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Speckle correlation measurement in a disordered medium observed
through second-harmonics generation
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We examined speckle correlation in a disordered medium consisting of LiNbO3 corpuscles, by observing the
total intensity of the second-harmonics~SH! light generated by angular correlated two excitation beams. The
total SH intensity showed a correlation peak atu;0, whereu was the angle between two excitation beams, and
decreased asu was increased. The observation could be understood as the effect of the constructive interfer-
ence between two volume speckle patterns produced by the excitation beams inside the medium, and the peak
could reflect the mutual correlation between two patterns. The experimental results showed good agreements
with a theoretical analysis based on a diffusion approximation.
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I. INTRODUCTION

Localization and fluctuations are fundamental problems
wave propagation in disordered media@1#. Various effects on
the coherent backscattering peak have been examined i
der to clarify the nature of weak localization of photo
@2–8#. A microlaser consisting of semiconductor powde
was reported and the sharp structures in the emission s
trum were discussed on the basis of coherent feed back
to recurrent scattering loops@9–11#. On the other hand, whe
a coherent wave propagates through a disordered med
large intensity fluctuations appear owing to the random
terference effect among multiply scattered waves. Such
tensity fluctuations are referred to as speckle@12#. It was
shown that the coherent backscattering peak reveals its
file, only after speckle fluctuations are ensembled avera
over many possible random configurations of the sam
@4,5#. Various kinds of correlations in speckle fluctuatio
have been investigated@13–19#. The long and infinite range
correlations are the higher order correlations@15–18#, which
are relevant to the universal conductance fluctuations
mesoscopic electric system@20#. The effect of absorption on
the correlations@21# and the time resolved effect have al
been investigated@22,23#. It should be noted that in all ex
periments so far reported, speckle was examined essen
using a single laser beam. That is, a single incoming la
beam is irradiated onto the disordered medium and a re
ence speckle pattern is recorded using a photomultiplier t
or a charge coupled device camera. Then, another fluctua
pattern is reordered again after the experimental conditio
changed. The mutual correlation between two speckle
terns is numerically calculated in a computer.

Nonlinear optical phenomena have also been attrac
much interest in disordered media@7,19,24–28#. In a previ-
ous paper, we used a two beam correlation method to in
tigate the gain volume in an amplifying and scattering m
dium @29,30#. In this method, two excitation beams we
injected onto the sample, and the spectral width of the em
sion light, as the nonlinear optical signal, was monitored a
function of the spatial separation distance between the
excitation beams. In the above experiment, only beam in
1063-651X/2004/69~3!/036610~7!/$22.50 69 0366
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sity was utilized to measure the diffusion process of the
cited region. However, if we utilize the wave nature of t
incident beams, the two beam correlation method could a
be used potentially to examine fluctuations and the corr
tion effects@31#.

The concept is schematically illustrated in Fig. 1~a!. In
contrast to the traditional speckle measurements, two la
beams are injected simultaneously on the sample. Then
second-harmonics~SH! light generated inside the medium
collected and the total SH intensity is monitored as a fu
tion of the angle between two beams. Note that no real p
tern of the speckle fluctuations is monitored. When tw
beams have the same wave vector, wavelength, and pola
tion, speckle pattern produced by each beam is identical w
respect to each other. In this situation, two speckle patte
should interfere constructively, and generate the enhan
SH intensity. On the other hand, when the wave vector of
second beam is slightly changed, the speckle pattern
duced by this second beam changes gradually. Therefore

FIG. 1. ~a! Schematic illustration of the volume speckle patter
inside the medium produced by two excitation beams. Black
gray patterns represent speckle patterns produced by the firs
second beams, respectively.~b! Feynman diagram forC(Dk) rep-
resented by Eq.~5!. The solid lines denote the ensemble averag
Green function and dotted lines represent the ensemble aver
scattering in the medium.
©2004 The American Physical Society10-1
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could directly obtain the correlation of the speckle fluctu
tions inside the medium by measuring the total SH inten
from the medium as a function of angleu between two ex-
citation beams.

