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Introduction

In this paper, we investigated problems on orbit categories. The
first one is to give presentations of Grothendieck constructions that
are generalizations of orbit categories, and second one deals with a
derived equivalence classification of algebras that have the form of orbit
categories.

Presentations of Grothendieck constructions. Throughout chap-
ter 1 I is a small category, k is a commutative ring, and k-Cat denotes
the 2-category of all k-categories, k-functors between them and natural
transformations between k-functors.

The Grothendieck construction is a way to form a single category
Gr(X) from a diagram X of small categories indexed by a small cate-
gory I, which first appeared in [8, §8 of Exposé VI]. As is exposed by
Tamaki [19] this construction has been used as a useful tool in homo-
topy theory (e.g., [20]) or topological combinatorics (e.g., [21]). This
can be also regarded as a generalization of orbit category construction
from a category with a group action.

In [5] we defined a notion of derived equivalences of (colax) func-
tors from I to k-Cat, and in [6] we have shown that if (colax) functors
X, X'": I — k-Cat are derived equivalent, then so are their Grothendieck
constructions Gr(X) and Gr(X’). An easy example of a derived equiva-
lent pair of functors is given by using diagonal functors: For a category
C define the diagonal functor A(C): I — k-Cat to be a functor sending
all objects of I to C and all morphisms in I to the identity functor of
C. Then if categories C and C" are derived equivalent, then so are their
diagonal functors A(C) and A(C’). Therefore, to compute examples of
derived equivalent pairs using this result, it will be useful to present
Grothendieck constructions of functors by quivers with relations. We
already have computations in two special cases. First for a k-algebra
A, which we regard as a k-category with a single object, we noted in
[6] that if I is a semigroup G, a poset S, or the free category PQ of
a quiver ), then the Grothendieck construction Gr(A(A)) of the di-
agonal functor A(A) is isomorphic to the semigroup algebra AG, the
incidence algebra AS, or the path-algebra AQ), respectively. Second in
[4] we gave a quiver presentation of the orbit category C/G for each
k-category C with an action of a semigroup G in the case that k is a
field, which can be seen as a computation of a quiver presentation of
the Grothendieck construction Gr(X) of each functor X: G — k-Cat.

In chapter 1 we generalize these two results in the following way:

(1) We compute the Grothendieck construction Gr(A(A)) of the
diagonal functor A(A) for each k-algebra A and each small cat-
egory 1.
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(2) We give a quiver presentation of the Grothendieck construction
Gr(X) for each functor X : I — k-Cat and each small category
I when k is a field.

Derived equivalence classification of generalized multifold ex-
tensions of piecewise hereditary algebras of tree type. Through-
out chapter 2 we fix an algebraically closed field k, and assume that
all algebras are basic and finite-dimensional k-algebras and that all
categories are k-categories.

The classification of algebras under derived equivalences seems to
be first explicitly investigated by Rickard in [16], which gave the de-
rived equivalence classification of Brauer tree algebras (implicitly there
exists an earlier work [7] by Assem—Happel giving the classification
of gentle tree algebras). After that the first named author gave the
classification of representation-finite self-injective algebras (see also [1]
and Membrillo-Hernéndez [14] for type A,,). The technique used there
(a covering technique for derived equivalences developed in [1]) is ap-
plicable also for representation-infinite algebras; it requires that the
algebras in consideration have the form of orbit categories (usually of
repetitive categories of some algebras having no oriented cycles in their
ordinary quivers). In fact, it was applied in [3] to give the classification
of twisted multifold extensions of piecewise hereditary algebras of tree
type by giving a complete invariant. Here an algebra is called a twisted
multifold extension of an algebra A if it has the form

Ty(A) = A/ () (0.1)

for some positive integer n and some automorphism 1 of A, where Ais
the repetitive algebra of A, v4 is the Nakayama automorphism of A and
w is the automorphism of A naturally induced from 1 (see Definition
2.1 and Lemma 2.2 for details); and an algebra A is called a piecewise
hereditary algebra of tree type if A is an algebra derived equivalent
to a hereditary algebra whose ordinary quiver is an oriented tree. In
chapter 2 we extend this classification to a wider class of algebras. To
state this class of algebras we introduce the following terminologies.

For an integer n we say that an automorphism ¢ of A has a jump n if
p(A) = A"l An algebra of the form

Alte)

for some automorphism ¢ of A with jump n for some positive integer n
is called a generalized multifold extension of A. Since obviously @/31/"}1 is
an automorphism of A with jump n in the formula (0.1), twisted mul-
tifold extensions are generalized multifold extensions. We are now able
to state our purpose. In chapter 2 we will give the derived equivalence
classification of generalized multifold extensions of piecewise hereditary
algebras of tree type by giving a complete invariant. Note that most
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algebras in this class are wild and that the tame part of the class has
a big intersection with the class of self-injective algebras of Euclidean
type studied by Skowroniski in [17] (see Remark 2.7).
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Chapter 1.
Presentations of Grothendieck constructions

In section 1 we give necessary definitions and recall the fact that all
categories can be presented by quivers and relations. Sections 2 and
3 are devoted to the computation (1) and a quiver presentation (2)
above, respectively. Finally in section 4 we give some examples.

1. PRELIMINARIES

Throughout this paper Q = (Qo, Q1,t, h) is a quiver, where t(a) €
Qo is the tail and h(a) € Q) is the head of each arrow « of ). For each
path p of @, the tail and the head of u is denoted by t(u) and h(p),
respectively. For each non-negative integer n the set of all paths of @)
of length at least n is denoted by )>,. In particular ()>( denotes the
set of all paths of Q.

A category C is called a k-category if for each x,y € C, C(x,y) is a
k-module and the compositions are k-bilinear.

Definition 1.1. Let @) be a quiver.

(1) The free category PQ of @ is the category whose underlying
quiver is (Qo, @>o0,t, h) with the usual composition of paths.

(2) The path k-category of @ is the k-linearization of PQ and is
denoted by k@.

Definition 1.2. Let C be a category. We set

Rel(C) = U 6(27]) X C(Z’j)v

(4,9)€CoxCo

elements of which are called relations of C. Let R C Rel(C). For each
1,7 € Cy we set

R(i,j) == RO (C(i,5) x C(i, j))-
(1) The smallest congruence relation

R := | {(dac,dbe) | c €C(—,i),d € C(j,—), (a,b) € R(i, )}

(17])600 ><CO

containing R is called the congruence relation generated by R.



(2) For each i, € Cy we set
R0, 5) == {(g, f) € C(i,5) x C(i,j) | (f,9) € R(i, 5)}
Loy =A{(f,[) | f€Cij)}
S(i,5) = R(i,j) U R~ (i, j) U leq)
S(i,4)" = 8(i.J)
S, 5)" == {(h, f) | 3g € C(i, ), (g, f) € S(i,7), (h,g) € S(i,5)" '} (for all n > 2)
S(i,7)>° = U S(i,7)", and set
n>1
R= ) 865>
(i,j)ECQXCo
R° is called the equivalence relation generated by R.
(3) We set R* := (R°)° (cf. [10]).
Remark 1.3. In the statement (2) above, S(i,7)* is the smallest
equivalence relation on C(i, j) containing R(7, j) for each i, j € Co.
Definition 1.4. Let C be a category and R C Rel(C). Then a category
C/R* is defined as follows:
(i) (C/R*)o = Co.
(i) For i, j € (C/R*)o, (C/R¥)(i, ) := C(i, )/ R* (i, j).
For each f € (C/R*)(i,j), we set f the equivalence class of f

in R¥.
(iii) For 4,7,k € (C/R¥)y and [ € (C/R¥)(i,7), g € (C/R¥)(j, k),
gofi=gof.

