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Abstract

We introduce a property of forcing notions, called the anti-R; x,, which comes
from Aronszajn trees. This property canonically defines a new chain condition
stronger than the countable chain condition, which is called the property Ry x, .

In this paper, we investigate the property Rjx,. For example, we show
that a forcing notion with the property R x, does not add random reals. We
prove that it is consistent that every forcing notion with the property R x,
has precaliber ®; and MAy, for forcing notions with the property Ry y, fails.
This negatively answers a part of one of classical problems about implications
between fragments of MAy, .
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1. Introduction

Martin’s Axiom was introduced by Martin and Solovay in [21]. In 1980’s,
Todorc¢evi¢ investigated Martin’s Axiom from the view point of Ramsey theory,
and introduced the countable chain condition, abbreviated as the ccc, for parti-
tions on the set of finite sets of countable ordinals, [w]<¥0. In [35], Todoréevié
and Veli¢ikovié¢ proved that MAy,, which is Martin’s Axiom for X; many dense
sets, is equivalent to the statement H that every ccc partition Ko U K; on
[w1]<®e has an uncountable Ky-homogeneous set. Todorcevié¢ also introduced
many fragments of MAy, in his many papers e.g. [32, 35]. Some of them are
as follows: For each n € w, K, is the statement that every uncountable subset
of a ccc forcing notion has an uncountable n-linked subset, K/, is the statement
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that every cec partition Ky U K; = [w1]™ has an uncountable Kj-homogeneous
set, and C? is the statement that every product of ccc forcing notions has the
countable chain condition (). We note that they have many applications. For
example, C? implies Suslin’s Hypothesis, every (wi,w;)-gap is indestructible,
and b > Ny, and K implies that every Aronszajn tree is special. We also note
the following diagram of implications between them:

MANI e ’Cn+1 ’Cn . K:2 C2

But it is unknown whether any other implications hold in ZFC. For example,
the following two types of problems have not been settled yet:

Problem 1 Let n € w. Does K/, imply K,? (%)
Problem 2 Let n € w. Does K,, imply MAg,? Or does C? imply MAy, ?

In [40], the author introduced a new chain condition, called the anti-rectangle
refining property, and some fragments of Martin’s Axiom related to this con-
dition. A typical example of a forcing notion with the anti-rectangle refining
property is an Aronszajn tree. In [20], Larson and Todorcevié¢ introduced the
statement Ky (rec) that every partition on Ky U K; = [w1]? with the rectangle
refining property has an uncountable Ky-homogeneous set, to completely an-
swer Katétov’s problem. In [40], an affirmative answer of Problem 1 on Ka(rec)
has been presented by using a class of forcing notions with the anti-rectangle
refining property.

In this paper, we introduced other chain conditions, called the anti-R; x, and
the property Ry x,, and their fragments of Martin’s Axiom. A typical example
of forcing notions with the anti-R; x, is also an Aronszajn tree, and the property
Ri,x, canonically comes from the anti-R; x, and is a stronger property than the
countable chain condition. For each n € w, K,,(Ryx,) is denoted as K,, for
forcing notions with the property Rix,, MAg, (Ri ;) is denoted as MAy, for
the class of forcing notions with the property Ry x,. It follows from results in
[35] that MAy, is equivalent that every ccc forcing notion has precaliber Ny,
that is, if P is a ccc forcing notion, then every uncountable subset of P has
an uncountable subset any of whose finite subsets can be extended in P. (See
section 6, also in [8, Chapter 3].) We note that if P has precaliber Xy, then K,
for P holds for every n € w. So if every forcing notion with the property R; x,

IThey are defined by Todoréevié in several papers. In [19, Definition 4.9] and [35, §2], KCp,’s
are defined as statements for ccc forcing notions, however in [20, §4] and [32, §7], Ky’s are
defined as statements for ccc partitions. To separate them, we use notation as above.

2Moore announced to the author that if K4 implies K2, then K], implies K, for every
new.



has precaliber N;, then /C,,(Ry x,) holds for every n € w. We will show that it
is consistent that MAy, (R1,x,) fails and every forcing notion with the property
Rix, has precaliber ¥y, hence KC,,(Ry x,) holds for every n € w. This gives a
negative answer of Problem 2 for forcing notions with the property Ry x,.

In section 2, we introduce the anti-R; x, and the property R; x,, and prove
some basic results about them.

In section 3, we give two examples of the anti-R; x,. One is an (w1, w1)-gap,
and the other is an unbounded sequence of functions in w*. These observations
are used in applications of MAy, (R x,).

In section 4, we consider fragments of forcing notions with the property
Rix,. In particular, we show that MAy, (R1x,) implies that every Aronszajn
tree is special, and we also show that it is consistent that MAy, (R x,) holds
and MAy, fails. This says that MAy, (Ry x,) is a weak fragment of MAy, .

In section 5, we give two preservation theorems of forcing notions with the
property Rjx,. One is the preservation of the additivity of the measure zero
ideal, and the other is on not adding random reals. We show that forcing notions
with the property R;x, don’t add random reals. This presents a new type of
cce forcing notions not adding random reals.

In section 6, we show the main consistency result, which is an answer of
Problem 2 above for the class of forcing notions with the property R;yx,. To
show this, we use Shelah’s technique for proving the consistency of the statement
that Suslin’s Hypothesis holds and there exists a non-special Aronszajn tree.

2. Two properties which come from Aronszajn trees

In this article, a forcing notion means a non-atomic partially ordered struc-
ture (P, <p). Members of forcing notions are called conditions. For a forcing
notion P and conditions p and ¢ of P, p <p ¢ means that p is stronger than (or
equal to) ¢, p extends ¢, or p is an extension of g. we say that p and ¢ are com-
patible in P if there exists a condition r of P such that r <p p and r <p ¢, that
is, r is a common extension of p and ¢ in P. When p and ¢ are not compatible
in P (that is, incompatible in P), we write p Lp ¢g. So the formula p Yp ¢ means
that p is compatible with ¢ in P. In this paper, we focus on forcing notions of
size Ny because we will study fragments of MAy,, Martin’s Axiom for 8; many
dense sets. Moreover we introduce the following class of forcing notions.

Definition 2.1. FSCO is the collection of forcing notions Q such that
e a condition of Q is a finite set of countable ordinals,
e Q is uncountable, and

o <g is equal to the superset 2, that is, for any o and 7 in Q, 0 <g T iff
027,

o Q is closed under subsets, that is, if c € Q and 7 C o, then T € Q.



We note that if Q is a forcing notion in FSCO and condition o and 7 are
compatible in Q, then cUT is a common extension of ¢ and 7. From a view point
of applications of MAy,, many forcing notions can be considered in FSCO. The
most important example in this paper is the specialization of Aronszajn trees
[7]. An Aronszajn tree is an w;-tree which does not have an uncountable chain.
An Aronszajn tree is called special if it is a union of countably many antichains.
For an wy-tree T, the specialization Sy of T' by finite approximations is a forcing
notion which consists of finite partial functions f from 7T into w such that for
every n € ran(f), the set f~1[{n}] is an antichain in T, inversely ordered by
extension. It is proved in [7] that if T is an Aronszajn tree, then Sy has the
countable chain condition. (A more stronger result is proved in [40, Proposition
3.1.], and we prove an another stronger result, Proposition 4.2.) We can consider
T as an order structure on wy and then each condition of the specialization of T’
is a finite subset of the set wi X w, and its order relation is equal to the superset,
so it can be considered as a member of FSCO.

In this section, we introduce two properties of forcing notions which come
from Aronszajn trees. One has been defined in [40] as follows.

Definition 2.2 ([40, Definition 2.1.]). A forcing notion P has the anti-rectangle
refining property if P is uncountable and for any pair of uncountable subsets I
and J of P, there are uncountable subsets I' and J' of I and J respectively such
that any member of I' is incompatible with any member of J' in P.

A typical example of this property is an Aronszajn tree (as a forcing notion).
The anti-rectangle refining property can be considered as a variation of the
rectangle refining property for partitions on [w1]?, which was introduced to solve
Katétov’s problem, due to Larson-Todorcevié [20, Definition 4.1.]. In fact, we
gave a variation of [Cs, using the anti-rectangle refining property, equivalent to
K4 for all partitions with the rectangle refining property [40, Proposition 4.5.].
This gives a positive answer of Problem 1 in section 1 for partitions with the
rectangle refining property.

For a forcing notion P, let a(P) be a forcing notion which consists of finite
antichains in IP, ordered by supersets, that is, for finite antichains ¢ and 7 in P,

Uga(]p)T:{:) oDT.

When P is of size Xy, then a(PP) can be considered as a forcing notion in FSCO.
If a(PP) has the countable chain condition, it can generically add an uncountable
antichain in P. A forcing notion of this form is essentially used in [7] to force that
every Aronszajn tree is special for the first time. In [7], it is essentially proved
that if T is an Aronszajn tree, then a(T") has the countable chain condition.
We say that a forcing notion IP has the property K if every uncountable subset
of P has an uncountable pairwise compatible subset in P [15]. So the property
K implies the countable chain condition. We notice that, since a forcing notion
with the property K preserves any ccc forcing notion in the ground model (see



e.g. [18]), for any forcing notion P, if PP has the countable chain condition, then
a(lP) doesn’t have the property K. Moreover, for an uncountable forcing notion
P, the set {(p, {p});p € P} is an uncountable antichain in the product P x a(P).
So if there exists a ccc forcing notion P such that a(PP) also has the countable
chain condition, then C?, which is defined in section 1, fails. A typical example
of this is a Suslin tree, so the principle C? can be considered as a generalization
of Suslin’s Hypothesis.