II. THEORY

We theoretically describe the SH generation in the non
ear disordered medium. Two excitation beams with wa
vectorsk1 andk2 are injected onto the medium as shown
Fig. 1 ~a!. The excitation light propagates in the medium a
appears as a local electric field. The local electric field
position r s inside the medium is represented as the sum
electric fields propagated through all possible trajectories

Elocal~r s!5E dR (
i 51,2

Ei~R!exp@ ik iR# (
j5all

Wj~r s ;R!,

~1!

whereR is the transverse vector in the incoming surface
the sample andEi(R) is the electric field ofi th (i 51 or 2!
excitation beam.P5uWj(r s ;R)u2 is the probability that the
intensity propagates fromR to r s along a trajectoryj. The
total SH intensity may be described on the basis of the
tensity correlation of the excitation light atr s as

I SH~Dk!5E dRdE drsC~r s ,Dk!TSH~Rd ;r s!, ~2!

where

C~r s ,Dk!5hE dR1E dR2E dR3E dR4

3 (
i , j ,k,l 51,2

Ei~R1!Ej* ~R2!Ek~R3!El* ~R4!

3exp@ i ~kiR12kjR21kkR32klR4!#

3K( Wj1
~r s ;R1!Wj2

* ~r s ;R2!Wj3
~r s ;R3!

3Wj4
* ~r s ;R4!L ~3!

is the intensity correlation of the local excitation intensity
point r s andh is a proportional factor for the SH generatio
The notationTSH(Rd ;r s) represents the intensity propagat
for the SH light fromr s inside the medium to the detectio
point Rd on the boundary of the sample. The four probabil
amplitudes in Eq.~3! are random Gaussian variables. W
have two types of terms for which the ensemble average d
not vanish@32#:
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K (
j1 ,j2 ,j3 ,j45all

Wj1
~R1!Wj2

* ~R2!Wj3
~R3!Wj4

* ~R4!L
5 K( uWj1

~R1!u2L K( uWj3
~R3!u2L d~R12R2!

3d~R32R4!1 K( uWj1
~R1!u2L K( uWj3

~R3!u2L
3d~R12R4!d~R32R2!, ~4!

where we introduced a shortened notation,Wj(r s ,R)
[Wj(R). In the present situation of the SH generation, it
not necessary to distinguish the two terms on the right-h
side of Eq.~4!, since these terms are degenerated when
suffix order of the electric fields is replaced. We will consid
the first term below, but the second term can be treated in
same manner. Four electric fields in Eq.~3! E(R) are pro-
vided by either the first or the second beam, therefore
have a total of 24516 ways to make the four-field combina
tion. Eight of the 16 terms, where one of the four elect
fields of i , j ,k and l is either 1 or 2 and the other three field
are 2 or 1 accordingly, are oscillating terms by cos@Df# as a
function of the relative phase of the first and second bea
Df. The two terms, wherei 5k51, j 5 l 52 and i 5k52,
j 5 l 51, are oscillating by cos@2Df#. Four terms, that is,i
5 j 51, k5 l 52 term, i 5 j 52, k5 l 51 term, andi 5 j 5k
5 l 51 or 2 terms, are base terms, and are independen
Dk5k12k2. The remaining two terms, that is,i 5 l 51, k
5 j 52, term andi 5 l 52, k5 j 51 term, present theDk
correlation of speckles in the medium. The intensity corre
tion that contributes to the angular correlation of spec
fluctuations in Eq.~3! is written as

C~r s ,Dk!5U E dRE1~R!E2* ~R!exp@ iDkR#

3K( uWj~r s ;R!u2L U2

. ~5!

The Feynman diagram which represents this term is ill
trated in Fig. 1~b!.