(iv) A functor F : C — C/R¥ is defined as follows:
(a) For i € Cy, F(i) = 1. B
(b) Fori,j € C(i,j) and f € C(i,j), F(f) = f.
Remark 1.5. In definitionl.4, R¥ is a congruence relation, therefore
the composition in (iii) is well-defined.

The following is well known (cf. [13]).

Proposition 1.6. Let C be a category, and R C Rel(C). Then the
category C/R¥ and the functor F : C — C/R* defined above satisfy the
following conditions.
(i) For each 1,5 € Cy and each (f, f') € R(i,j) we have F f = F f'.
(i) If a functor G : C — D satisfies Gf = Gf' for all f, f' € C(i,7)
and alli,7 € Cy with (f, f') € R(i,7), then there exists a unique
functor G' : C/R* — D such that G' o F = G.

Definition 1.7. Let @) be a quiver and R C Rel(PQ). We set
(Q| R) :==PQ/R*.
The following is straightforward.
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Proposition 1.8. Let C be a category, Q) the underlying quiver of C,
and set

R:={(ei, 1), (. (1)) | 7 € Qo, 1 € @22} € Rel(PQ),
where e; is the path of length 0 at each vertexr i € Qo, and [u] =
ay0---oay (the composite in C) for all paths p = o, ... € Qo with
a1, ...,0, € Q1. Then
C=(Q|R).

By this statement, an arbitrary category is presented by a quiver
and relations. Throughout the rest of this paper [ is a small category
with a presentation I = (Q | R).

2. GROTHENDIECK CONSTRUCTIONS OF DIAGONAL FUNCTORS

Definition 2.1. Let X : [ — k-Cat be a functor. Then a category
Gr(X), called the Grothendieck construction of X, is defined as follows:

(i) (Gr(X))o := .U{(@}w) |z € X(i)o}

(ii) For (i, ), (j,y) € (Gr(X))o
Gr(X)((i,2), (j,y) = @ X()(X(a)a,y)

a€l(i,j)
(iii) For f = (fa)ae[(i,j) € Gr(X)((4,2),(j,y)) and g = (gb)bel(j,k) €
Gr(X)((4, v), (K, 2))

gof=1 > aX®/f
«E1(1%)
bel(jk) c€I(ik)
Definition 2.2. Let C € k-Cat,. Then the diagonal functor A(C) of
C is a functor from I to k-Cat sending each arrow a: ¢ — j in I to
Is: C — C in k-Cat.

In this section, we fix a k-algebra A which we regard as a k-category
with a single object *x and with A(x,*) = A. The quiver algebra AQ of
Q@ over A is the A-linearization of PQ, namely AQ = A @y kQ.

Definition 2.3. The ideal of AQ) generated by the elements g — h with
(g,h) € R is denoted by (R) ,:

(R)a = AQ{g — h[(g,h) € R}AQ.

The purpose of this section is to prove the following theorem which
computes the Grothendieck construction Gr(A(A)) of A(A) : I —
k-Cat.

Theorem 2.4. Gr(A(A)) = AQ/(R) 4.



To prove this theorem, we use the following two lemmas.

Lemma 2.5. Let S be a set, E C S xS an equivalence relation on S.

Then
(EPpA)/( > Alg-h)= P Az

x€S (g,h)eE TeS/E

Proof. Let ¢ : @Ax — @ AZ be a homomorphism of A-modules
z€S TES/E
defined by z — T (x € S). Then the sequence

0— Z A(g —h) %@Aw% @Az—m
(g,h)EE zeS zeS/E

is exact. Indeed, since ¢ is obviously a surjection by definition, it is
enough to show that Kere = Z A(g —h).

(9,h)EE
For each (g,h) € E we have

e(g—h)=g—h=g-h=
and hence Z A(g — h) C Kere.

(g;h)eE
To prove the reverse inclusion, let Z%ﬂﬁ € Kere (a, € A). Then
. zes
since
0=¢ (Zaxm) = Z%E: Z Z%’f;
z€S z€S TES/E v’ €T
we have ), —a, = 0 for each ¥ € S/E, and hence for each z € S we
have
=Y a
' ex\{x}

and

Z ap® = a,x + Z apyx = Z ay (' — ).

€T z'ex\{z} z'ex\{z}

Let L be a complete set of representatives in S/E. Then we have

Z a T = Z Z ay (' — ).

z€S z€L (z,x')eE\{(z,z)}
Hence Kere C Z A(g—h) and we have Kere = Z A(g—h). O
(9.h)eE (9,h)EE

We will give an explicit form of (R)4 as follows.

Lemma 2.6. For each i,j € Q,

(Ra(i.j)= Y.  Alg—h)

(9,h)ER# (i.5)



9

Proof. Define J by setting J (i, j) := Z A(g—nh) foralli, j € Qo.
(9,h)ERH (i)

First, we prove that J is an ideal of AQ. It is obvious that J(i,j) is

closed under addition. Let a € AQ(i,1), b € AQ(j, '), ¢ € J(i,]).

Then there exist aq, bg, ¢y € A such that

a = E Ao

a€PQ(i9)

b= ) byf

BEPQ(,4")

¢ = Z Cgn(g —h)

(9,h)ER# (i.5)

and

bca = Z bsfs Z con(g—h) Z e

BEPQ(j,5") (g,h)ERH# (3,5) a€PQ(i'4)

= Z Z Z bscynaa(Bga — Bha),

BEPQ(4,5') (g,h)ER# (4,§) a€PQ(4 )

where we have (Bga, Bha) € R¥ for all (g,h) € R¥ (i, j). Hence bca €
J(i',7") as desired.

Next, we prove that (R),(i,7) = J(i,7). Since R C R*, for each
(g,h) € R(i,7) we have
Hence (R)(i,7) C J(i,5) because J is an ideal of AQ. Further for
each (g,h) € R°(3,j), there exist (¢',h') € R(7,j"), e € PQ(i,7') and
f €PQ(j',7) such that

(g,h) = (fg'e, fhle).
Then
g—h=fge—flle= f(g —N)ee (R)li,j).

Hence also for each (g, h) € R¥(i,j) we have g—h € (R) ,(i, j) because

(R) 4 is an additive subgroup of AQ. Therefore J(i,j) C (R)a(i,7), and
hence (R)4(i,j) = J(3,]). O

PROOF OF THEOREM2.4
The object classes and the morphism spaces of Gr(A(A)) and AQ/(R) ,

are given as follows.

Gr(A(A)):
(i) Gr(A(A))o ={(i,*) [ i € Qo}
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(i) For (i,%), (j,*) € Gr(A(A

Gr(A(A))((F, ), (4,%))

AQ/(R) a:
() (AQ/(R)a)o = Qo.
(ii) For i,j € (AQ/(R)a)o

(AQ/(R)4)(i, j)

))o

( D Aa)/(R)ali.))

a€PQ(i,5)

( D 4w/

a€PQ(i,5)

@Aa

>

(9,h)ERH# (i.5)

A(g—h)

a€l(i,j)

by Lemma 2.6 and the last equality is given by the isomorphism in

Lemma 2.5. We define a functor

(.
(fa)ael(i,j

for each (fa)acr(ij) : (4,%) — (4,
well-defined as a k-linear functor

F(1.)