In [40, Proposition 2.2.], we note that if P has the anti-rectangle refining
property, then for any pair of uncountable subsets I and J of the forcing notion
a(PP), whenever I U J forms a A-system, then there are uncountable subsets I’
and J’ of I and J respectively such that any member of I’ is compatible with
any member of J' in a(P). So we introduce the following property.

Definition 2.3. A forcing notion Q in FSCO has the rectangle refining property
if for any pair of uncountable subsets I and J of the forcing notion Q, whenever
T U J forms a A-system, then there are uncountable subsets I' and J' of I and
J respectively such that any member of I' is compatible with any member of J'

m Q.

We note that this property is stronger than the countable chain condition,
in fact, this is closed under finite support products. This property used in [42]
to investigate Rudin’s construction of a Dowker space by a Suslin tree. It seems
that this property is similar to the property Ry x,, which is defined below. But
we don’t know they are same or not.

We introduce the other property of forcing notion as follows. In this paper,
we focus on this property.

Definition 2.4. A forcing notion P has the anti-Ry x, if P is uncountable and
for any regular cardinal k larger than Wy, countable elementary submodel N
of H(k) which has the set {P}, I € [P NN and p € P\ N, there exists
I' € [II™ N N such that every member of I' is incompatible with p in P.

In the definition of the properness of a forcing notion PP, it suffices to consider
countable elementary submodels of H (k) for large enough regular cardinals &,
and a large enough regular cardinal means a regular cardinal larger than the size
2Pl [27, Chapter IIT §§1-2]. It should be same for the anti-R; x,. But as seen
below in the proofs of the propositions in section 3, all of our examples have the
above property for every countable elementary submodel of H (k) for a regular
cardinal larger than X;. Because H(X2) has the real first uncountable cardinal,
so the uncountability in a countable elementary submodel of H(Xz) is same to
the real uncountability. So the author defined as above. A typical example of
the anti-R; x, is also an Aronszajn tree.

Proposition 2.5. An wi-tree T has the anti-Ry n, iff T is Aronszajn, that is,
there is no uncountable chain.



Proof. Let T be an ws-tree, and we denote an order of T' by <p. When we
consider T' as a forcing notion, a stronger condition means a higher node, that
is, for conditions s and ¢ in T, s is stronger than ¢ iff £ <p s. We note that T is
Aronszajn iff for every uncountable subset I of T, there are two nodes sg and
s1 such that sg Lp s1 and the sets {u € I;s0 <p u} and {u € I;s; <r u} are
both uncountable.

Suppose that T" is not Aronszajn and let I be an uncountable chain through
T. We take a countable elementary submodel N of H(Ny) which has the set
{T, 1}, and take t € I \ N. Then since every member of I is compatible with ¢
in T', the tuple (T, N, I,t) is a witness that T does not have the anti-R; x, .

Suppose that T is Aronszajn, and let N be a countable elementary submodel
N of H(X3) which has the set {T'}, I an uncountable subset of T in N, and
t € T\ N. Then since T is Aronszajn, there are incompatible condition s
and s; of T in N such that the sets {u € I; 59 <7 u} and {u € I;s1 <p u} are
both uncountable. Since ¢t ¢ N and both sy and s; are in IV, the height of
t is larger than ones of sy and s;. So for some i € {0,1}, s; Lz ¢ holds.
Let I' :== {u € I;s; <pu}. Since s; € N, so is I’. Then we note that ¢ is
incompatible with all members of I’ in T. Therefore T has the anti-R; x,. O

As seen in the proof above, if a forcing notion has an uncountable pairwise
compatible subset, then it doesn’t have the anti-R; y,. Like the rectangle refin-
ing property for forcing notions in FSCO, we can introduce the property for the
compatibility-variation of the anti-R; x, as follows.

Definition 2.6. A forcing notion Q in FSCO has the property Ry x, if for any
reqular cardinal & larger than Xy, countable elementary submodel N of H(k)
which has the set {Q}, I € [Q]** NN and o € Q\ N, if I forms a A-system with
root v and o N N C v, then there exists I' € [I|™ N N such that every member
of I' is compatible with o in Q.

As seen on the rectangle refining property, we have the following proposi-
tions.

Proposition 2.7. IfP has the anti-Ry x,, then a(P) has the property Ry x, -

Proof. Let k be a regular cardinal larger than X;, N a countable elementary
submodel of H(x) which has the set {P}, I an uncountable subset of a(P) in
N, o € a(P) \ N, and assume that I forms a A-system with root v such that
cNN Cu.

By shrinking I in N if necessary, we may assume that every member of [
is of size n for some fixed n € w. Let m := |o \ N|, which is larger than 0,
because o € N. By applying the anti-R; x, of P for n - m many times, we can
find I’ € [I]® N N such that for each i € n and j € m and 7 € I’, the i-th
element of 7 is incompatible with the j-th element of o\ N. Then every member
of I is compatible with ¢ in a(IP), which finishes the proof. O



Proposition 2.8. The property Ry x, is closed under finite support products in
the following sense.

If {Q¢; € € B} is a set of forcing notions in FSCO with the property Ry x,,
k is a large enough regular cardinal, N is a countable elementary submodel of
H(k) which has the set {{Q¢;& € £}}, I is an uncountable subset of the finite
support product [[oc5, Q¢ in N, & € [[¢cx Qe \ N, I forms a A-system with root
U such that NN C U, that is,

o the set {supp(T); T € I} forms a A-system with root T (or {supp(T);T € I}
is a singleton), where supp(T) := {£ € ;7() # 0},

e supp(d) N N C T = supp(¥),

e for each & € supp(d) NN, the set {7(§); T € I} forms a A-system with root
(&) such that (&) NN C (&),

then there exists I' € [I|™ N N such that every element of I' is compatible
with & in [[eex Q.

Proof. Under the assumption, we apply the property Ry, of Q¢’s for finitely
many times to find I’ € [I]®* NN such that for each ¥ € I’ and ¢ € supp(#)N N,
7(§) is compatible with &'(¢), which is as desired. O

We give other these examples as follows.

Proposition 2.9. 1. Coll(w,w1), the collapse of w1 to w, has both the anti-
rectangle refining property and the anti-Ry x, .
2. C,,, Cohen forcing on wi, has both the rectangle refining property and the
property Ry, -

Proof. We only prove for the anti-R; x, and the property R;x,. Results for
the anti-rectangle refining property and the rectangle refining property can be
proved similarly.

(1) Coll(w,wy) consists of functions such that the domain is a natural number
and the range is a subset of wy, ordered by supersets. Let N be a count-
able elementary submodel of H(Ry) with wy € N, I an uncountable subset of
Coll(w,w1), and f € Coll(w,w1) \ N. Let k € w be the least number such that
the set {g(k); g € I} is uncountable.

If the length of the function f is not longer than k, then all members of I
have to be incompatible with f. (Since f & N, there exists I € dom(f) such
that f(I) € N, that is, f(I) > w; N N. By the minimality of k and [ < k, for
every g € I, g(I) have to be in N, hence g(I) # f(1).)

When the length of the function f is longer than k, we take uncountable
subsets Iy and I; of I in N such that

{9(k);g € I} n{g(k);g € 1} = 0.



Then we can find ¢ € {0, 1} such that f(k) is not in the set {g(k); g € I;}. Then
I; is our desired uncountable subset of I.

(2) C,, consists of binary functions such that the domain is a finite subset
of wq, ordered by supersets. (C,, can also be considered a forcing notion in
FSCO.) Let N be a countable elementary submodel of H(Xy) with wy; € N, I
an uncountable subset of C,,,, and f € C,, \ N, and suppose that I forms a
A-system with root h and f NN C h, that is, for any ¢ € dom(f) N N, i is in
dom(h) and h(i) = f(i).

By shrinking I in N if necessary, we may assume that there exists k € w
such that for every member g of I, g\ h is of size k, and let ({af;i € k};g € I)
be an enumeration of the domains of functions g \ h for all g € I, in N. Let
{B;:7 €1} be an enumeration of the domain of the function f\ N. By taking
subsets in N for k - I many times as in the proof for Coll(w,w;) above, we can
find an uncountable subset I’ of I in N such that for each i € k and j € [, §;
is not in the set {a;g € I'}. (We should notice that for each j € I, ; is not
in N, however the sequence ({af;i € k}; g € I) belongs to N. So we can take
such an I’ in N.) Then I’ is our desired subset of I. O

At last in this section, we present a key combinatorial proposition of two
properties, the rectangle refining property and the property Rix,. It follows
from natural applications of these properties, and these properties will be used
often in these forms.

Proposition 2.10. 1. Let Q be a forcing notion in FSCO with the rectangle
refining property. Suppose that (I;;i € n) is a finite sequence of uncountable
subsets of Q such that the union | J;.,, I; forms a A-system.

