Toward the construction of the general multi-cut
solutions in Chern-Simons matrix models

S&g: en

H kR Springer Berlin Heidelberg
~EH: 2019-04-12

*F—7— K (Ja):

F—7— K (En):

YERRE: Morita, Takeshi, Sugiyama, Kento
X—=ILT7 KL R:

Firi&:

http://hdl.handle.net/10297/00026411




PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: May 11, 2018
REVISED: July 25, 2018
ACCEPTED: August 21, 2018
PUBLISHED: August 27, 2018

Toward the construction of the general multi-cut
solutions in Chern-Simons matrix models

Takeshi Morita®® and Kento Sugiyama®

@ Department of Physics, Shizuoka University,

836 Ohya, Suruga-ku, Shizuoka 422-8529, Japan

b Graduate School of Science and Technology, Shizuoka University,
836 Ohya, Suruga-ku, Shizuoka 422-8529, Japan

E-mail: morita.takeshi@shizuoka.ac. jp,
sugiyama.kento.15@shizuoka.ac. jp

ABSTRACT: In our previous work [1], we pointed out that various multi-cut solutions
exist in the Chern-Simons (CS) matrix models at large-N due to a curious structure of
the saddle point equations. In the ABJM matrix model, these multi-cut solutions might
be regarded as the condensations of the D2-brane instantons. However many of these
multi-cut solutions including the ones corresponding to the condensations of the D2-brane
instantons were obtained numerically only. In the current work, we propose an ansatz
for the multi-cut solutions which may allow us to derive the analytic expressions for all
these solutions. As a demonstration, we derive several novel analytic solutions in the pure
CS matrix model and the ABJM matrix model. We also develop the argument for the
connection to the instantons.
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1 Introduction

The 1/N expansion [2] is a quite powerful technique in matrix models, and it makes us
possible to analyze the models in the non-perturbative regime. Not only that, in string
theories, this expansion may correspond to the perturbative expansion of the string cou-
pling [3-10], and it might play important role to reveal quantum gravity. Particularly, in
the last decade, the analysis of the large-N Chern-Simons (CS) matrix models has been
developed quite remarkably. (See [11, 12] for reviews.) The CS matrix models are ob-
tained via the localization of the three dimensional supersymmetric CS matter theories on
a sphere [13-17], which describe the low energy dynamics of the superstring theories and
M-theory, and, through these developments, various non-perturbative aspects of the string
theories have been revealed including the derivation of the N3?2 factor [18] of the free
energy in the N M2-brane theory [19-21]. These results provide us quite strong evidences
for the AdS/CFT correspondence [22-24].

In this article, we mainly investigate the U(N) pure CS matrix model [14, 25, 26]
among the various CS matrix models, since other models can be regarded as the variations
of this model and we can expect that the application to these other models might be
straightforward.



The partition function of the pure CS matrix model is given by
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Here k is the CS level and A := N/k is the 't Hooft coupling, and we will consider the
't Hooft limit (N — oo, A: fixed) of this model. This partition function resembles the
Gaussian Hermitian matrix model. The difference appears only in the Vandermonde de-
terminant, but this simple difference provides quite rich structures in the CS matrix models.

It is known that we can compute this partition function exactly at arbitrary A and
N [14, 27]. However, the 't Hooft expansion of this model shows non-trivial properties
and it is still valuable to investigate them [28-32]. This is similar to the situations of the
Gaussian matrix model and the Gross-Witten-Wadia model [33, 34] which show non-trivial
behaviors at large-N [35-37], although we can calculate the partition functions exactly.

When we take the 't Hooft limit, we can employ the saddle point approximation. The
saddle point equation of the partition function (1.1) with respect to w; is given by

27 i)\ N U; — uj .

w == Zcoth 5 (=1 N). (1.2)
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The exact solution of this equation at finite A which is characterized by a single cut of the

eigenvalue distribution is known [26, 28, 38]. This solution would be thermodynamically

stable, since the free energy agrees with that of the N — oo limit of the exact finite N

result [14, 27].