For each f € Gr(A(A))((7, *,
there exist f,, g9, € A (a € I(

?7

Y

(
J

f
g

1, %

)

J
)

F: Gr(A(A)) = AQ/(R) 4 by

) > i

y = Z faa

a€l(ij)

) in Gr(A(A)). We check that F' is
. For each (i,%) € Gr(A(A))y we have

F((01:0)acri)

Z 511.&@

a€l(ig)
1;

;) and g € Gr(A(A))((7, %, ), (K, %)),
,b € I(j,k)) such that

(fa)aciij)
(gb)bel(j,k)-
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Then

Flgof) = F|| > ol
o£T(0)

bel(5.k) cel(ik)

= > | D af]c

cel(ik) aé?(biaj)
bel(j,k)

FigF(f) = | D ab|| D fua

bel(y,k) a€l(i,j)

= Z Zgbfa c

cel(ik) c?(b'a‘)
acl(z,)
bel(j,k)

= F(gof).
Hence F' is a functor. Obviously F' is k-linear. It is clear that F' is
bijective on objects and that for each i,j € Qp, F' induces an isomor-
phism
Gr(A(A)) (6, ), (4, %)) = (AQ/(R)a)(i, )
by the definition of F. Therefore Gr(A(A)) = AQ/(R) 4. O

Remark 2.7. Theorem 2.4 can be written in the form

Gr(A(4)) = Ay (kQ/(R)x).

3. THE QUIVER PRESENTATION OF GROTHENDIECK
CONSTRUCTIONS

In this section we give a quiver presentation of the Grothendieck
construction of an arbitrary functor I — k-Cat. Throughout this
section we assume that k is a field.

Theorem 3.1. Let X : I — k-Cat be a functor, and for each i € I
set X (1) = kQW /(R with & : kQW — X (i) the canonical mor-
phism, where R C kQ®W, (RV)y N {e, | € Q(i),} = 0. Then the
Grothendieck construction of X is presented by the quiver with relations
(Q, R) defined as follows.

Quiver: Q' = (Qf, Q4,t', 1), where
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i) Qp —U{35|37€Q0
i€l

= UJe la e @YU {(a,m) s ir > j(ar) [ai— €
i€l

Qi 2 € QY ax #0}},

where we set ax == X(a)(x).
(iii) For o € QW ¢/(;a) = t® ( ) and h'(;o) = h9(a).
(iv) Fora:i—j € Q1,x € QO ,t'(a,x) = iz and B (a,x) = j(az).
Relations: R' := R} U R, U Rj, where

(i) Ry :={o(n) | i€ Qo,pe RV},
where we set o : kQW — kQ'.

(i) R == {m(g,sx) — 7(h,:x) | i,j € Qo, (g, h) € R(i,j),x € Q},

where for each path a in Q) we set
m(a,;x) == (an,i,_,(@n_1Gn_2...a12)) ... (as, (1)) (a1, x)
if a = a,...axay for some arrows ay,...,a, i Q, and
m(a,;x) = e,

e; for some 1 € Q.

{(a,i9)ic — j(aa)(a,2) | a i = j € Qra:z —
N where we take ac : ax — ay so that ®D(aa) €
(

o € kQ® —2% X (i)
X(a)
aa € kQW —22 X ().
Note that the ideal (R') is independent of the choice of aa because
R CR.
Proof. We define a k-functor @ : k@’ — Gr(X) as follows:

(i) for ;z € Qp, P(;x) = (i, x);

i) for ;o sz =y € QY ®(a) = (61,0 ())acriin;

(i) for (a,;z) : s — j(ax) € Q), ®((a,x)) = (dapllx @)(2) )ber(i);
(iv) for apavy_q...a1 €PQ (aq,...,a, € Q')

Oy 1...0q) := P(a,)P(y_1) ... P(ay); and
(V) for f = ZaE]P’Q/(iI,jy) faa € kQ/(l'T?]y) (foz € k)
O(f) = Y. fa®(a)
a€PQ’ (iz,;y)

Claim 1. ® is well-defined as a k-functor, and is bijective on objects.
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Indeed, this is clear by noting that for each ;x € Q) we have
(I)(elx) = (5li,aq)(i)(ex))ael(i,i)
= L.
Claim 2. ®(R') = 0.
Indeed, for each 7 € Qq, a, 8 € Qgi) we have

(i) = @(:8)P(;)
= (51¢,bq)(i)(6))bel(i,i)(51¢,aq)(i)<05))ael(i,i)

= | 3 6,020 (8)X(1)(61,.9(a)

c=ba
a€l(ig)
bel(i,i)

- <5li,c®(i)(ﬁa))cel(i,i)7

which shows that ®(c®(u)) = (51i,c¢’(i)(ﬂ))cef(i7i) for each 11 € PQ®,
and that for each u € R,

(I)(a(i) (M)) = (51i:aq)(i) (:U'))ael(i,i) = (512‘@0)(16[(1',1') = 0.

Thus ®(R}) = 0.
For each g1 : i — 7,90 : ] = k€ Qy, v € Q'

D(7(g201,:7)) = P((92,5(912)))2((91,i7))
(052, 1x (53) (g12) Jbe 1 (k) (gm0 L (g) (2) ) a1 (i)

c€I(i,3)

= | Y dmlx@mion X (0)0gelx@ne)

c=ba
a€l(i,g)

beI(j,k) ceI(ik)

= (Oggr.c1x @) (012) Ix @n)(@)) cer(ih)
= (Oggr.cLx (qagm) (@) )1 (ib)
which shows that ®(7(g,,x)) = (6551x(g)(2))eery) for each g € PQ.
Therefore
q)(ﬂ'(g,ll‘) - W(h,ll')) = (I)(W(g7zx)) - (D(ﬂ-(h7 zx))
(5. 1x(g) ) )eer(ig) — Onalx(my@)act(i)
0

because g = h for each (g, h) € R(i,5). Thus ®(R}) = 0.
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Fora:i—>j€Q1,a:x—>y€Q§i)

O((a,y)ic) = @((a,y))P(:a)
= (baclx@)w))eertii) (01, 62P (@) )beriii

= | ) Gaclx@mX(c)(61,:29 ()
d=cb
bEI(iri)
c€1(i,5) del(i,j)
(ba.alx @) X (@) (27 () aeri.y)

= (004X (@)(2()))aer(i,

P(j(aa)(a,w)) = @(; (G@))Cb((a,ﬂ))
= (01,29 (a))ce 1) (0as x @) @) b1 (i)

= Z 01, @Y (ac) X (¢) (Oap Lx @)

beI(u)

c€1(34,5) de1(i:g)
= (02.49Y) (ac) X (1 i) Ax@)(2)))deri)
= (624®Y(aq))aeri)-

Since X (@)(®®(a)) = ®V)(aa) by the choice of aa, we have

O((a,1)ixr) = @(;(aa)(a, ix)).
Hence ®(R}) = 0, and finally ®(R") = 0.
By the claim above we see that ® induces a functor ® : kQ'/(R') —

Gr(X). We prove that ® is an isomorphism. To this end, we first
consider a basis of (kQ'/(R'))(;x, ;y) for each ;z, ;y € Q.

Claim 3. For each (g,h) € R*(i,j) and x € QW, 7(g, ;) = w(h,z).