Then there exists uncountably many members (051 € n) € [[;c, Ii such
that there exists a common extension of the o; in Q.

2. Let Q be a forcing notion in FSCO with the property Ry x,. Suppose that
18 a reqular cardinal larger than Ny, N is a countable elementary submodel
of H(k) which has the set {Q}, (I;;i € n) is a finite sequence of members
of the set [Q" NN, and 0 € Q\ N such that the union J,., I; forms a
A-system with root v such that c NN C v.

Then there exists (T;;i € n) € [[;c, Ii such that there exists a common
extension of o and the 1; in Q.

i€En

Proof. (1) At first, we enumerate each I; by <aé;§ € w1>. By applying the
rectangle refining property of Q recursively for n — 1 many times, we can find a
sequence <K f ijeEn—1&i<j+ 1> of uncountable subsets of w; as follows.

e By applying the rectangle refining property for sets Iy and I1, we find K
and K7 such that for every ¢ € K{ and n € K7, o and o, are compatible

in Q.



e For each j € n — 2, letting ffﬁa be the a-th member of K7 for each i <
j+ 1 and o € w, by applying the rectangle refining property for sets

{Uz‘Sj—H agga;a € wl} and I; 1, we find K™ -+ ,Kjizl such that for

every a € wy and 7 € K;IQI, Uicj oéﬁl and gg']+1 are compatible in Q.

_,11 is a condition in Q.

Then for each a € wy, U;c,, agn

a

(2) By applying the property Ry, of Q recursively for n many times, we can
take sequences (I/;i € n) and (7;;4 € n) such that for each i € n,

e I/ is an uncountable subset of I; in N and 7; € I] \ N,
e min(r; \ N) >w; NN, and
e every member of I] is compatible with the condition o U | J i< T in Q.

This can be done because the union | J,.,, I; forms a A-system with root v such
that c N N C v and N is countable, and this finishes the proof. O

3. Examples — (w1, w1)-gaps and unbounded families in w*

3.1. (wy,w1)-gaps
In this article, an (w1, w; )-pregap is defined (?) as a sequence {a,, bo; @ € wy)
of infinite sets of natural numbers such that

e for every o < f in w1, an and b, are almost contained in ag and bg
respectively, that is, both a \ ag and b, \ bg are finite (and then we
denote a, C* ag and by C* bg),

o for every o # 3 in w1, a, and bg are almost disjoint, that is, the set ao,Nbg
is finite,

e for every a € wy, aq Nb, = 0,

e it is closed under finite modifications, that is, for every o € wy and a pair
(¢,dy of infinite sets of natural numbers such that if ¢ almost coincides
with a, (that is, ¢\ n = a, \ n for some n € w) and d almost coincides
with by, then (c,d) = (ag,bg) for some 3 € w.

An (wi,w)-pregap {(aq,bs; € wy) is called a gap if there is no infinite set ¢
of natural numbers such that for all @ € w1, an, C* ¢ and b, N ¢ is finite. If
such a c exists, it is called an interpolation of (A, B). So we note that (A, B)
is a gap iff there is no interpolation of (A, B). For an (w1, w1 )-pregap (A, B) =

3In four conditions, the last two conditions are additional ones to the usual definition of
(w1,w1)-pregaps. But it doesn’t matter.



(G, bo; 0 € wr), let S(A, B) be the forcing notion which consists of countable
ordinals such that for each a and 3 in wy,

a<suB) B> ag Caq & bg C ba.

We notice that when G is an S(A, B)-generic filter, then the set |J
interpolation of (A4, B).

The first discovery of an (w1, ws )-gap is due to Hausdorff (see e.g. [12, Theo-
rem 29.7]). Kunen and Todorcevié¢ have studied (wy,w;)-pregaps independently
and they pointed out that Hausdorff’s (wq,w)-gap (A, B) is absolute, that is, it
is always a gap in any forcing extension with the same w; as the ground model, in
fact, then S(A, B) collapses X;. Such an (w1, w;)-pregap is called indestructible.
Todorcevié¢ proved that adding a Cohen real adds an (wy,w;)-gap (A, B) such
that S(A, B) has the countable chain condition [34, Theorem 9.3], and so such
an (wy,w)-gap exists if ¢ holds [11, Theorem 1.2. and Lemma 2.5.] (see also
[10, Proposition 2.5.]). This is an analogous result of the existence of a Suslin
tree due to Shelah (see [12, Theorem 28.12] and [34, Theorem 3.1]) and Jensen
[13] (see also [17, Chapter II 7.8. Theorem]). For an (wi,w;)-pregap (A, B),
when S(A, B) has the countable chain condition, (A, B) is called destructible.
We have the following Ramsey-theoretic characterizations of the destructibility
and being a gap. From the following characterizations, Abraham—Todorc¢evié
pointed out that (wq,ws)-destructible gaps can be considered an analogue of
Suslin trees in [2].

Theorem 3.1 (E.g. [9, 16, 25, 32]). Let (A, B) = (aq,ba;a € w1) be an (w1, w)-
pregap.

1. (A, B) is destructible iff for every uncountable subset I of w1, there exists
two ordinals a and 3 in I such that

acq 0o 18 an

(aq Nbg) U (ag Nby) = 0.

2. (A,B) is a gap, iff for every uncountable subset I of wq, there exists two
ordinals o and B in I such that

(ae Nbg) U (ag Nby) # 0.

Therefore if (A, B) = (aq,ba; @ € w1) is an (w1, wr)-pregap and there is an
uncountable subset I of wy such that for every « and § in I with « # £,

(aa Nbg) U (agNba) # 0,

then it has to be a gap in any forcing extension not collapsing Wi, that is, it is
indestructible.

Let (A, B) = (aq,ba; @ € wi) be an (w1, ws)-pregap. For countable ordinals
«a and B in wi, since the gap is closed under finite modifications, o and 3 are
compatible in S(A, B) iff

(ao Nbg) U (agNby) = 0.

10



Therefore (A, B) is indestructible iff S(A, B) does not have the countable chain
condition, and so the forcing notion a(S(A, B)) adds a witness of the indestruc-
tibility if it does not collapse Ry. In fact, a(S(A,B)) is equal to the standard
forcing notion forcing (A, B) to be indestructible, which is denoted by F (A, B)
in [39].

In [40, §3.2], it is proved that for an (wq, w1 )-gap (A, B), S(A, B) has the anti-
rectangle refining property, hence a(S(A, B)) has the rectangle refining prop-
erty. It follows from the following proposition that for an (w1,ws)-gap (A, B),
a(S(A, B)) has the property Ry x,, hence doesn’t collapse N;.

Proposition 3.2. For an (wi,w)-pregap (A, B), (A,B) is a gap iff S(A,B)
has the anti-Ry x, .

Proof. Suppose that (A, B) = (aq,bq;a € w1) has an interpolation ¢, that is,
for every a € wy, an C* ¢ and ¢ N b, is finite. Then there are n € w and an
uncountable subset I of w; such that

e forevery a €1, a, \n Ce,

e for every a € I, cNb, C n, and

e for any o and Sin I, ao NN =agNn and b, Nn = bg N n.
Then we note that if a and 3 are in I, then

(aq Nbg) U (agNby) =10,

so are compatible in S(A, B). Therefore S(A, B) does not have the anti-Ry x, .

Suppose that (A,B) = (aqa,bs; @ € w1) is a gap. Let N be a countable
elementary submodel of H(XN3) which has the set {(A,B)}, I an uncountable

subset of S(A,B) in N, 6 € wi \ N. By shrinking I in N if necessary, we may
assume that

e for any n € w, if the set {a € I;n € as} is countable, then n & a, for all
« € wy, and

e for any n € w, if the set {8 € I;n € bg} is countable, then n & bg for all
6 € wi.

We will show that there exists n € w such that “n € a5 and theset {8 € I;n € bg}
is uncountable 7 or “ n € bs and the set {« € I;n € a4} is uncountable ”

Suppose not, that is, for every n € ag, the set {8 € I;n € bz} is countable,
and for every n € by, the set {« € I;n € a,} is countable. Then by our assump-
tion, we notice that for every n € as, n € bg holds for all 8 € I, and for every
n € bs, n € a, holds for all @ € I. Let

¢:={n € w; the set {a € I;n € a,} is uncountable}
and

d = {n € w; the set { € I;n € bz} is uncountable} .

11



Since both (A, B) and I are members of IV, we note that both ¢ and d are also
in N. Moreover by our assumption, we note that

cUd:UaWUb.y, cNbs =10, asNd=0.

yel

Since for any v € I NN, ay C* a5 and b, C* bs, it follows from the above
observations that

N = for every v € I, both ¢Nb, and a, N d are finite ”.

So by the elementarity of IV, for every v € I, both ¢N b, and a, N d are finite.
Therefore for every v € I, a, C* ¢\ d and (c\ d) N by is finite, and since I is
uncountable, it follows that (A, B) is not a gap, which is a contradiction.
Without loss of generality, we assume now that there exists n € w such that
n € as and the set I’ := {§ € I;n € bz} is uncountable. Since all of members of
the set {(A, B), I,n} belong to N, so does I’. Then we note that every member
B of I' is incompatible with d, because n € as Nbg, which finishes the proof. [

8.2. Unbounded families in w*

w® denotes the set of functions from w into w. For functions f and ¢ in w*,
f <* g means that there exists n € w such that for every natural number m > n,
f(m) < g(m), and we say g bounds f, or g dominates f. An unbounded family
is an unbounded subset of the ordered structure (w*, <*), and the (un)bounding
number b is the smallest size of unbounded families in w®.