Then a question is whether this one-cut solution is unique or not. Surprisingly it turned
out that an infinite number of solutions are allowed in the saddle point equation (1.2),
which are characterized by the various multi-cuts [1, 39].! See figure 1. These solutions
were first found by solving the saddle point equations numerically through the Newton
method [1, 39], which have been employed in [40-42]. Later analytic expressions for some
of the multi-cut solutions have been found by ref. [1].

The purpose of this article is to develop the studies of ref. [1], and provides ana-
lytic methods to treat all of these multi-cut solutions. We will show that an integral
formula (2.38) for the resolvent related to the method of Migdal [43] is quite useful. By
solving this integral formula either analytically or numerically, we will demonstrate that the
eigenvalue distributions of the multi-cut solutions obtained through the Newton method
shown in figure 1 can be reproduced. All types of the Newton method solutions as far
as we find may be explained by our formula, and we presume that our method might be
applicable to derive all possible solutions of the saddle point equation (1.2). (Hence the
formula (2.38) is the main result of this article.)

The obtained analytic results tell us curious properties of the multi-cut solutions. We
will see that there are two types of the multi-cuts in the pure CS matrix model. One is the

1One important question is whether these multi-cut solutions contribute to the path-integral. We do
not consider this issue in this article.
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Figure 1. Eigenvalue distributions of the pure CS matrix model. We numerically solve the saddle
point equation (1.2) via the Newton method.

cuts which are separated by a multiple of 27i. We refer to such cuts as “stepwise multi-cuts”
in this article. (See figure 1.) Another type of the multi-cuts is the composition of the step-
wise multi-cut and one-cut (or another stepwise multi-cuts). We refer to them as “compos-
ite type”. We will show that, as the number of the composite type cuts increases, the genus
of the resolvent increases similar to the multi-cut solutions in the ordinary matrix models.
(Hence we need the higher genus generalizations of elliptic functions to describe the compos-
ite type multi-cuts.) On the other hand, the stepwise multi-cuts do not change the genus,?
while they cause additional logarithmic singularities at the end points of each step in the re-
solvent. These properties might capture the geometrical natures of the multi-cut solutions.

We also discuss that our methods will work in other CS matrix models, and we propose
a similar integral formula (3.15) for the resolvent of the ABJM matrix model as an example.
By using this formula, we will derive novel analytic solutions of the saddle point equation
of the ABJM matrix model.

Generally the various multi-cut solutions in a matrix model may describe the different
vacua of the system, and these vacua would affect the perturbative vacuum through the
instanton effects [44, 45]. Indeed the connection between the multi-cut solutions and the
D2-brane instantons in the ABJM matrix model [46, 47] was conjectured in ref. [1]. We will

2 Although the resolvent of the stepwise multi-cut solution is not described by the higher genus general-
izations of elliptic functions, the free energy is suppressed by 1/N2 as usual [1].



develop this discussion and show a quantitative evidence for this connection. Besides we
comment on the relation to the membrane instanton in the pure CS matrix model [28, 29].

The organization of this article is as follows. In section 2, we show the derivation of
the multi-cut solutions in the pure CS matrix model. In section 3, we argue the multi-cut
solutions in the ABJM matrix model. We also consider the connection to the D2-brane
instantons. We conclude in section 4 with some future directions. In appendix A, we intro-
duce the derivation of the multi-cut solution via holomorphy in the pure CS matrix model.
This derivation is more powerful than the integral formula (2.38) in certain situations. In
appendix B, we discuss the issue of “negative steps”.

2 Multi-cut solutions in the pure CS matrix model

In this section, we will propose the integral formula (2.38) which provides us a method to
derive possible general solutions of the saddle point equation (1.2) including the various
multi-cut solutions shown in figure 1. Since the general solution will be characterized by
a bit complicated multi-cuts sketched in figure 8, we will first explain the derivations of
several simpler multi-cut solutions which will give us insights about the general solution.
In order to derive the multi-cut solutions, we will employ the resolvent. It is convenient
to introduce new variables U; := exp (u;) and rewrite the saddle point equation (1.2) as®
2miA i Ui+ U;

N U - U

logU; = (t=1,---,N). (2.1)

Following [48, 49], we define the eigenvalue density p(Z) and resolvent v(Z)