Indeed, there exist some (a,b) € R(i,j'), ¢ € PQ(i,') and d €
PQ(j', 7) such that
(g9,h) = (dac, dbc).
Then

7(g,ix) —m(h,;x) = n(dac,;x) — w(dbe,;x)
= n(d, ylacw))n(a, o(ex))m(e, ) — 7(d, y(bez) (b, o(cx)) (e, o)
= n(d, y(acr))(m(a,v(cx)) = (b, v (cx)))m(c, ).

Therefore since 7(a, # (cz))—7(b, »(cz)) € R, we have 7(g, ,x)—n(h,;x) €

R'. Hence 7(g,;x) = w(h,;z).




15

For each a : i — j in I we define a functor X (a): kQ® — kQU as
follows:

e For each x € Qéi), X(a)(z) = X(a)(z).
e For each arrow a : z — y in Q¥ X(a)
>

e For each path p = a,...a1 (n

X(a)(ay)...X(a)(ar).

@) 1= aaq.
)

( )
2) in QV, X(a)(u) =

Claim 4. For each ;z,;y € Q and p € PQ'(;z, jy), there exist some

a € I(i,7) and v € kQY (;(ax), jy) such that i = vr(a,z).

Indeed, since (b, xv)rar — 1(ba)(b, gu) € R’ for each b : k — [ in Q

and o 1w — v in ng), we have

(b, kv)ka = l(boz) (b, ku),

which implies

(b, 10)o ™ (X) = dOX (B)(A) (b, vu)

for each A\ € kQ™ (yu, rv). By using this formula in the path 4 we can
move factors of the form (b, ;v) to the right, and finally we have

,l_’t - V(ata'rt) e (a/hxl)

for some 0 < t € Z, v € kQU, zq,--- ,2; € Qp, a1, ,a € Qn,
where (ag, z;)--- (a1, 1) is a path of length t in @', and hence we
have (at, x¢)---(a1,21) = w(a,21) (@ = a;---a1). Hence we have

v € kQU(;(azx), jy) and i = vr(a, ;z).

Claim 5. M = {an(a,;x)|a € I(i,5),a € Mj(azx,y)} is a basis of
(kQ'/(R"))(iz, jy), where M;(azx,y) is a basis of (kQY /(RW))(az,y).
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Indeed, assume Z kaoam(a,;x) = 0. Then

a€l(i,j)
aePQY) (az,y)

P Z kaaam(a,;x)
a€l(i,j)
a€PQU) (ax,y

)
=Y @0 )
a€l(i,j)

= D Faal01,629(0))eerr) (GapLxa @) verii)
acl(i,j)
aEPQ(j) (axry)

- Z ka,a( Z 51j,cq)(j)(a)X(c)(5a,b]1X(a)(m)))d€I(i,j)
d

acI(i,j) T
0P (azy) ML)
= Y haa(00a® (@)X (1) (I )i

a€l(i,j)

= Z ka,a(éa,dq)(j) (a))dél(i:j)

a€l(i.j)

— (I)(J) Z kd,aa

acPQU) (az,y) del(i,g)

=0

Since a@ € M;(ax,y), we have k;, = 0. Therefore M is a basis of
(kQ'/{R')) iz, jy)-
Here we define o,: X (j)(X(a)(x),y) — @ X(j)(X(a)(x),y) by

a€l(i,j)

po—= (Opatt)oery) for each p € X(j)(X(a)(x),y). Then a basis of

Gr(X)((4,2), (j,y)) is written by U 0o (Y (M(az,y))), and for
a€I(i,j)

each ar(a,;x) € M we have

(ar(a, ) = (00a®9(a))deriy)

Hence ® induces an isomorphism (kQ'/(R')) sz, jy) — Gr(X)((i,z), (4,v)).
Therefore ® is an isomorphism. O
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Remark 3.2. The description of the proof of Claim 5 in the proof of
Theorem 8.1 in [4] is not complete. This corresponds to Claim 4 above,
and the formula (8.4) in [4] should be replaced by a linear combination

n= Z Ly as,.CyQls . . . a1(ge, @) - - - (g1, 71)

with ¢, ,, . € k. Correspondingly, we must remove “7j =" in the last
formula in Claim 5 there. The earlier version arXiv:0807.4706v6 of the
paper records the correct proof.

4. EXAMPLES

In this section, we illustrate Theorems 2.4 and 3.1 by some examples.

Example 4.1. Let ) be the quiver

and let R = {(ba,dc)}. Then the category I := (Q | R) is not given
as a semigroup, as a poset or as the free category of a quiver. For any
algebra A consider the diagonal functor A(A): I — k-Cat. Then by
Theorem 2.4 the category Gr(A(A)) is given by

AQ/{ba — dc).

Remark 4.2. Let Q and Q" be quivers having neither double arrows
nor loops, and let f: Qo — Q) be a map (a vertex map between @
and Q). 1t Q(r.y) #£ 0 (z.y € Qo) mplies Q(f(x), f(y)) # 0 or
f(z) = f(y), then f induces a k-functor f: kP — kP’ defined by the

~

following correspondence: For each x € Qo, f(es) := €@, and for
each arrow a: x — y in @, f(a) is the unique arrow f(z) — f(y) (resp.

er@)) if f(x) # f(y) (resp. if f(z) = f(y))

Example 4.3. Let I = (@) | R) be as in the previous example. Define a
functor X : I — k-Cat by the k-linearizations of the following quivers
in frames and the k-functors induced by the vertex maps expressed by



18

broken arrows between them:

X(a) _ ~ S X(b)
P x@_ -] "7 =< T~
~ - X (b ~ ~
. - X(2) © =25
14 - -7 B
l R \X(C)\ X(3) X(d) _ - -~ " i
[ > N ~ - - - «
~ - S X T~ _ - - —~
27— St =1 - 2
h ~ ~ - _ - X(f) -
~ X ~ _ -
X1 T~ N P 7 X(5)
X(e) > < l - 7 X()
~ e _ -
S~k
X(4)
Then by Theorem 3.1 Gr(X) is presented by the quiver
~2l _
e . lga T~ -
(aal) _ ~ S (b2l
_ 7 (@12)_ -~ \\\\\ S
- - (b22) T ~ _
1Z _
1 _
~ - =" _(c1l) . _ -
Ql: 1O‘l >: \\\\ /(/dvd/l)////
12 777777 ~ 7\7(6\22)7 77777 : ;31 - - B _ —
~ ~ _ - (f741)
h ~ (8,11) ~ - - _
~ . . S41/ - >
(6712) =~ ~ l — - (fa42)
~ - 4Q _ -
- N _

with relations
R = {w(ba,11) — w(dc,11),7(ba, 12) — w(dec,12)}
U{(a, m)ie — j(aa)(a,) [a:i— j € Qra:z =y e Q)
where the new arrows are presented by broken arrows.