We note that there exists an unbounded <*-increasing sequence (fq;« € b)
of strictly increasing functions in w*, that is, for any o and § in b with a <
B, fa <* fg, and the set {f,;a € b} is unbounded. So the equality b = Ny
is equivalent to the statement that there exists an unbounded <*-increasing
sequence of wj-many strictly increasing functions in w*. Suppose that F' =
(fa; @ € wy) is a <*-increasing sequence of strictly increasing functions in w®.
In [41], the forcing notion P(F) is defined as follows. P(F) consists of finite
subsets o of wy such that for every £ € o and n € w,

either max {f:(n);¢ € 0 NE} < fe(n)

or fe(n) € {f¢(n);¢ € onéE},

and P(F) is ordered by supersets. In [41], it is shown that if F' is unbounded,
then P(F) has the anti-rectangle refining property [41, Lemma 3.2.]. We will
use P(F') in section 4.2.

Lemma 3.3 ([41, Lemma 3.3.]). If F' is an unbounded <*-increasing sequence
of wi-many strictly increasing functions in w*, then P(F) has the countable
chain condition. O

Proposition 3.4. If F = (f,;a € w1) is an unbounded <*-increasing sequence
of strictly increasing functions in w*, then P(F') has the anti-Rq x, -

12



Proof. Suppose that N is a countable elementary submodel of H(Xy) with the
set {F}, I is an uncountable subset of P(F) in N, o € P(F)\ N, I forms a
A-system with root ¢ and c NN C p. By shrinking I in N if necessary, we may
assume that there exists [ € w such that for any 7 € I U{oc U u}, @ and 8 in 7
with o < 8, and n > I, fo(n) < fg(n). (We notice that o N N belongs to N.)
Then we note that p € N, and for any 7 € I and n > [,

min { fo(n);a € 7\ 1} = frmin(r\p) (1)

We will show that there exists e € w \ I such that for every n € w \ e and
k € w, the set {T € I fimin(r\p) (n) > k} is uncountable. (A similar statement
is proved in [41, Proposition 3.1.].) Assume not, that is, there exists an infinite
set Z of natural numbers such that for every n € Z, there exists k,, € w such
that the set {T € I; fmin(r\py (n) > kn} is countable. Let § € w; be such that
for all n € Z, the set {7 € I; fmin(r\p)(n) = kn} is a subset of the set [§]<N0.
Let {n;;i € w} be an increasing enumeration of Z, and we define a function g
on w by

g(m) := max ({fg(m)} U{kn,;i €m+1}U{g(i) +1;i € m})

for each m € w. We notice that for each o € 9, f, <* g. Moreover for each
eI\ [6]<M and m € w\ [, since m < ny,

fmin(T\u) (m) < fmin('r\,u) (nm) < knm < g(m)

So the set {fmin(T\H);T € I} is bounded by g. But since u is the root of the
uncountable A-system I, the set { Jmin(r\p); T €1 } is unbounded, so we have a
contradiction.

We let § := min(o \ N) (which is not smaller than w; N N), and let

I':= {T S I;fmin(T\,u)(e) > f5(e) + 1} :

Now f5 doesn’t belong to the model N, however f5(e) is in N, hence we note
that I’ is also in N. Moreover, we notice that for every 7 € I’ if (7\ p) N ¢ is
not empty, that is, min(7 \ u) < J, then

max {fa(e);a € pn}t < fs(e) (by the property of 1)
< min{fa(e);a € (r\ p)No} (because T € I')
< min{fa(e);a € ((rUo)\ )N} (because c NN C p)
< max{fa(e);a € (TU0)\ u) N}

and so, because of the property of [,

fs(e) Z{fale);a e (TUo) NG}

Therefore if 7 € I’ and (7 \ 1) N'd is not empty, then 7 and o are incompatible
in P(F).

13



We will show that there exists d € w \ e such that the set

{r e I'smax {fa(d); 0 € 7} < f5(d)}
is uncountable. Suppose not, that is, for every n € w \ e, the set
{r e I''max{fa(n);a € 7} < fs(n)}
is countable. Let g be a function in w* such that for each n € w \ e,
g(n) :=min{k € w; {7 € I'ymax{f,(n);a € 7} < k} is uncountable} .

This is well defined because of the property of our e. We note that g belongs to
the model N and for every n € w\ e, fs5(n) < g(n) by our assumption. Since F'
is unbounded in N, there is 8 € wi NN such that fz £* g holds. Then fg £* f5
also holds, however now (3 has to be less than §, so we have a contradiction.

Let
I" :={r e I'ymax{f,(d);a € 7} < f5(d)}.

Then we note that I” € N and by taking a subset of I” in N if necessary as in
the proof of Proposition 2.9 (1), we may assume that min(7 \ ) # 0 for every
7 € I". Then for every 7 € I", if (7\ p) N J is empty, then min(7 \ u) > 4, so

Jmin(r\w)(d) < fs(d) (because T € I")
< max{fa(d);a € (TUc)Nmin(7\ 1)}

and so, since now (7 Uo) Nmin(7 \ 4) = pU (0 Nmin(7 \ p)) and d > 1,

Jmin(r\p) (d) € {fa(d);a € (TUo) Nmin(r\ p)}.

Thus if 7 € I"” and (7 \ 1) N4 is empty, then 7 and o are incompatible in P(F).
Therefore every member of I” is incompatible with ¢ in P(F'), which finishes
the proof. O

4. Fragments of Martin’s Axiom

4.1. Fragments of MAy, for forcing notions with the property Ry x,

Martin’s Axiom for 8; many dense sets, denoted by MAy,, is the statement
that for every ccc forcing notion P and every set D of X; many dense subsets of
P, there exists a filter of P which meets all of members of D. In this section, we
consider two fragments of MAy, as follows.

Definition 4.1. 1. MAy, (rec) is the statement that for any forcing notion Q
in FSCO with the rectangle refining property and any set D of Ry many
dense subsets of Q, there exists a filter G of Q such that GND # O for
every D € D.
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2. MAy, (R1,x,) is the statement that for any forcing notion Q in FSCO with
the property Rix, and any set D of Ry many dense subsets of Q, there
exists a filter G of Q such that GND # () for every D € D.

Since both the rectangle refining property and the property R; x, are stronger
than the countable chain condition, both MAy, (rec) and MAy, (Ry x,) are frag-
ments of MAy,, that is, they follow from MAy,. In [7], it is proved that MAy,
implies that every Aronszajn tree is special. The following is an important
application of MAy, (rec) and MAy, (Rqx, )-

Proposition 4.2. MAy, (R1x,) implies that every Aronszajn tree is special.
The same holds for MAy, (rec).

Proof. Let T be an Aronszajn tree. It suffices to find a forcing notion which
specializes T and has the property R; x, (and the rectangle refining property).
We will show that Sr, which defined above in section 2, has the property Ry x,.
(We can show Spr also has the rectangle refining property, but we omit the
proof.)

Let N be a countable elementary submodel of H(Xs) which has the set {T'},
I an uncountable subset of S in N, and f € Sy \ N, and suppose that I forms
a A-system with root h and f N N C h. By shrinking I in N if necessary, we
may assume that

e the set {dom(g);g € I} also form a A-system, and let b’ be the root of
the A-system I,

e there exists k € w such that for every g € I, the set g\ A’ is of size k, and
so let {tJ;i € k} enumerate the set dom(g \ 2’),

e forany g and ¢’ in I and i € k, g(tJ) = g’(tf/).

Let v := {g(t7);i € k} for some (any) g € I. If the set ran(f) Nv is empty, we
have nothing to do, because then every condition in I is compatible with f. For
each m € ran(f) N v, we enumerate the set f~*[{m}] by {ST;j €ln}.

Since T is Aronszajn and the set ran(f) Nv is in N, by applying the anti-
Rix, of Tin N for finitely many times, we can find an uncountable subset I’ of
I 'in N such that for every m € ran(f) Nv, i € k and j € Iy, if g(t7) = m, then
t7 is incompatible with s, Therefore for every g € I’, gU f is also a condition
in Sy, which finishes the proof. O

In [40, Theorem 4.6.], it is proved that MAy, (a(arec)), which is MAy, for
every forcing notion which forms a(P) for some P with the anti-rectangle refining
property, is weaker than MAy,, that is, it is consistent that MAy, (a(arec))
holds but MAy, fails. By a similar argument, we can show the same holds for
MAy, (rec). In this section, we will show that the same holds for MAy, (R1 x,)
later, Theorem 4.9. Before that, we will see other fragments of MAy, which will
argue in this paper.
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For a forcing notion P and n € w, I is called an n-linked subset of P if
I is a subset of P such that for every o € [I]™, there exists a condition in
P which extends all of members of . For each n € w, K,, is defined as the
statement that for every ccc forcing notion P, any uncountable subset of P has
an uncountable n-linked subset. (See e.g. [32, §7].) We notice that if natural
numbers m and n are such that m < n, then IC,, implies IC,,, and it is proved
that MAy, implies all of the K,,. An important point is that many applications
of MAy, are applications of some IC,,. For example, it follows from Ky that
the inequality b > ¥y holds [32, 7.8. Theorem]|, (see also [40, §3.3]) and every
Aronszajn tree is special [33, Theorem 1], the inequality add(A) > Ry follows
from K5 [23, Theorem 6.1.]. (For other examples, see e.g. [19].) In this paper,
we also consider two fragments of the /C,, as follows.

