high-Reynolds number flow around 687 

an ellipsoidal bubble of fixed shape. Physics of Fluids, 7(6), 1265-1274. 688 

Cano-Lozano, J. C., Martínez-Bazán, C., Magnaudet, J., & Tchoufag, J. (2016). Paths and wakes of 689 

deformable nearly spheroidal rising bubbles close to the transition to path instability. Physical Review 690 

Fluids, 1(5), 053604. 691 

De Vries, A. W. G., Biesheuvel, A., & Van Wijngaarden, L. (2002). Notes on the path and wake of a gas 692 

bubble rising in pure water. International Journal of Multiphase Flow, 28(11), 1823-1835. 693 

Gumulya, M., Utikar, R. P., Evans, G. M., Joshi, J. B., & Pareek, V. (2017). Interaction of bubbles rising 694 

in-line in quiescent liquid. Chemical Engineering Science, 166, 1-10. 695 

Hallez, Y., & Legendre, D. (2011). Interaction between two spherical bubbles rising in a viscous liquid. 696 

Journal of Fluid Mechanics, 673, 406-431. 697 

Harper, J. F. (1970). On bubbles rising in line at large Reynolds numbers. Journal of Fluid Mechanics, 41(4), 698 

751-758. 699 

Harper, J. F. (1997). Bubbles rising in line: why is the first approximation so bad? Journal of Fluid 700 

Mechanics, 351, 289-300. 701 

Hayashi, K., Legendre, D., & Tomiyama, A. (2020). Lift coefficients of clean ellipsoidal bubbles in linear 702 



 

shear flows. International Journal of Multiphase Flow, 129, 103350. 703 

Howe, M. S. (1995). On the force and moment on a body in an incompressible fluid, with application to 704 

rigid bodies and bubbles at high and low Reynolds numbers. The Quarterly Journal of Mechanics and 705 

Applied Mathematics, 48(3), 401-426. 706 

Jeong, J., & Hussain, F. (1995). On the identification of a vortex. Journal of Fluid Mechanics, 285(1), 69-707 

94. 708 

Klaseboer, E., Chevaillier, J. P., Maté, A., Masbernat, O., & Gourdon, C. (2001). Model and experiments 709 

of a drop impinging on an immersed wall. Physics of Fluids, 13(1), 45-57. 710 

Kochin, N. E., Kibel, I. A., & Roze, N. V. (1964). Theoretical hydrodynamics. Translated from the fifth, 711 

Russian ed. by D. Boyanovitch. edited by J.R.M. Radok. New York: Interscience. 712 

Kok, J. W. (1993). Dynamics of a pair of gas bubbles moving through liquid. i: Theory. European Journal 713 

of Mechanics B: Fluids, 12(4), 515-540. 714 

Kusuno, H., & Sanada, T. (2020). Velocity distribution in the boundary layer of a bubble rising with a 715 

rectilinear motion. Transactions of the JSME, 86(884), 19-00453. 716 

Kusuno, H., Yamamoto, H., & Sanada, T. (2019). Lift force acting on a pair of clean bubbles rising in-line. 717 

Physics of Fluids, 31(7), 072105. 718 

Lamb, H. (1945). Hydrodynamics, 6th ed. Dover Publications. 719 

Legendre, D. (2007). On the relation between the drag and the vorticity produced on a clean bubble. Physics 720 

of Fluids, 19(1), 018102. 721 



 

Legendre, D., & Magnaudet, J. (1998). The lift force on a spherical bubble in a viscous linear shear flow. 722 

Journal of Fluid Mechanics, 368, 81-126. 723 

Levich, V. G. (1962). Physicochemical hydrodynamics. Prentice Hall. 724 

Magnaudet, J., & Eames, I. (2000). The motion of high-Reynolds-number bubbles in inhomogeneous flows. 725 

Annual Review of Fluid Mechanics, 32(1), 659-708. 726 

Magnaudet, J., & Mougin, G. (2007). Wake instability of a fixed spheroidal bubble. Journal of Fluid 727 

Mechanics, 572, 311-337. 728 

Moore, D. W. (1963). The boundary layer on a spherical gas bubble. Journal of Fluid Mechanics, 16(2), 729 

161-176. 730 

Mougin, G., & Magnaudet, J. (2002). Path instability of a rising bubble. Physical Review Letters, 88(1), 731 

014502. 732 

Mougin, G., & Magnaudet, J. (2002). The generalized Kirchhoff equations and their application to the 733 

interaction between a rigid body and an arbitrary time-dependent viscous flow. International Journal 734 

of Multiphase Flow, 28(11), 1837-1851. 735 

Prakash, V. N., Martínez Mercado, J. M., van Wijngaarden, L., Mancilla, E., Tagawa, Y., Lohse, D., & Sun, 736 

C. (2016). Energy spectra in turbulent bubbly flows. Journal of Fluid Mechanics, 791, 174-190. 737 

Popinet, S. (2003). Gerris: a tree-based adaptive solver for the incompressible Euler equations in complex 738 

geometries. Journal of Computational Physics, 190(2), 572-600. 739 

Popinet, S. (2009). An accurate adaptive solver for surface-tension-driven interfacial flows. Journal of 740 



 

Computational Physics, 228(16), 5838-5866. 741 

Popinet, S. (accessed on 1 December 2019) Basilisk. http://basilisk.fr/. 742 

Sangani, A. S., Zenit, R., & Koch, D. L. (2001). Measurements of the average properties of a suspension 743 

of bubbles rising in a vertical channel. Journal of Fluid Mechanics, 307. 744 

Shew, W. L., Poncet, S., & Pinton, J. (2006). Force measurements on rising bubbles. Journal of Fluid 745 

Mechanics, 569, 51-60. 746 

Takagi, S., Ogasawara, T., & Matsumoto, Y. (2008). The effects of surfactant on the multiscale structure of 747 

bubbly flows. Philosophical Transactions. Series A, Mathematical, Physical, and Engineering 748 

Sciences, 366(1873), 2117-2129. 749 

Tripathi, M. K., Sahu, K. C., & Govindarajan, R. (2015). Dynamics of an initially spherical bubble rising 750 

in quiescent liquid. Nature Communications, 6(1), 6268. 751 

Watanabe, M., & Sanada, T. (2006). In-line motion of a pair of bubbles in a viscous liquid. JSME 752 

International Journal Series B, 49(2), 410-418. 753 

Yuan, H., & Prosperetti, A. (1994). On the in-line motion of two spherical bubbles in a viscous fluid. Journal 754 

of Fluid Mechanics, 278, 325-349. 755 

Zhang, J., & Ni, M. J. (2017). What happens to the vortex structures when the rising bubble transits from 756 

zigzag to spiral? Journal of Fluid Mechanics, 828, 353-373. 757 

Zhang, J., Chen, L., & Ni, M. J. (2019). Vortex interactions between a pair of bubbles rising side by side in 758 

ordinary viscous liquids. Physical Review Fluids, 4(4), 043604. 759 



 

 760 