Example 4.4 (Semigroup case). Define a category I = (Q | R) by
setting
Q=(1_9), R={(g"¢")}
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Then I can be regarded as a semigroup with the presentation (g | g*> =
g®). We define a functor X : G — k-Cat as follows. Let Q) be the
quiver

1 —2>92—=3.

and set X (1) := kQW, and define an endofunctor X(g) of X (1) as
the k-functor induced by the vertex map X(g)(1) = 2,X(9)(2) =
3,X(g9)(3) = 3. Then by Theorem 3.1 Gr(X) is presented by the
quiver

a B -
Q=(1""322""23_63)
(g:1) (9, 2)

with relations

{( 3)( )( 1) (972)<g71),(9,3)(9,3>(972)_(973)(9,2>,
(9,3)(9:3)(9,3) = (9,3)(9,3), (9,2)a = B(g. 1), (9,3)8 — (9, 2)}-

Example 4.5. Let Q = (1—2>2) and I := PQ. Define functors
X, X": I — k-Cat by the k-linearizations of the following quivers in
frames and the k-functors induced by the vertex maps expressed by
dotted arrows between them:

1 2
N / \ X0

X X(@@) ' 3 X(a) X' 2 (a)

X(ay

Xa X X
74 \Y /»
1| X(2), 1 |X'(2)

Then by Theorem 3.1 Gr(X) is given by the following quiver with no
relations

11 12
104—( all)v ~ 3
(all) N ,*:“2’ (6%13)15 (a,12) B !
(013) (a,13)l
NP

2]- 21
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and Gr(X’) is given by the following quiver with a commutativity re-

lation
a,12)1o0 — (a,11)
a 1 ! a ’ 2 O 3
} B { ( 713)16 (avll) ! 7,'1
(fmz)"”g v & (a13) @12) X (and)
21 21

By using the main theorem in [6] derived equivalences between X (1)
and X'(1) and between X (2) and X’(2) are glued together to have a

derived equivalence between Gr(X) and Gr(X').

1%
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Chapter II.

Derived equivalence classification of generalized
multifold extensions of piecewise hereditary
algebras of tree type

After preparations in section 1 we first reduce the problem to the case
of hereditary tree algebras in section 2. Then we investigate scalar mul-
tiples in the repetitive category of a hereditary tree algebras in section
3, which is a central part of the proof of the main result. In section 4
we show that any generalized multifold extension of a piecewise hered-
itary algebra of tree type is derived equivalent to a twisted multifold
extension of the same type, which immediately yields the desired clas-
sification result.

1. PRELIMINARIES

For a category R we denote by Ry and R; the class of objects and
morphisms of R, respectively. A category R is said to be locally bounded
if it satisfies the following:

e Distinct objects of R are not isomorphic;

e R(z,z) is a local algebra for all = € Ry;

e R(x,y) is finite-dimensional for all z,y € Ry; and

e The set {y € Ry | R(z,y) # 0 or R(y,z) # 0} is finite for all
S Ro.

A category is called finite if it has only a finite number of objects.

A pair (A, E) of an algebra A and a complete set F := {ey,...,e,} of
orthogonal primitive idempotents of A can be identified with a locally
bounded and finite category R by the following correspondences. Such
a pair (A, E) defines a category R g = R as follows: Ry := E,
R(z,y) := yAx for all z,y € E, and the composition of R is defined
by the multiplication of A. Then the category R is locally bounded
and finite. Conversely, a locally bounded and finite category R defines
such a pair (Ag, ER) as follows: Ag := D, ,cp, R(z,y) with the usual
matrix multiplication (regard each element of A as a matrix indexed
by Ry), and Eg = {(1:0(,j),(2.2) )ijeRro | © € Ro}. We always regard an
algebra A as a locally bounded and finite category by fixing a complete
set Ay of orthogonal primitive idempotents of A.

For a locally bounded category A, we denote by Mod A the cate-
gory of all (right) A-modules (= contravariant functors from A to the
category Mod k of k-vector spaces); by mod A the full subcategory of
Mod A consisting of finitely presented objects; and by prj A the full
subcategory of Mod A consisting of finitely generated projective ob-
jects. KP(A) denotes the bounded homotopy category of an additive
category A.
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2. REPETITIVE CATEGORIES

Definition 2.1. Let A be a locally bounded category.
(1) The repetitive category A of A is a k-category defined as follows
(A turns out to be locally bounded again):

[} AO = AO X 7, = {.Z'[’L] = (Z',Z) | X € Ao,i € Z}
A (U] f e Ay =i A
o Azl 4y .= S {ol) | ¢ € DA(y,z)} ifj=i+1, forall 2l 4l € A,
0 otherwise,
e For each zl, yll, 2l € A; the composition A(yll, 2y x Azl yll) —
A2l 2[F) is given as follows.
(i) If i = j,j = k, then this is the composition of A A(y, z) X
Az, y) — Az, 2).
(i) If i = j,j+ 1 = k, then this is given by the right A-module
structure of DA: DA(z,y) x A(z,y) — DA(z,x).
(iii) If i + 1 = 7,7 = k, then this is given by the left A-module
structure of DA: A(y,z) x DA(y,z) — DA(z,x).
(iv) Otherwise, the composition is zero .

(2) We define an automorphism v4 of A, called the Nakayama auto-
morphism of A, by va(zll) := zli+1], (f[’]) = fiF vy (o) := plit1]
foralli € Z,x € Ay, f € A1, 0 € Ux,yer DA(y, ).

(3) For each n € Z, we denote by Al the full subcategory of A
formed by z!" with € A, and by 1. 45 Al < A,z 2zl the
embedding functor.

We cite the following from [3, Lemma 2.3].

Lemma 2.2. Let¢): A — B be an isomorphism of locally bounded cat-
egories. Denote by VY. A(y,z) — B(vy,vx) the isomorphism defined
by ¢ for all x,y € A. Define yv: A — B as follows.

o For each zll € A, (zl!) := ()i
e For each fl1 € Azl 4, @D(f[’]) = (Y f); and
o For each ¢ € (), ylt1), () := (D((p2) ) (@) = (p o
(vy)~l
Then
(1) ¢ is an isomorphism.
(2) Given an isomorphism p: A — B, the following are equivalent.

(a) p =ty
(b) p satisfies the following.
(1) pPVA = VRBpP;

(i) p(AP) = AL,
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(iii) The diagram

AL>B

1101 l J,I[O]

A0, Bl
p

18 commutative; and

(iv) p(dl%) = (¢ o (¥)™)O for all z,y € A and all ¢ €
DA(y, z).

Let R be a locally bounded category with the Jacobson radical
J and with the ordinary quiver (). Then by definition of () there
is a bijection f: Qo — Ro,x +— f, and injections a,,: Qi(z,y) —
J(fey )] T*(fu, f,) such that @, . (Q1(z,y)) forms a basis of J(fx, f,,)/J*(fas [4),
where Q1(x,y) is the set of arrows from x to y in @Q for all =,y € Q.
For each a € Qi(z,y) choose a,,(a) € J(fs, fy) such that a(a) +
J*(fz, fy) = @yz(a). Then the pair (f,a) of the bijection f and the
family a of injections a,,: Q1(x,y) = J(fs, fy) (x,y € Qo) uniquely
extends to a full functor ®: k@) — R, which is called a display functor
for R.

A path p from y to x in a quiver with relations (Q,I) is called
maximal if p & I but au, uf € I for all arrows «, 8 € Q). For a k-
vector space V with a basis {vy,...,v,} we denote by {v],..., v} the
basis of DV dual to the basis {vy,...,v,}. In particular if dim; V = 1,
v* € DV is defined for all v € V\{0}.

An algebra is called a tree algebra if its ordinary quiver is an oriented
tree.