Definition 4.3. For each n € w,

1. K (rec) is the statement that for every forcing notion Q in FSCO with the
rectangle refining property, any uncountable subset of Q has an uncountable
n-linked subset, and

2. Kyn(Rax,) is the statement that for every forcing notion Q in FSCO with
the property Ry x,, any uncountable subset of P has an uncountable n-linked
subset.

We note that for each n € w, K, implies both IC,,(rec) and I\, (R1x,). In
section 6 below, we will show that it is consistent that for every n € w, I\, (R1 ;)
holds and MAy, (Ry x,) fails, which is a negative answer of Problem 2 in section
1 for forcing notions in FSCO with the property Ry x,.

4.2. Two generalizations of Suslin’s Hypothesis

Suslin’s Hypothesis is the statement that there doesn’t exist a Suslin line
(which is introduced by Suslin [28]), and equivalent to the statement that there
doesn’t exist a Suslin tree (which is due to Kurepa, see e.g. [17, 5.13. Theorem]).
A Suslin tree is an Aronszajn tree which does not have an uncountable antichain,
that is, which has the countable chain condition as a forcing notion. Therefore
Suslin’s Hypothesis says that there are no ccc Aronszajn tree.

Definition 4.4. 1. —C(arec) is the statement that there are no ccc forcing
notions with the anti-rectangle refining property.
2. =C(aRy,x,) is the statement that there are no ccc forcing notions with the
anti-Ry x, .

Since an Aronszajn tree has both the anti-rectangle refining property and
the anti-Ry x,, =C(arec) implies Suslin’s Hypothesis and =C(aR; x,) also implies
Suslin’s Hypothesis. So both —C(arec) and —C(aRyx,) can be considered as
generalizations of Suslin’s Hypothesis.

Let 2 be a set of partially ordered structures on wy, like wy-trees or (wy,ws )-
pregaps, and suppose that every structure in 2 has the anti-rectangle refining
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property. Then the statement that every structure in 2 has an uncountable
antichain can be considered as an analogue of Suslin’s Hypothesis. (See [2], also
[40].) The same things can be considered for the anti-Ry ;.

Proposition 4.5. The following statements follow from =C(aRi x,).

1. Suslin’s Hypothesis.
2. Every (w1,w1)-gap is indestructible.
3. The inequality b > Ny holds.

Proof. The first two statements are straightforward.

For the third one, suppose that b = N;. Then there exists an unbounded
<*-increasing sequence F' of wi-many strictly increasing functions in w*. By
Lemma 3.3 and Proposition 3.4, P(F) has the countable chain condition and
the anti-R; x,. Therefore —=C(aR; x,) fails. O

C? is the statement that if P and Q are ccc forcing notions, then P x Q is
also ccc. We saw that if P is a ccc forcing notion with the anti-rectangle refining
property or the anti-R; x,, then this P is a witness of the failure of C? in section
2. So C? implies both =C(arec) and =C(aR; y, ). Therefore we have the following
diagram.

MAy, Ko C?
\

MAg, (R1x,)

—C(aRLNl)

4.8. A consistency result

In this subsection, we show that it is consistent that MAy, (Rq x, ) holds and
C? fails. So MAg, (Rix,) is a weak fragment of MAy,. This is an analogical
consistency result that MAy, (rec) holds and C? fails in [40, §4.2]. To show this,
as in [40, §4.2], we use the entangled set of reals and the theorem below.

Definition 4.6 (Abraham—Rubin—Shelah [1, §8.]). A set E of reals is entangled
if E is uncountable and for everyn € w and every s € 2™ and every uncountable
family F of increasing (with respect to the usual ordering of the reals) pairwise
disjoint n-tuples of elements in E, there exist x and y in F such that for every

ien, z(i) <y@@) iff s(@) =0.

Theorem 4.7 (Todoréevi¢ [30, Theorem 6]). If C% holds, then there are no
entangled set of reals. [

To show the theorem below, we use the next proposition. For this proof, see
also [40, §4.2].
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Proposition 4.8 ([3, Fact 3.13.]). If E is an entangled set of reals, then for
everyn € w, every s € 2" and every uncountable family F of increasing pairwise
disjoint n-tuples of elements in E, there are Fy and Fy in [F]®t such that for
every x € Fy and every y € Fy and every i € n, x(i) < y(3) iff s(i) = 0. O

Theorem 4.9. It is consistent that MAg, (R1 x,) holds and there exists an en-
tangled set of reals.

Proof. We note that the preservation of the entangledness of sets of reals by ccc
forcing is preserved by finite support iterations (e.g. [3, Lemma 3.14]). So it
suffices to show that if E is an entangled set of reals and a forcing notion Q in
FSCO has the property Ry x,, then E is still entangled in the forcing extension
with Q.

Suppose that E is an entangled set of reals and Q is a forcing notion in FSCO
with the property Rix,. Let n € w, s € 27, F a Q-name for an uncountable
family of increasing pairwise disjoint n-tuples of elements of E, and o € Q. We
will find an extension p of ¢ in Q, and increasing n-tuples x and y of E such
that for all i € n, z(i) < y(¢) iff s(4) = 0, and

,uII—Q“mEF&yEF”.

We can find a sequence ({7, Za) ;@ € w1) of pairs such that

o for each o € wy, 74 € Q and 7, <g 0, and z, is an n-tuples of elements
in K,

o for each a € wy, 7o kg “ 24 € F 7
e the set {74;a € wi} forms a A-system with root v, and
e the family {x,;a € w;i} is pairwise disjoint.

By Proposition 4.8, there are uncountable subsets Iy and I; of wy such that for
alla € Iy, 8 € I and i € n, x4(i) < x5(4) iff s(i) = 0. Here we take a countable
elementary submodel N which has the set {E,Q, Iy} and take § € I; \ N such
that 75 " N = v. Since the set {7,;a € Iy} also forms a A-system with root
v, by the property Rjx, of the forcing notion Q, there exists an uncountable
subset I, of Iy in N such that for every « € I}, 7, and 75 are compatible in Q.
Therefore for each o € I}, there exists a common extension p of 7, and 75 in
Q, and then
T

which finishes the proof. O
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5. Forcing notions with the property Ry yx,

In this section, we consider two preservation theorems of forcing notions
in FSCO with the rectangle refining property or the property R; x,. One is the
additivity add(A\) of the null ideal, which is the smallest size of sets X’ of measure
zero sets such that the union of X' is not measure zero. The other is the covering
number cov(N) of the null ideal, which is the smallest size of sets X' of measure
zero sets such that the union of X is the set of the reals. T'wo theorems are ones
for both the rectangle refining property and the property R x,. We give only
proofs for the property R x,, but proofs for the rectangle refining property are
almost same. The only difference is the way to find compatible conditions in
uncountable sets of conditions, that is, a use of (1) or (2) in Proposition 2.10.

5.1. The friendly-ness

In [43, §2], Zapletal proved that it is consistent that every Aronszajn tree
is special and add(N) = R; holds by showing the preservation theorem on
Bartoszynski’s characterization of the additivity of the null ideal for the special-
ization of an Aronszajn tree by finitely approximation.

Definition and Theorem 5.1 (Bartoszytiski [5]). A slalom is a function in

the set
T (wl="+t\ {0}) .

new

For a function f in w* and a slalom ¢, ¢ captures f if for all but finitely many
n € w, f(n) € p(n).

The additivity of the null ideal is equal to the smallest size of sets F of
functions in w* such that for every slalom v, there exists a member of F which
s mot captured by .

Definition 5.2 (Judah—Shelah [14, 3.3. definition]). A forcing notion P is friendly
(4) if for any large enough reqular cardinal 6, countable elementary submodel N
of H(6) which has the set {P}, p e PN N, and f € w¥, if f is not captured by
any slalom in N, then there exists ¢ <p p which is (N,P)-generic such that

qlFp “ f is not captured by any slalom in N 7.

We note that a friendly forcing notion preserves the additivity number of
the measure zero ideal, and the friendly-ness is closed under countable support
iterations [14, 3.3. and 3.4. Lemmas] (see also [43, Lemma 13.]). So it follows
from the next theorem that it is consistent that MAg, (R1 x,) (and-or MAy, (rec))
holds and add(N) = N;. In [43, §2], Zapletal proved that if 7" is an Aronszajn
tree, then Sy, which is the specialization of T by finite approximations defined in
section 2, is friendly. So the next theorem is an expansion of Zapletal’s theorem.

4In [14], this property is called good, and in [43], this is called friendly.
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Theorem 5.3. A forcing notion in FSCO with the property Rix, (or the rect-
angle refining property) is friendly.