We consider a slab geometry as an example and calcu
the correlation function of Eq.~5! on the basis of the diffu-
sion approximation. We assume that the sample exists 0<z
<L region and thez axis is taken to be perpendicular to th
incoming surface. In the use of the diffusion approximatio
the effect of the internal reflection at the boundary of dis
dered medium is very important, specifically in the reflecti
geometry. This effect could be quantitatively treated by
mixed boundary condition@34#, and could be taken into ac
count using an exploration distanceC. We set the absorbing
walls atz52C andL1C to calculate the form factor, wher
C5(2l * /3)(11r)/(12r) is the exploration distance andr
is the internal reflection coefficient. When the internal refle
tion can be ignored, the exploration distance can be e
mated asC50.701l * @33,34#. We replacê (uWj(r s ;R)u2&
in Eq. ~5! with an integration over the distribution functio
of the trajectory,*dsP(r s ;R,s),
0-2
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P~r s ;R,s!5E dr8E ds8G0~r s2r 8,s2s8!d~s8!d~R82R!

3(
n

@d„z82@2n~L12C!1 l * #…

2d„z81@2n~L12C!1 l * 12C#…#, ~6!

wheres is the path length of the trajectory,r 25R21z2, and
G0(r ,s)5exp@2cr2/4Ds# is the Green function in an infinite
medium. Substituting Eq.~6! into ~5!, we obtain

C~r s ,Dk!5
cosh@2b~L1C2zs!#21

cosh@2b~L12C!#21
, ~7!

whereb5ADk21(1/La)2, Dk5(2p/l)u, La5Al * l a/3 and
l a is the absorption length for the excitation light. The inte
sity propagator for the SH lightTSH(Rd ;r s) is also calcu-
lated on the basis of diffusion approximation as

E dRdTSH~Rd ;r s!5
~z11C!~L1C2z2!

L12C
, ~8!

wherez15zs ,z25zd5L2 l * for the transmission geometr
and z15zd5 l * ,z25zs for the reflection geometry, respec
tively. The procedure to calculate the form factor is straig
forward and similar to that used in the calculation of t
persistent hole burning in Ref.@35#. Substituting Eqs.~7! and
~8! into Eq. ~2!, we obtain the form factors for the transmi
sion and the refection geometries as

I SHT
~b!5$4b2 sinh2@b~L1C!#~L12C!%21

3$cosh@2b~L1C!#12bC sinh@2b~L1C!#

2cosh@2bC#22b~L1C!sinh@2bC#

22b2L~L12C!% ~9!

and

I SHR
~b!5$4b2 sinh2@b~L1C!#~L12C!%21

3$2cosh@2b~L1C!#12b~L1C!

3sinh@2b~L1C!#1cosh@2bC#

22bC sinh@2bC#22b2L~L12C!%, ~10!

respectively. The form factors of Eqs.~9! and~10! are similar
to those in Ref.@19#, in which real speckle fluctuations in SH
light outside the medium were observed and the traditio
procedure of the speckle measurement was performed
contrast to Ref.@19# in the present situation no real speck
pattern is recorded, while speckle correlation is directly m
sured inside the medium through the nonlinear signal. T
propagatorTSH(Rd ,r s) as well as the order of the electr
fields in the correlation function are different from the trad
tional measurement, which results in the different form fa
tors. The theoretical results are summarized in Fig. 2~a!. The
width of the central peak is of the order ofl/L, wherel is
the wavelength of the excitation light and the peak refle
03661
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the leading term of the correlations in the speckle fluct
tions. The ratio of the correlation peak to the background
C(u50):C(u5`)56:4. Rapidly oscillating fringes are ob
served in the region ofu&l/w, wherew is the beam size of
the excitation beam.