Lemma 2.3. Let A be a tree algebra and ® : kQ) — A a display functor
with I := Ker ®. Then R R X .
(1) ® uniquely induces the display functor ® : kQ) — A for A, where

N

(i) @ = (QO,Q1,§,f) is defined as follows:
e Qy:=0QyxXZ= {2l .= (2,i) |z € Qo,i € Z},
e Q) xZ:={all:=(a,i) | a € Q,i € Z},
Q1 := (Qu x Z) U{p* | 11 is a mazimal path in (Q,1),i €
7},
o 5(all) = s(a), t(all) := t()! for all o € Q, x Z,
and if p is a mazximal path from y to x in (Q,1I) then,
S(pr) = 2l f(parlly = gl
(i) ® is defined by d(zl) := (®2)1, D(all) := (®a)?, and O(p*1) =
(@) for alli € Z, v € Qo, o € Q1 and mazimal paths
in (Q,1).
(2) We define an automorphism vg of Q by vg(x) := 21 vy (all) =
AUy () = Y for all i € Z,2 € Qo, o € Q1, and mazimal
paths pin (Q, ).
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(3) Ker & is equal to the ideal I defined by the full commutativity re-
lations on Q and the zZero relations = 0 for those paths p of Q for
which there is no path t(p) ~ vo(8(n)). (Therefore note that if a path
Qo 18 in I, then ol ~~~a[1i] is in I for alli € Z.)

Let R be a locally bounded category. A morphism f: x — y in R,
is called a maximal nonzero morphism if f # 0 and fg = 0,hf = 0 for
all g € rad R(z,x),h € rad R(y, 2), 2z € Ry.

Lemma 2.4. Let A be an algebra and z, yV! € Ag. Then there exists a
mazimal nonzero morphism in A(zl, V) if and only if yV! = v (2l7).

Proof. This follows from the fact that A(-, zi+1) = DAzl -) for all
1€ Z, xr € Ao. ]

Lemma 2.5. Let A be an algebra. Then the actions of ¢pva and va¢
coincide on the objects of A for all ¢ € Aut(A).

Proof. Let zl! € Ag. Then there is a maximal nonzero morphism
in A(z, v, (z!1)) by Lemma 2.4. Since ¢ is an automorphism of A,
there is a maximal nonzero morphism in 121(¢(x[i]), d(va(xl1))). Hence
d(va(z)) = v4(o(z1)) by the same lemma. d

The following is immediate by the lemma above.

Proposition 2.6. Let A be an algebra, n an integer, and ¢ an auto-
morphism of A. Then the following are equivalent:

(1) ¢ is an automorphism with jump n;
(2) ¢(AY) = AT for some integer i;

(3) ¢p(AT) = AVt for all integers j; and
(4) ¢

4) ¢ = oVl for some automorphism o offl with jump 0.

Remark 2.7. Let A be an algebra.

(1) In Skowronski [17, 18] an automorphism ¢ of A is called rigid
if p(AVl) = AUl for all j € Z. Hence ¢ is rigid if and only if
it is an automorphism with jump 0 by the proposition above.
Therefore for an integer n, ¢ is an automorphism with jump n
it and only if ¢ = ov} for some rigid automorphism o of A.

(2) Noting this fact we see by [18, Theorem 4.7] that the class of
self-injective algebras of Euclidean type contains a lot of gener-
alized multifold extensions of piecewise hereditary algebras of
tree type.

In the sequel, we always assume that n is a positive integer when we
consider a morphism with jump n.
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3. DERIVED EQUIVALENCES AND TILTING SUBCATEGORIES

Let R be a locally bounded category and ¢ € Aut(R). Then ¢
induces an equivalence ?(-) : mod R — mod R defined by M := M o
¢! : R — modk for all M € mod R. In particular for R(-,x) with
r € R, we have ®(R(-,z)) = R(¢7(-),z) = R(-,¢x), and the last
isomorphism is given by ¢ itself. Thus the identification ?(R(-, 7)) =
R(-, ¢x) depends on ¢, and the subset { R(-,z) | € R} of prj R is not
(?(-))-stable in a strict sense. This makes it difficult to give explicitly a
complete set of representatives of isoclasses of indecomposable objects
of KP(prj R) which is (KP(¢(-)))-stable. To avoid this difficulty we used
in [2] the formal additive hull add R ([9, 2.1 Example 8]) of R defined
below instead of prj R.

Definition 3.1. Let R be a locally bounded category. The formal
additive hull add R of R is a category defined as follows.
e (addR)y := {D;_,z; == (z1,...,2,) | n €N, zy,...,2, €
Ro};
e For each v = P, 75,y = D)_, vi € (add R)o,

(add R)(x,y) = {(154)i | pji € R(zy,y;) foralli=1,...,m,j=1,...,n};and
e The composition is given by the matrix multiplication.

We regard that R is contained in add R by the embedding (f: z —
y) — ((f): () = (y)) for all fin R.
Remark 3.2. Let R and ¢ be as above.

(1) Define a functor ng: add R — prj Rby (x1,...,x,) — R(-,x1)®
@ R(-,z,,) and (p5:);: — (R(-, ptji))j:- Then ng is an equiv-
alence, called the Yoneda equivalence.

(2) Let F: R — S be a functor of locally bounded categories.
Then F' naturally induces functors add F': add R — add S and
F := KP(add F): K(add R) — KP(add S), which are isomor-
phisms if F' is an isomorphism. Namely, add F' is defined by
(x1,...,2n) = (Fay,...,Fx,) and (uj;) — (Fuj;) for all ob-
jects (21, ..., 2,) and all morphisms (y;;) in add R; and F is de-
fined by add F' componentwise. Further if G: S — T is a func-
tor of locally bounded categories, then we have (GFY = GF.

(3) The automorphism ¢ acts on K"(add R) as ¢, and 2K (nz)(X")
KP(nr)(6(X)) for all X+ € KP(add R).

I

We cite the following from [2, Proposition 5.1} which follows from
Keller [11] (Cf. Rickard [15], [1, Proposition 1.1]).

Proposition 3.3. Let R and S be locally bounded categories. Then the
following are equivalent:
(1) There is a triangle equivalence D(Mod S) — D(Mod R); and
(2) There is a full subcategory E of KP(add R) such that
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(a) KP(add R)(T,U[n]) = 0 for all T,U € E and all n # 0;

(b) R is contained in the smallest full triangulated subcategory
of KP(add R) containing E that is closed under direct sum-
mands and isomorphisms; and

(¢) E is isomorphic to S.

Definition 3.4. We say that locally bounded categories R and S are
derived equivalent if one of the equivalent conditions above holds. In
(2) the triple (R, E, S) is called a tilting triple and E C K"(add R) is
called a tilting subcategory for R.

Theorem 1.5 in [1] is interpreted as follows.

Theorem 3.5. If (A, E, B) is a tilting triple of locally bounded cate-
gories with an isomorphism ¢ : E — B, then (/1, E, B) 15 also a tilting
triple with the isomorphism 7,@: E — B, where F is 1somorphic to
(and identified with) the full subcategory of KP(add A) consisting of the
(1"NY(T) with T € E, n € Z.

For a group G acting on a category S we say that a subclass F of the
objects of S is G-stable (resp. G-stable up to isomorphisms) if gr € E
(resp. if gz is isomorphic to some object in F) for all g € G and x € E.

Proposition 3.6. Let (A, E, B) be a tilting triple of locally bounded

categories with an isomorphism ¢: E — B, g an automorphism of/i

and h an automorphism of B. Then A/(g) is derived equivalent to

B/(h) if

(1) g is of infinite order and (g) acts freely on A;

(2) E is (§)-stable; and
)

(3) The following diagram commutes:
E 5 B
E B
w
Remark 3.7. Let E be a tilting subcategory for a locally bounded
category R and G a group acting on R. If F is G-stable up to iso-
morphisms, then there exists a tilting subcategory E’ for R such that

E = F and FE’ is G-stable (see [1, Remark 3.2] and [2, Lemma 5.3.3
and Remark 5.3(2)]).