Proof. Suppose that Q € FSCO with the property Riyx,, 0 is a large enough
regular cardinal, N is a countable elementary submodel of H(#) which has the
set {Q}, few?”, 0 € QN N, and ¢ is a Q-name for a slalom such that ¢ € N
and

o lkFg “ ¢ captures f 7.

We will show that there exists a slalom ¥ in N which captures f. It suffices to
show the theorem because by the property R; x,, Q is ccc, hence every condition
of Q is generic.

By our assumption, there are 7 <g o and n € w such that
Tl “Vm > n(f(m) € ¢(m)) .

By strengthening 7 if necessary, we may assume that 7 is not in NV, that is,
7\ N # (. We note that both 7N N and n are in N. And then for every m > n
and a € wy, there exists p € Q such that

e u27TNN,
e min(p \ (TN N)) > «, and
o ulkg“ f(m) € o(m) ”.

To show this, let m > n, and assume that there exists a € wy such that for every
peQ,if u 27NN and plrg“ f(m) € ¢(m) ?, then min(p\ (TN N)) < a. We
notice that f may not be in N, but f(m) is in N. So by the the elementarity
of N, we can find such an « in w; N N. However for our 7, 7 2 7 N N,
min(7 \ (TN N)) > w1 NN > a and 7 kg “ f(m) € $(m) 7, which is a
contradiction.

Let ¢ be a slalom such that for each m > n,

P(m) = {k € w; for every a € wq, there is u € Q such that
p 27NN, min(p\ (TNN))>aand plg“ k€ ¢(m) "}

By the elementarity of IV, we note that 1) € N, and by the previous observation,
for every m > n, f(m) € ¥(m). So the rest of the proof is that ¢ is a slalom,
that is for every m > n, the size of the set 1(m) is not bigger than m + 1.

Assume that there exists a subset {k;;i € m + 2} € [w]™*2 of ¢)(m) for some
m > n. Then for each i € m + 2, there is an uncountable subset I; of Q in N
such that

o foreveryiem+2and pel;, u 27NN,
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o foreveryiem+2and peI;, plkg“ ki € o(m) 7,

e the set | I; forms a A-system with root 7N V.

1€EM42

(We notice that the sequence (I;;i € m + 2) belongs to N.) By Proposition
2.10, there exists a sequence (p;;7 € m +2) € [[;¢,40 Ii such that there exists
a common extension u of members of the set {u;;4 € m 4+ 2} in Q, and then

plkg“ {kizi € m+2} C o(m) 7,
which is a contradiction. O

5.2. Not adding random reals

We note that a o-centered forcing notion is a ccc forcing notion which doesn’t
add random reals [6, §6.5.D]. This is a typical example of ccc forcing notions
not adding random reals. There are many non-ccc forcing notions which doesn’t
add random reals [24], but not so many for ccc forcing notions. For example, it
is consistent that there exists a ccc forcing notion with the Sacks property (see
[37]). This does not add random reals. In [29], Talagrand gives a counterexample
of the Control Measure Problem, which is a Maharam algebra which is not a
measure algebra (see [38, §2] and [4, §4]). It seems an example not adding
random reals, but we don’t know that it doesn’t add random reals. Anyway, we
should notice that both of two examples are w*-bounding.

The next theorem gives a new type of ccc forcing notions not adding random
reals. Because both MAy, (rec) and MAy, (R1x,), in fact both —C(arec) and
=C(aRy y,), imply b > Ny ([41] and Proposition 4.5), so some of forcing notions
in FSCO with the property R x, don’t have to be w“-bounding. (Because since
the w*-bounding property is preserved by countable support iterations (which
is due to Shelah, see e.g. [6, 6.3.A]), if all of them are w*-bounding, we can force
that MAg, (rec) (and-or MAy, (R1x,)) holds and b = N; by countable support
iteration.)

Theorem 5.4. A forcing notion in FSCO with the property Ry x, (or the rect-
angle refining property) doesn’t add random reals.

Proof. Suppose that Q is a forcing notion in FSCO with the property Ry x,,
is a Q-name for a function in 2¥, and ¢ € Q. Let 8 be a large enough regular
cardinal and N a countable elementary submodel of H(6) which has the set
{Q, 7,0}, and we take a sequence (U,;n € w) of open subsets of 2* such that
for each n € w, the Lebesgue measure of U, is less than 27" and

2NN C ﬂ U Upn.

newm>n

We note that the right-hand set in the above formula is of Lebesgue measure
zero (in fact, G null). We will show that

ol g () J Un”,

newm>n
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which finishes the proof.

Suppose that

olbg“i¢ () U Un”,

newm>n

and take 7 <g 0 and n € w such that
Tl “Vm >n(r ¢ Uy) 7.

We note that n € N, and by extending 7 if necessary, we may assume that
T ¢ N, that is, 7\ N # (). Even then, we note that TN N € N.
For each k € w, let

Sy 1= {s € 2%: there is o € wy such that for every p € Q with u 2 7N N,
if plkg“ 7k # s 7, then min(p\ (N N)) < a}.
We note that the sequence (S; k € w) belongs to the model N. Let k € w, and
assume that S, = (). Then for all s € 2¥ and a € wy, there exists p € Q such

that u D 7NN, plkg “ 7k # s 7 and min(p \ (TN N)) > a. So we can find a
sequence <Is; s €2k > of uncountable subsets of Q in N such that

o the set [ J,ox s forms a A-system with root 7N N, and
o forany s € 2¥ and p € I, plrg“ ik # s 7.

By Proposition 2.10, we can find a sequence <us; s e 2k> € [[,cor Is such that
there exists a common extension y of members of the set {5 € 27} in Q, and
then
plbg“ ik g 28 7,

which is a contradiction. Therefore for every k € w, Sy is not empty.

We note that for any s and ¢ in 2<¢, if s C ¢ and t € S}y, then s is also in
S\s|; hence the set UkEw S), forms an infinite subtree of 2<¢. Since it is in the
model N, there exists u € 2* N N such that for every k € w, ulk € S. Since

u € N, there exists m > n such that u € U,,, and since U,, is an open set, there
exists k£ > m such that

[ulk] :={v € 2¥;ulk C v} C Upy,.

Since ulk € Si in N, there is a € w1 NN such that for any p € Q with u O 7NN,
if

plkg itk £ ulk ”,
then min(p\ (TN N)) < . Since min(7\ (7N N)) > w1 NN > «, it follows that

T Ifo“ ik # ulk ”,
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so there is v <g 7 such that
vikg“ rlk=ulk ”.

Then since
vikg “ [FIk] = [ulk] C Uy 7,

it follows that
viFg“reUg?”

which is a contradiction. O

We note that the property that “no random reals are added” is preserved
by finite support iterations [6, §6.5.D], and cov(N) is still Xy in any forcing
extension which doesn’t add random reals over a ground model satisfying CH.
Therefore we have the following corollary.

Corollary 5.5. It is consistent that MAg, (R1 x,) holds and cov(N) = N;.

We note that if T is an Aronszajn tree such that every node in T has
infinitely many successors, then a(7") adds a Cohen real (°). So it follows
from this fact and Proposition 4.5 that MAg, (Rqx,) implies that the addi-
tivity add(M) of the meager ideal is larger than N;, because of the equation
add(M) = min{cov(M), b}, which is due to Miller and Truss independently
22, 36).

6. Problem 2 for forcing notions with the property Rj x,

In this section, we show that it is consistent that for every n € w, K,,(R1 x,)
holds and MAy, (R1,x,) fails. This is a negative answer of Problem 2 for the
class of forcing notions in FSCO with the property Ry x,.

We will prove more stronger result thinking of the following property.

Definition 6.1 (E.g. [31, §3]). Let P be a forcing notion.

1. An uncountable subset I of P has the finite compatibility property if every
finite subset s of I has a common extension p in P, that is, p <p q for all
qcs.

2. P has precaliber Ry if every uncountable subset of P has an uncountable
subset which has the finite compatibility property.

5For each n € w, let <t?;i S w> be an enumeration of nodes of T of level n. Then in the
extension by a(T), letting G be a(T)-generic,
c:= {n € w;min {z cw;tttl e UG} is odd}

K3

is a Cohen real.
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In [35], Todorcevi¢ and Velicikovié proved that MAy, is equivalent to the
statement that every uncountable ccc forcing notion has precaliber X; [35]. If a
forcing notion P has precaliber Ry, then all IC;, hold for this P. So if every forcing
notion in FSCO with the property Ry x, has precaliber Ry, then ), (R1 x, ) holds
for every n € w. We have proved that MAy, (Ry x, ) implies that every Aronszajn
tree is special (Proposition 4.2).

Theorem 6.2. [t is consistent that every forcing notion in FSCO with the
property Ry x, has precaliber X1 and there exists a non-special Aronszajn tree.

Therefore it is consistent that KC,, (R x,) holds for alln € w and MAy, (R x,)
fails.

To show this, we use the technique due to Shelah showing the consistency
that Suslin’s Hypothesis holds and there exists a non-special Aronszajn tree [27,
Chapter IX].

The rest of this section is devoted to the proof of Theorem 6.2. In this proof,
we use two kinds of notion of levels. One is levels of nodes of an Aronszajn tree
T, called heights in this paper, and denote the height of a node ¢ of T' by htr(t).
The other is defined as below. This is necessary to define a forcing notion
Q(Q, I, M) below.