III. EXPERIMENTS

We experimentally examined the total SH intens
generated in a disordered medium by angular correla
two excitation beams. The experimental setup is sc
matically illustrated in Fig. 3. The excitation ligh
source was the fundamental light from a mode-lock
Nd31yttrium-aluminum-garnet~YAG! laser. The pulse dura
tion was 93 psec, the wavelength was 1064 nm, and
repetition rate was 82 MHz. Corpuscles of LiNbO3 of about
3 mm in diameter were compacted between two optical gl
plates and used as the sample. The transport mean free
was estimated asl * 57 mm at 1064 nm by a total transmis
sion experiment. The excitation beam was divided into t
beams of equal pulse energy by a beam splitter. The ave
power of the excitation beam was 50 mW. Two beams w
reflected by corner cube prisms and combined by the s
beam splitter into parallel beams. These beams were focu
onto the sample by a lens to make an angleu with respect to
each other. We changed the angleu by translating CC1~cor-
ner cure prism!. In the reflection geometry experiments, th
SH light ~0.53mm! from the incoming surface of the samp
was collected by the same lens and led to a photomultip
tube by dichroic mirrors M1 and M2. For the transmissi

FIG. 2. ~a! Schematic illustration of the total SH intensity as
function of the angle between two beams.~b! Experimental result of
the total SH intensity in the transmission geometry. The solid line
the raw experimental datum and the solid circles are the res
where the rapidly oscillating fringes were numerically averaged o
0-3
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geometry experiment~not shown!, the SH light was collected
from the opposite side surface of the sample. It is noted
in the present experiment no real speckle pattern was
corded.

Figure 2~b! shows an experimental result of the SH inte
sity as a function of the angleu. The sample thickness wa
97 mm. The signal intensity was normalized so that the ba
ground is 4. The experimental result shown in Fig. 2~b! re-
captures the theoretical prediction of Fig. 2~a!. We see rap-
idly oscillating fringes in theu;0 region, and after thes
fringes tails of the correlation peak in both sides as a fu
tion of u. When the angle between two beams isu;0, the
volume speckle patterns generated by the two beams
structively interfere and the total SH intensity could increa
As the angle is increased, the SH intensity decreases to
level of ;4, which reflects the loss of the mutual correlati
between two speckle patterns.

The dependence of the angular correlation peak on
sample thickness and the experimental geometry are sh
in Fig. 4. The solid circles and triangles are the experime
data for the samples of 97mm and 270mm thickness, respec
tively, in the reflection geometry. The open circles are
data for the sample of 97mm thickness in the transmissio
geometry. In this figure, rapidly oscillating fringes were n
merically averaged out. We calculated the angular correla
SH intensity on the basis of Eqs.~9! and ~10!. With the
refractive indexn52.1 of LiNbO3 and the volume fraction
0.6, the internal reflection can be estimated asr50.38 on the
basis of the Fresnel’s law@33#. The absorption both for the
fundamental light and for the SH light is negligible
LiNbO3, and we set asLa5`. The thin and thick solid lines
in Fig. 4 are calculated curves in the reflection geometry
the samples of 97mm and 270mm thickness, respectively
The broken line is that for the sample of 97mm in the trans-
mission geometry. The angular width of the correlation pe
in the thick sample is narrower than that in the thin samp
Similarly, the correlation peak in the transmission geome
is narrower than that in the reflection geometry for the sa
sample.

FIG. 3. Experimental setup in the reflection geometry. 1.06mm
represents the fundamental beam from the Nd31 YAG laser; BS is
the beam splitter; CC1 and CC2 are the corner cube prisms; L is
lens, M1 and M2 are the dichroic mirrors; SH represents
second-harmonics light generated in the disordered medium; P
the photomultiplier tube.
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In order to see characteristics of the present experimen
comparison with the traditional speckle measurements,
plotted the width of the correlation peak as a function
sample thicknessL. Figure 5~a! represents the width of the
peak in the present two beam correlation measurement
culated on the basis of the form factors of Eqs.~9! and~10!.
For comparison, we also plotted the width of the correlat
function expected in the traditional speckle measureme
where real speckle patterns are observed outside the med
For this purpose, the correlation function was evaluated fr
C(r s ,Dk) in Eq. ~7!, assuming thatr s is located aszs5L
2 l * and zs5 l * for the transmission and the reflection g
ometry, respectively. The form factor of Eq.~10! scales with