4. REDUCTION TO HEREDITARY TREE ALGEBRAS

Let Q be a quiver. We denote by @ the underlying graph of Q, and
call Q finite if both )y and (), are finite sets. Each automorphism of ()
is regarded as an automorphism of () preserving the orientation of Q,
thus Aut(Q) can be regarded as a subgroup of Aut(Q). Suppose now
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that @ is a finite oriented tree. Then it is also known that Aut(Q) <
Auto(Q) = {f € Aut(Q) | f(x) = z for some x € Qy}. We say that
Q is an admissibly oriented tree if Aut(Q) = Auto(Q). We quote the
following from [3, Lemma 4.1]:

Lemma 4.1. For any finite tree T' there exists an admissibly oriented
tree Q) with a unique source such that Q = T.

We cite the following from [3, Lemma 5.4].

Lemma 4.2. Let A be a piecewise hereditary algebra of type @ for an
admissibly oriented tree Q). Then there is a tilting triple (A, E, kQ)
such that E is (¢)-stable up to isomorphisms for all ¢ € Aut(A).

By the following proposition we can reduce the derived equivalence
classification of generalized multifold extensions of piecewise hereditary
algebras of tree type to the corresponding problem of generalized mul-
tifold extensions of hereditary tree algebras. The second statement also
enables us to compare the generalized multifold extension and a twisted
version corresponding to it using the repetitive category of the common
hereditary algebra.

Proposition 4.3. Let A be a piecewise hereditary algebra of tree type
Q for an admissibly oriented tree (), and n a positive integer. Then we
have the following:

(1) For any ¢ € Aut(fl) with jump n, there exists some 1 €
éllt(@) with jump n such that AJ{$) is derived equivalent to
kQ/{¥); and

(2) If we set ¢ = v2dy € Aut(A), where ¢y := (1)1 71,
then there exists some Y € Aut(ﬂg@) with jump n such that
AJ(@) is derived equivalent to @/(W% and that the actions of
Y and 1’ coincide on the objects of k/@

Proof. (1) We set ¢; = (10)~"1sm¢1 € Aut(A) for all i € Z. By
Lemma 4.2, there exists a tilting triple (A, E,kQ) with an isomorphism
(: F — ]kQ such that F is (1)-stable up to isomorphisms for all n €

Aut(A). In particular, £ is (¢;)-stable up to isomorphisms for all i € Z.

Then (A E ]kQ) is a tilting triple with the isomorphism ¢ by Theorem
3.5 and the following holds.

Claim 6. E is (¢)-stable up to isomorphisms.
Indeed, for each T' € Ey and i € Z, we have
H(1Y(T) = (1) ()
= (" 1¢,)"(T) (4.1)
= (1) 6u(T).
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Since E is (¢;)-stable up to isomorphisms, we have ¢;(T) = T" for some
T’ € E, and hence ¢((17)(T)) = (17"~ (T") € E, as desired.

By Remark 3.7, we have a (¢)-stable tilting subcategory E’ and
an isomorphism 0: £’ = E. Therefore by Proposition 3.6 A/{¢) and
E'/{(¢) are derived equivalent. If we set 1) := (C0)¢(CO)™L, then (4.1)
shows that v is an automorphlsm with jump n, and that E' / ((b) =
kQ/ (1h). Hence A/{¢) and ]kQ/ (1) are derived equivalent.

(2) Note that ¢ is also an automorphism with jump n. By the
same argument we see that E is also <<§’ )-stable up to isomorphisms;
there exists a (¢')-stable tilting subcategory E” and an isomorphism
0: E" = E:and A/(¢') and E”/(¢/) are derived equivalent. Set 1)
(CO")¢/(CO')Y, then ¢ is an automorphism with jump n, E”/(¢)
]ECT)/ ('), and A/(¢') and ﬂ@/ (¢') are derived equivalent. Now for
i = 0 the equality (4.1) shows that ¢(1)"(T) = (1)~ ¢o(T) for all
T € Ey. Since ¢ = ¢y, the same calculation shows that & (]1[0])~(T) =
(1"~ §o(T) for all T € Ey. Thus the actions of ¢ and ¢/ coincide on
the objects of El%, which shows that the actions of 1 and 9’ coincide on
the obJects of k@ 0] Hence by Lemma 2.5 their actions coincide on the
objects of kQ. Indeed, Y(al) = i (2l) = vip(2l) = iy (20) =
Y (2l0) = o/ (2l for all z € Qo and i € Z. O

R i

5. HEREDITARY TREE ALGEBRAS

Remark 5.1. Let @) be an oriented tree.

(1) We may identify kQ = ]kQ/ I as stated in Lemma 2.3, and we
denote by 7z the morphism 1 + I in kQ for each morphism g in kQ

(2) Let « L, Y € Q. Since I contains full commutatlwty relations, we
have dimy kQ(az y)< 1, and in particular @ has no double arrows.

(3) Let a: # — y be in Q; and ¢ € Aut(]kQ). Then there exists a
unique arrow ¢gxr — gby in @, which we denote by (7¢)(ar), and we have
(@) = ¢o(70)(a) € kQ(qﬁx ¢y) for a unique ¢, € k* :=k\ {0}. This
defines an automorphism 7¢ of Q, and thus a group homomorphism
#: Aut(kQ) — Aut(Q).

(4) Similarly, let a: x — y be in Q; and ¢ € Aut(kQ). Then there
exists a unique arrow ¥z — ¥y in (), which we denote by (7w)(«). This
defines an automorphism 7 of @), and thus a group homomorphism

7 Aut(kQ) — Aut(Q).
We cite the following from [3, Proposition 7.4].

Proposition 5.2. Let R be a locally bounded category, and g, h auto-
morphisms of R acting freely on R. If there exists a map p: Ry — k*
such that p(y)g(f) = h(f)p(x) for all morphisms f: x — y in R, then

R/(g) = R/(h). O
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Definition 5.3. (1) For a quiver Q = (Qo, Q1,5,1) we set Q[Q1] to
be the quiver

QR = (Qo, QU {a™" |a €@}, s, 1),
where §'|g, = s, t'|g, =, §'(a™!) :=t(a) and (') := s(«) for all
a € Q. A walkin Q is a path in Q[Q;].

(2) Suppose that @ is a finite oriented tree. Then for each z,y €
(o there exists a unique shortest walk from z to y in @), which we
denote by w(x,y). If w(z,y) = air---af* for some aq,-- ,a, € Q4
and €1,...,&, € {1,—1}, then we define a subquiver W(z,y) of Q by
Wi(x,y) = (W(z,y)o, W(x,y)1,s, 1), where W(x,y)o := {s(a;), t(a;) |
i=1,....,n}, W(x,y); = {ai,...,a,}, and &,t' are restrictions of
s,t to W(x,y)1, respectively. Since ) is an oriented tree, w(z,y) is
uniquely recovered by W (z,y). Therefore we can identify w(z,y) with
W (z,y), and define a sink and a source of w(z,y) as those in W(z,y).

The following is a central part of the proof of the main result.