Definition 6.3. Let P be a forcing notion of size Ry, and M = (My; o € wy)
a sequence of countable elementary submodels of H(Ng2) such that P € My, and
for every oo € wy, (Mg; 3 € o) € M. Then for each p € P, define

lVP,M(p) = Iv(p) ;== min{a € wy;p € M,}.

Definition 6.4. Let Q be a forcing notion in FSCO, I an uncountable subset
of Q, and M = (My;a € wy) a sequence of countable elementary submodels of
H(Rq) such that {Q,I} € My, and for every a € wy, (Mp; 8 € a) € M. (Then
we notice that for each o € wy, the set

In | M\ UM[3
BEa

is not empty, in fact, it is uncountable in M,.)
Define Q(Q, I, M), whose conditions (h, ) satisfies that

e h is a finite partial function from wy into wq,
e for any o, B € dom(h), o < h(w), and if a < 3, then h(a) < 3,

e f is a finite partial function from the set |
mto wq,

a€cdom(h) {U € |V(O’) = h(a)}

o for any o € dom(f), f(o) <Iv(o),
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e for any o € dom(f), there exists a common extension of all members of

the set f=1[f(0)] in Q,
inversely ordered by extension, that is, for any (h, f) and (b, f') in Q(Q, I, M),

(h, f) < o150 (W, fY:<= h2Dh& fDf.
Moreover for a subset S of the set wy \ {0}, let
Q(Q.1,M,8) == {(h, f) € Q@ I, M);¥a € dom(h) N S (h(a) = @) }

whose order is the inherited one.

At first, we prove two lemmas, from which it follows that it is consistent that
every forcing notion in FSCO with the property R; x, has precaliber ®;. To prove
the following two lemmas, we don’t need the full strength of the property Ry x,.

Definition 6.5. A forcing notion P is called powerfully ccc if the finite support
products of any number of copies of P have the countable chain condition.

Powerfully ccc forcing notions play an important role to introduced a Ramsey-
theoretic characterization of Martin’s Axiom in [35] (see also [8, Chapter 3]).
In [33, p 837], Todorcevi¢ presented a problem whether Martin’s Axiom for
powerfully ccc forcing notions is actually the same as the full Martin’s Axiom.

We note that forcing notions with the rectangle refining property or the
property Ry x, are powerfully ccc (Proposition 2.8). The following two lemmas
hold for powerfully ccc forcing notions in FSCO, so the two lemmas are also
available for forcing notions in FSCO with the rectangle refining property.

Lemma 6.6. Suppose that Q is a powerfully ccc forcing notion in FSCO, I
is an uncountable subset of Q, M = (My;« € wy) is a sequence of countable
elementary submodels of H(Xg) such that {Q,1} € My, and for every a € wy,
(Mg; B € a) € M, and S Cwy \ {0}.

Then both Q(Q,I,M) and Q(Q, I,M,S) are proper. In fact, for a large
enough regular cardinal 0, a countable elementary submodel N of H(0) which
has the set {Q,M,S}, a condition (h, f) of Q(Q,I,M) (or Q(Q,I,M,8)),
and a countable ordinal § larger than the ordinal wy NN, (R U {{w1 N N,d)}, f)
is (N, Q(Q, I, M))-generic (or (N, Q(Q,1,M,S)-generic if it is a condition of
Q(Q,I,M,S))

Proof. We will prove only for Q(Q, I, M) A proof for Q(Q,I,M,S) is com-

pletely the same. Let Q, N, (h, f), § be as in the assumption of the statement
of the lemma, and let (b, f) <o) (hU{{w1 NN, 6)}, f) and D a dense

open subset of Q(Q, I, M ). We will find a condition in DNN which is compatible
with (7', f') in Q(Q, I, M).

Without loss of generality, we may assume that (', f') € D. We note that
(WIN, f'IN) is in Q(Q, 1, M) N N because wq NN € dom(h’). Let

L:={f'(0);0 €edom(f')\ N & f'(0) ew1 NN},
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which is a finite subset of IV, and hence is in N. Let
D= {(k,g) € D; (k.9) <oty (WINFIN) & g7 {a}] # 0 for all a € L} .

We note that D’ is in N, and is dense in Q(Q, I, M) below (h/|N, f'IN). So
by the definition of Q(Q, I, M), there exists a subset J of the product “Q of L
many copies of Q in N such that for each (k,g) € D', there is (uq; € L) in J
such that for every o € L, p, is an extension of all members of g~ [{a}] in Q.
Since (W', f') € D', there exists (7,; € L) in J such that for each « € L, 7,
is an extension of all members of (f')~1[{a}] in Q. Let J' € N be a maximal
antichain in J, that is,

e for every ji and 7 in J', if ji # 7, then [i and ¥ are incompatible in “Q,
e for every ji, there exists 77 € J' which is compatible with /i in LQ.

Since Q is ccc (which follows from the powerful cccness of Q), J' is countable,
hence J" C N. Since (7,;a € L) is not in N, we notice that (1,;a € L) & J'.
Let {pa;a € L) € J' be compatible with (7,;a € L) in £Q, and let (k,g) €
D’ N N be such that for each a € L, u, is an extension of all members of
g '{a}] in Q. Then (W Uk, f' Ug) is a common extension of (1, ') and (k, g)
in Q(Q, I, M). O
Lemma 6.7. Suppose that Q is a powerfully ccc forcing notion in FSCO, T
18 an uncountable subset of Q, M = (My; a0 € wy) is a sequence of countable
elementary submodels of H(Ng) such that {Q,I} € My, and for every a € wy,
(Mg; B € a) € My, and S Cwy \ {0} is stationary.

Then Q(Q, I, M, S) adds an uncountable subset I' of I such that every finite
subset of I' has a common extension in Q.

Proof. Let Q, I, M , S be as in the assumption of the statement of the lemma,
and let G be a Q(Q, I, M, S)-generic filter. For each o € wy, the set

{(h.1) € Q@ 1,11, 8);dom(R) £ o & 3o € dom(f) (Iv(e) = ) |
is dense in Q(Q,I, M, 5S). So in the extension V[G], the sets

hg = U h and fo = U f

(h,f)eG (h,f)EG
are both uncountable.
Next, we show that dom(hg) NS is stationary in V[G]. To show this, we

work in the ground model V. Let C be a o(Q, I, M, S)-name for a club on wy,
and (h, f) € Q(Q,I,M,S). We take a countable elementary submodel N of

H(#) which has the set {@J, M,S,C, (h, f) } such that w; NNV € S. Then by
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the previous lemma, (hU {(wy N N,w; N N)}, f) is (N, Q(Q, I, M, S))-generic
and so )
<hU {<(.U1 NN, w;y ﬂN>},f> H_Q(Q,I,]V_f,s) “worNNeC?”.

Thus

(hU {{w1 N N,w; N N)Y, ) IF “wi NN €dom(hg)NSNC 7.

2(Q,1,M,S)

In V[G], by genericity, for every a € dom(hg), we can pick o, € dom(fg)
such that Iv(c,) = hg(a). Then for every o € dom(hg) NS,

faloa) < W(oa) = hg(a) = a,

so by Fodor’s lemma, there exists a stationary subset S’ of dom(hg) N S and
7 € wy such that for every oo € S’, fa(0a) = 7y. Then the set {o4; 0 € S’} is an
uncountable subset of I and has the finite compatibility property in Q. O

Therefore by a bookkeeping argument, we can force by the countable support
iteration that every forcing notion in FSCO with the rectangle refining property
or the property R; x, has precaliber R;.

To force that a fixed non-special Aronszajn tree (in fact, we start with a
fixed Suslin tree) is still not special, we use the following preservation condition.

Definition 6.8 (Shelah [27, Chapter IX, 4.5 Definition]). Let T be an Aron-
szajn tree and S a subset of wy.
A forcing notion P is (T, S)-preserving if for a large enough regular cardinal

0, a countable elementary submodel N of H(0) which has the set {P,T,S} and
p € PN N, there exists ¢ <p p which is (N,P)-generic such that if vy "N & S,
then

for any x € T of height vy N N,

fVAe P(I)NN(ze A—Jyec Ay <r x)),

then for every P-name A, which is in N, for a subset of T,

gFrp“czeA—-3IyecAly<pz)”.

We note that if the above T is Suslin, then it follows (°) that
VAeP(T)NN(ze€e A—3Jyec Ay <r x)).

To show the next lemma, we use the full strength of the property Ry x,. We
don’t know whether or not the same holds for forcing notions in FSCO with the
rectangle refining property.

6Let A€ P(T)NN and € ANT,, N, and let A’ € N be a maximal pairwise compatible
subset of A. Then since T is Suslin, A’ have to be countable, so A’ C N. Since = € A, there
exists y € A’ which is comparable with z. Since htr(y) < wi NN = htr(z), y <t =.
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Lemma 6.9. Suppose that Q is a forcing notion in FSCO with the property
Rix,, I is an uncountable subset of Q, M = (My; a0 € wy) is a sequence of
countable elementary submodels of H(Rz) such that {Q, I} € My, and for every
a €wy, (Mg; 8 €a)e M,, and S Cw; \ {0} is stationary.