he
e
is

FIG. 4. Experimental results and theoretical curves for the to
SH intensity. Solid circles and triangles are the experimental res
in the reflection geometry for the samples of 97mm and 270mm
thickness, respectively. Open circles are that in the transmis
geometry for the sample of 97mm thickness. Solid and dotted line
are the theoretical curves.

FIG. 5. ~a! The width of the correlation peak as a function
sample thicknessL. ~b! The width of the correlation function ex
pected in the traditional speckle measurement. Thick solid and t
dashed lines are calculated curves without the internal reflectio
the transmission and the reflection geometries, respectively. T
lines are the same but with the internal reflectionr50.38. In ~a!,
solid and open circles represent the experimental data for the 97mm
sample in the transmission and reflection geometries, respecti
The solid triangle represents that for the 270mm sample in the
reflection geometry.
0-4
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SPECKLE CORRELATION MEASUREMENT IN A . . . PHYSICAL REVIEW E69, 036610 ~2004!
DkL rather thanDkl* even in the reflection geometry. W
also examined the effect of the internal reflection. The t
lines in Fig. 5 represent the width calculated in the ca
r50.38, both for the present two beam correlation meas
ment and for the traditional measurements. In the traditio
measurements, the effect of the internal reflection is stron
the reflection geometry, whereas it is weak in the transm
sion geometry@33#. On the other hand, the effect of the in
ternal reflection is not significant even in the reflection g
ometry in the present measurement. In the present two b
correlation measurement, the SH light is generated at
place inside the sample. This SH light propagates through
sample, and appears both at the incoming and at the outg
sample surfaces. This means that the signal observed in
reflection geometry still contains much information on t
correlation function in the deep sample region. This mec
nism explains why the form factor scales withDkL and the
effect of the internal reflection is small even in the reflecti
geometry.

In the two beam correlation measurement, the width a
shape of the correlation peak are also subject to the abs
tion either in the fundamental light or in the SH light. Th
form factors of Eqs.~9! and ~10! are, however, essentiall
similar to that of the hole burning in a multiple scatterin
medium. In Ref.@35# we have calculated these effects. T
absorption in the fundamental light broadens the correla
peak both in the transmission and in the reflection exp
ments. On the other hand the absorption in the SH li
broadens the peak in the reflection experiment wher
makes the peak narrow in the transmission experiment.

The experimental data in Fig. 4 show a slight deviati
from the calculated curves, specifically in the small an
region. We obtained these data by averaging the rapidly
cillating fringes. The discrepancy between the experime
and the calculations may appear because the number o
fringe is not enough. It is noted that in the present meas
ment, two excitation beams are injected simultaneously
the additional combinations of electric fields, which do n
exist in the traditional speckle measurements, are poss
These terms generate rapidly oscillating fringes. Theref
this is also the difference between the present and the tr
tional measurements.

Figure 6 shows the rapidly oscillating fringes atu;0 ob-
served with the excitation beams of different diamete
When the angle between two excitation beams is small,
fundamental beams interfere constructively or destructiv
and the total intensity of the excitation becomes 4 or 0,
spectively. This situation continues as long asu,l/w, and
results in the rapidly oscillating fringes. We see that t
width of the fringe envelope observed with the beam ofw
5750 mm is narrower than that observed withw
5250 mm. The oscillation periods of fringes are not esse
tial in this experiment. The fringes are subject to the ph
difference between two beams. In our experiment, we m
this phase difference by slightly rotating the translatio
axis of the stage of corner cube prism CC1.