Proposition 5.4. Let () be a finite oriented tree and ¢, automor-
phisms of kQ acting freely on kQ. If the actions of ¢ and 1 coincide
on the objects of kQ, then there exists a map p: (Qo =) kQ, — k*

such that p(y)Y(f) = o(f)p(x) for all morphisms f: z — y in kQ.
Hence in particular, ]]@/((;5) is isomorphic to ﬂ@/(l@

Proof. Assume that the actions of ¢,1 € Aut(ﬂg@) coincides on the
objects of Hg@ Then ¢ and v induce the same quiver automorphism
q = #¢ = 7 of Q, and there exist (P0)aco,» (Ya)aco, € (k¥)9" such
that for each a € Q; we have

¢(@) = ¢aq(@),  P(@) = Pag(e).

For each path A = a,, -+ - in Q with aq,...,q, € Ql we set ¢ =
Ga,, *** Gay- Then we have

d(X) = prg(N),

where ¢() := g(an) - - - q(a1) because ¢(an) - - - ¢(@1) = Pa,, -~ oy q(om) - - - g(an).
To show the statement we may assume that Q/bg =1 for all @ € Q.

Since for each z,y € Qu the morphism space kQ(z,y) is at most 1-

dimensional and has a basis of the form i for some path p, it is enough

to show that there exists a map p : QO — k> satisfying the following

condition:

p(0P) = pap(ul?)  for all B: ull — vl in Q. (5.1)

We define a map p as follows:
Fix a maximal path p: y ~» z in Q). Then x is a sink and y is a source
in ). We can write u as u = g - - -« for some aq,...,q; € Q. First
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we set p(z/%) := 1. By induction on 0 < i € Z we define p(z7) and
p(xz=") by the following formulas:

p(zl ) 1= ¢ s @i plal?), (5.2)
plal ™) = ¢ Lo p(al). (5.3)

Now for each ¢ € Z and u € Qo if w(u,z) = F5»--- 55 for some
b1, 0m € Q1 and e1,..., e, € {1,—1}, then we set

p(um) = ng[i]l T ¢;[i]mp($[i])- (5.4)
1 m

We have to verify the condition (5.1).

Case 1. 8 = all: vl — vl! for some i € Z, and a: v — v in
@)1 Since @ is an oriented tree, we have either w(u,z) = w(v, x)a or
w(v,r) = w(u,z)a"t. In either case we have p(vl) = ¢ up(ul?) by
the formula (5.4).

Case 2. Otherwise, we have 8 = M\l : ¢l — [+ for some maximal
path A\: v~ win @ and ¢ € Z. In this case the condition (5.1) has the

following form: ' ‘

p(0lY) = Grp(ul?). (5.5)
Two paths are said to be parallel if they have the same source and the
same target. We prepare the following for the proof.

Claim 7. If ( and n are parallel paths in Q, then we have ¢¢ = ¢y,.
Indeed, since ¢ — 7 € I, we have ¢(C) = ¢(7]), which shows
0ca(C) = dya(n).
Here we have ¢(¢) = ¢(¢) = ¥(7) = q(n), and () # 0 because ¢ # 0.

Hence ¢; = ¢,, as required.

We now set d(a, b) to be the number of sinks in w(a, b) for all a,b €
Q0. By induction on d(y,v) we show that the condition (5.5) holds.
Note that both v and y (resp. u and z) are sources (resp. sinks) in Q.

Assume d(y,v) = 0. Then y = v because these are sources in ). By
formulas (5.4) and (5.2) we have

p<v[i+1]) = p( [+l ) ¢ [z+1] e ¢;§+1]p(x[i+1]> = ¢u*[i]p(x[i])'

If u =z, then A =y and hence ¢,,.i1p(z1) = ¢y.iap(ull). Thus (5.5)
holds.

If w # z, then qb“*[i]gbu[i] = ¢y« i by Claim 7. Since @) is an
oriented tree, we have w(u,z) = pA~!, and p(ull) = qb/\[i]qﬁ;[}]p(x["]).
Therefore

p) = 6,000p(al") = Dby plal) = bl

and (5.5) holds.
Assume d(y,v) > 1. Then we can write w(y,v) = vy 'vo vt v
for some paths vq,..., v, of length at least 1 and m > 2. Set z; :=
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t(va), 22 := s(v2). Then z is a sink and 2, is a source in w(y,v). Since
@ is a tree, there exists a unique maximal path of the form vyrevf: vy ~~
uy in @ for some paths vy, /). We set v := wy1. (See Figure 5.1, where
we omitted the notations [i], [i+1] for paths in Q! QU1 respectively.)
Since d(vy,y) = d(v,y) — 1, we have

1+1 7
p(0i ) = 6oy p(ul) (5.6)

by induction hypothesis. Since the paths v+ (vor)* and v (v, )
are parallel, we have

Pulit11 P ()il = (byyﬂ] B(vopy )l (5.7)
by Claim 1. Further by the result of Case 1 we have
P ) = 67l dirp(el ). (5.8)

It follows from (5.6), (5.7) and (5.8) that

p(0lY) = Gy p(ul).
(If uy = u, then vyr; = X and this already gives (5.5).) Again by the
result of Case 1 we have

P(U[f]) = ¢>(y0y1)m ¢;ﬁ]ﬂ(u[i])-
Since the paths A*IAF and (vov)* ¥ (vory)l! are parallel, we have

D=t Pl = ¢(V0V1)*[i]¢(V0V1)[i]
by Claim 1. The last three equalities give (5.5). O
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6. MAIN RESULT

Theorem 6.1. Let A be a piecewise hereditary algebra of tree type and
¢ an automorphism of A with jump n. Then A/(¢) and T} (A) are

derived equivalent, where we set ¢g := (H[O})_lu_"gb]l[o}.

Proof. Let T be the tree type of A. Then by Lemma 4.1 there exists
an admissibly oriented tree Q with Q = T. We set ¢/ = Vfi(Zgo (=
¢ov?). Then T (A) = A/(¢'). By Proposition 4.3(2) there exist some
¢, € Aut(kQ) both with jump n such that A/(¢) (resp. A/(¢'))
is derived equivalent to ﬂg@/ (¢) (resp. ﬂ@/ (¥")), and the actions of
1 and v’ coincide on the objects of H@ Then by Proposition 5.4

we have ﬂ@/(z@ ~ @/W’) Hence A/(¢) and 1% (A) are derived
equivalent. Il

Definition 6.2. Let A be a generalized n-fold extension of a piecewise
hereditary algebra A of tree type T, say A = A/(gzﬁ) for some ¢ €
Aut(A) with jump n. Further let ) be an admissibly oriented tree
with Q = T. Then by Proposition 4.3 there exists 1 € Aut(k/@) with
jump n such that A/(¢) is derived equivalent to kQ /(). We define the
(derived equivalence) type type(A) of A to be the triple (T, n,7(iy)),
where 1)y := (ﬂ[o])_luu;gzﬁll[o} and 7(1)) is the conjugacy class of (1))
in Aut(7). type(A) is uniquely determined by A.

By Theorem 6.1, we can extend the main theorem in [3] as follows.

Theorem 6.3. Let A, A’ be generalized multifold extensions of piece-
wise hereditary algebras of tree type. Then the following are equivalent:

(i) A and A" are derived equivalent.
(ii) A and A" are stably equivalent.

(iii) type(A) = type(A’).
Finally we pose a question concerning a refinement of Theorem 6.1.

Question. Under the setting of Theorem 6.1, when are the algebras
A/{(¢) and T} (A) isomorphic?

In the forthcoming paper [12] we will give an affirmative answer.
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