Then Q(Q,I,M, S) is (T, S)-preserving.

Proof. Let Q, I, M , S be as in the assumption of the statement of the lemma,
and T, 0, N as in the statement of the definition of the (T, S)-preservation,
(moreover we suppose M € N, to calculate levels of conditions in Q) and (h, f) €
Q(Q,I,M,S) N N. Suppose that w1 NN &€ S, because if w; NN € S, then the
condition (h U {{w1 N N,w1 N N)}, f) is as desired.
Let
d:=sup{F(wiNN)+1;F € (“'w;) NN}.

Since N is countable, ¢ is a countgble ordinal. We will show that the condition
(hU{{w1 NN, }, f) of Q(Q, I, M,S) is our desired one.

By Lemma 6.6, (h U {{w1 N N,0)}, f) is (N, Q(Q, I, M, S))-generic. Suppose
that x € T of height w; N IV such that for any subset A € N of T, if x € A,
then there is y € A such that y <r 2. Let A € N be a Q(Q, I, ]\Zi, S)-name for
a subset of T. We will show that

(hU{{wiNN, )}, llrg“zg AorIye A(y <ra)”.
Let (n', f') <@ 1,11.9) (hU{{w1 N N,d)}, f), and assume that
(W', f) o a g A7
By strengthening (h/, f') if necessary, we may assume that
(W, fY gz e A

We note that (R[N, f'IN) is in N (because w; N N € dom(h’)) and for every
o € dom(f’)\ N, Iv(c) > & by the definition of Q(Q, I, M, S). Let

L:={f'(0);0 €dom(f’) & f'(¢) Ewr NN},

which is a finite subset of N, hence is in N. Let (7,;« € L) be in the product
LQ such that for each a € L, 7, is an extension of all members of (f')~![{a}]
in Q. The sequence (74; € L) does not belong to N, however we notice that
the sequence (17, N N;a € L) belongs to N. We define a function F' with the
domain

{t € T; htr(t) > max(dom(h'|N))}
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such that for each ¢ € T' of height larger than max(dom(h'[N)),

F(t) := sup {ﬂ € wy; there exists (k,g) € Q(Q, I, M, S) such that
e min(dom(k)) = ht(t),
o k(htr(t)) = 3, B
o (WIN)UEK,(f'IN)Ug) is a condition of Q(Q, I, M, S),
o (WIN)UE,(f'IN)Ug) Fowriis “tE A7, and
e there is (uq;a € L) such that for all « € L,
o 2 Ta NN and p, <g o

for all o € ('[N) " [{a}] Ug~*[{a}]}.
Then F belongs to N. Let
B := {t € T;hty(t) > max(dom(h'|N)) & F(t) = w1},
which is also in N. We define a function F’ with the domain
[max(dom(h'[N)) + 1,w:)
such that for a countable ordinal 3 larger than max(dom(h'[N)),
F'(B) :==sup {F(t) + 15t € T\ B & hty(t) € (max(dom(h'IN)), 5]} .
This F' is a function from w; into w; and also in N. Hence F'(wyNN) <

by the definition of §. Since (A, f') IFQ(@J’MVS) “r e A7 T DT NN

and 7, is a common extension of conditions in (f')~[{a}] for all « € L, and
R (htr(x)) = B (wi N N) =6, F(x) > ¢ holds. Therefore x have to belong to B.
Thus by our assumption, there exists y € B such that y <p x. Let

E = {(k.g) € QQ I, M.S); emin(dom(k)) = htr(y),
o ((IN) Uk, (/'IN) U g) )
is a condition of Q(Q, I, M, S)7
o ((WIN)UE,(f'IN)Ug) “_Q(QJ’M’S) “ye A7,

and
e there is (fuq; € L) such that for all « € L,
o 2 Toa NN and pg <g o

for all o € (f'IN)"[{a}] U g—l[{a}]}.

We note that E is in N, and uncountable because F(y) = w;.

Then there exists a subset J of the product “Q in N such that for each
(k,g) € E, there is (ta;a € L) in J such that for every a € L, o 2 7, NN and
[lo is an extension of all members of (f'[N)~'[{a}]Ug ! [{a}] in Q. Then there
exists J' € [J]®* N N such that for every o € L, the set {uq; (uy;y € L) € J'}
forms a A-system with root v,. We note that the sequence (v,;« € L) is in N
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and for each « € L, v, 2 7, N N. So by the property Ry x, of “Q, there exists
J" € [J']*1 NN such that every member of J” is compatible with (7,;a € L) in
LQ. Therefore when we take any {(u,;a € LY € J"N N and (k,g) € EN N, for
every o € L, a common extension of u, and 7, is an extension of all members
of (f'IN)*[{a}]Ug [{a}] in Q, so (W Uk, f'Ug) is a common extension of
(W, 1"y and (k,g) in Q. Moreover it follows that

« y e A .

(W Uk, f'ug) |FQ(Q,I,M,S)

O

The rest of the proof of Theorem 6.2 is the same to Shelah’s original one
[27, Chapter IX, 4.8 Conclusion] (7). We start in the ground model where
2% = Ny, 2% = Ny, and there exists a Suslin tree T. Let S be a station-
ary costationary subset of the set w; \ {0}. We define an R;-free iteration
(Pe, Qn:; € < wa & 1 < wa) such that

e Qo = Q(T,S), which is not a forcing notion defined above, but one defined
by Shelah [27, Chapter IX, 4.2 and 4.3 Definitions],

e cach @, satisfies one of the following:

1. Qy is proper and (7, S)-preserving of size Ry,
2. for some Pe-name of an antichain Aof T, hty [A] NS =90and Q, =

Qetub (w1 \ htr[A]), which shoots a club through the set w; \ htz[A]
by countable approximations,

o for every £ € wy and Pe-names Q and I for a forcing notion in FSCO with
the property R;x, and an uncountable subset of Q respectively, there
exists ) € wy such that
IFp, “ Q, = Q(Q',f,M7S), where Q' is a forcing notion in FSCO with

the property R; x, and M = (My; a € wy) is a sequence of countable
elementary submodels of H(Xz) such that {Q, I} € My, and for every
a € wy, (Mg;8€a) € M, , and if Q has the property Ry x,, then

Q=0
o for every £ € wo and a Pg-name A of an antichain of T, there exists 1 € ws
such that
IFp, “ htr [A] NS =0and Q, = chub(wl \ hty [A’]) for some A’ such that
A — A/ .

7Shelah’s proof uses an Ri-free iteration. This is different from a countable support it-
eration. But Schlindwein proved in [26] that the same proof works for a countable support
iterations. So our theorem can be shown by a countable support iteration.
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The reason why this works well is also same to [27, Chapter IX, 4.8 Con-
clusion]. (Since this iteration is proper, S is a stationary costationary subset of
w1 in the extension. The third condition guarantees that every forcing notion
in FSCO with the property Ry, has precaliber X; in the extension, and the
other conditions guarantee that T' is S-st-special (so T is a non-Suslin Aron-
szajn tree) and for every antichain A of T, the set of levels of A minus the set
S is nonstationary (so 7' is not special) in the extension.)

7. Questions

From the result of the previous section, we conclude that Ko(Rqx,) does
not imply that every Aronszajn tree is special. This is quite different from
Todoréevié’s result in [33, Theorem 1] that ICy implies that every Aronszajn tree
is special. We can modify his result in a straightforward manner by considering
the following property. This looks very similar to the definition in [42].

Definition 7.1. A partition Ko U K1 = [w1]? has the weak rectangle refining
property if there exists an absolute property P with the parameter Kq such that

e any uncountable subset of w1 has an uncountable subset which satisfies the
property P, and

e for any two uncountable subsets I and J of wy, if IUJ satisfies the property
P, then there are uncountable subsets I' and J' of I and J respectively such
that for every a € I' and 8 € J' with a < 8, {«a, 5} € K.

Let K4 (wrec) be the Kj for every partition on [w]? with the weak rectangle
refining property. Since the rectangle refining property is stronger than the
weak rectangle refining property, K (wrec) implies K (rec). In [33, Theorem 1],
Todorcevié¢ actually proved that Kj(wrec) implies that every Aronszajn tree is
special.

Question 7.2. 1. Does KCj(rec) imply Kb (wrec)? That is, is Kh(rec) equiva-
lent to Ko(wrec)?
2. Does Kb (rec) imply that every Aronszajn tree is special?

As seen through this paper, we see common results about the rectangle refin-
ing property and the property R; x,. The only difference we found in this paper
is Theorem 6.9. We showed that if Q has the property Ry x,, then Q(Q, I, .7\27 S)
is (T, S)-preserving. But we don’t know that whenever Q has the rectangle re-
fining property, whether Q(Q, I, M, S) is (T, S)-preserving or not.

Question 7.3. What is a difference between the rectangle refining property and
the property Rix, ¢ Is the (T, S)-preservation one of differences between the
rectangle refining property and the property Ry x, ¢

Question 7.4. Is it consistent that =C(arec) holds and there exists a non-special
Aronszajn tree?
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(1), and thank the referee for careful reading of the paper and useful suggestions.

I am grateful Ilijas Farah and Paul B. Larson for discussions on author’s
previous works of fragments of Martin’s Axiom.
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