In all the experiments discussed above, two beams w
injected on the same spot of the sample. We also exam
the SH intensity when the spatial overlap of two beams w
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dissolved under the conditionuÞ0. Figure 7 shows the ex
perimental result on the SH intensity as a function of t
beam separation distanced. The SH intensity at the beam
separationd→` decreases from 4 to 2. This reflects that tw
of four base terms in Eq.~3!, that is,i 5 j 51, k5 l 52 term
and i 5 j 52, k5 l 51 term, vanish when the spatial overla
of two beams is dissolved.

IV. DISCUSSION

The general agreements between the theory and the
periments verify that we can measure the speckle correla
in the disordered medium using two laser beams. The pea
Fig. 4 can be understood as the memory effect which
been investigated in the traditional speckle correlation
periments@13,14#. In contrast to the traditional speckle co
relation experiments, the peak in Fig. 4 appears dire
through the constructive interference of two volume spec
patterns produced by the two fundamental laser beams in
the medium.

An alternative way to explain the observation may be
consider themacroscopicinterference fringe pattern pro
duced by the two excitation beams. When the two bea
make an angleu, the interference effect produces a fring
pattern on the incoming surface of the sample as

I ~R,z50!52E0
2~11cosDkR!, ~11!

FIG. 6. Rapidly oscillating fringes atu;0. The beam diamete
is ~a! w5750 mm, ~b! w5500 mm, and~c! w5250 mm. Arrows
indicate the full width at half maximum of the fringe envelopes.

FIG. 7. Experimental result of the total SH intensity as a fun
tion of the beam separation distanced.
0-5
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T. ITO AND M. TOMITA PHYSICAL REVIEW E 69, 036610 ~2004!
whereE0 is the electric field of the excitation beams. Th
interference pattern propagates diffusively through
sample thickness. We can calculate the interference patte
z inside the medium using the diffusion equation as

I ~R,z!52E0
2S 11

sinh@Dk~L2z!#

sinh@DkL#
cosDkRD . ~12!

The SH intensity generated inside the medium is prop
tional to the square of the local intensity of Eq.~12!. There-
fore, the SH intensity averaged overR is

I SH~z!5E dRI2~R,z!5E0
4S 412

sinh2@Dk~L2z!#

sinh2@DkL#
D .

~13!

One may obtain the total SH intensity from the sample
integrating Eq.~13! over z. On the basis of Eq.~13!, the
angular correlation of the SH intensity can be understood
follows. When the angle between two excitation beams
small asw21,Dk,L21, the interference pattern propagat
through the sample, keeping the high visibility. Since the
intensity is proportional to the square of the local excitat
intensity, this interference pattern, which produces bright
dark parts inside the medium, enhances the total SH in
sity. As the angle is increased, the fringe period becom
om
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short. WhenDk becomesDk.L21, the pattern is diffusively
smeared and the SH intensity decreases. From Eq.~13!, we
can also see that the ratio of the base to the peak is 4:2,
in Fig. 2. It should, however, be noted that the macrosco
interference patterns are carried by the microscopic spe
fluctuations. Therefore, the validity of the phenomenologi
treatment of Eq.~11! should be founded on the microscop
treatment of Eqs.~1!–~3!. In addition, if we consider the
higher order correlations, the macroscopic treatment may
down, and we should directly start from Eq.~3!.

V. CONCLUSION

We performed the two beam angular correlation expe
ment on the SH generation in the nonlinear disordered
dium consisting of LiNbO3 corpuscles. From this experi
ment, we could observe the speckle correlation inside
medium directly. In the present paper, we only dealt with
static disordered medium. If the medium is a dynamical s
tem @36–38#, such as aqueous suspensions of polystyr
latex, nonlinear signals from the sample could have inform
tion on the dynamics of the Brownian motion of scattere
The two beam correlation measurement could also provid
method to examine dynamical characteristics of time dep
dent fluctuations.
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