N
p(Z) = %Za(z—m), w(Z) = /dep(W)g“_L% (2.2)
i=1

where C is the support of p(Z). Then the saddle point equation (2.1) becomes

VI(Z) = lim [0(Z + i€) + 0(Z —id)],  (Z€C), V(Z)=——1logZ  (23)

e—0 TN

Besides, the resolvent satisfies the boundary conditions

lim v(Z) =1, lim v(Z) = —1, (2.4)

Z—00 Z—0

through the definition (2.2). By using the resolvent, the eigenvalue density is described as

p(Z) =

~ 1wz Im [v(Z +ie) —v(Z —ie)],  (Z€C). (2.5)

In the following subsections, we will explore the solutions of the equation (2.3) which obey
the boundary conditions (2.4).

3If we use a new variable U; := Use 2™ (2.1) becomes the saddle point equation of the Stieltjes-Wigert

matrix model [27]: 0% logU; = 4722 Z;\;l U;Uj' The advantage of the U; variable [48] is that it makes

equations symmetric under U — 1/U corresponding to the symmetry v — —u in the original variable (1.1).




2.1 One-cut solution

We review the derivation of the resolvent describing the one-cut solution shown in figure 1
(top-left) [26, 28, 38]. There are various derivations of this solution, and we employ the
integral method of Migdal [43] which is useful for finding the general solution later.

The potential V'(Z) (2.3) has the unique extreme at Z = 1 (or z = 0 where z := log Z),
and the eigenvalues tend to be around there. Hence we assume that p(Z) has a single
support on the interval [A, B] near Z = 1, where A and B (|A| < |B|) will be fixed soon.
We apply the ansatz [43] for the solution of the saddle point equation (2.3) [38],

[ AW V(W) [ (Z-A)Z-B)
”(Z)—famz-w (W — A)(W — B)

(2.6)

4

Here the contour C encircles the support [A, B] counterclockwise.” By performing this

integral,® we obtain

o(2) = L log <f(Z) ~VP(2) - 4Z>’

Y 2

2VAB 2
f(Z)=fo+ fZ, fozm, 1=m. (2.7)

Then, through the boundary conditions (2.4), A and B are determined as
A =exp (—2 arccosh (em’\)> , B =exp (2 arccosh (e”i/\)) =1/A. (2.8)
The eigenvalue density is obtained through (2.5),

2y oy [ZHVAB—i\(Z - A7)
P oz \ 7y VAB+ i\ (Z - A)Z - B)

We sketch the profile of this density in figure 2. In order to compare the obtained result

), (Z € [A, B]). (2.9)

with the numerical result shown in figure 1, we rewrite our results by using the variable
z = log Z which corresponds to u; in (1.2). Correspondingly, A and B are mapped to

b = log B = 2 arccosh (e”M) , a = log A = —2 arccosh (e”w‘) , (2.10)

and they satisfy a = —b. (This is expected, since the system is symmetric under z — —z.)
See figure 2. This solution describes the numerically obtained one-cut solution shown
in figure 1.

Note that the resolvent in the z variable has the branch cuts on z € [a+27in, b+ 2min],
(n € Z), although the eigenvalues are distributed on z € [a, b] only. These additional infinite
number of the cuts are related to the periodicity u; — u; + 27i of the right hand side of the
saddle point equation (1.2), and the equation of motion (2.3) is not satisfied there. In this
article, we refer to the solutions in which & mobs of the eigenvalues exist in the z plane as
“k-cut solution”, and do not count these additional cuts as “cuts”.

4We employ the script C for the closed contours and C for the supports in this article.
5To perform this integral, we deform the contour C) so that it encloses the pole at W = Z and the
branch cut W € [—o0, 0] of logW [50].
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Figure 2. Schematic plot of the eigenvalue density p(Z) of the one-cut solution (2.9) and the
eigenvalue distribution on the z-plane. A, B and a,b are given in (2.10).

2.2 Stepwise two-cut solution

We consider the derivation of the stepwise two-cut solution [1] plotted in figure 1
(top-right).

Since the potential V'(Z) (2.3) has only the single extreme at Z = 1, it might be dif-
ficult to imagine that the saddle point equation (2.3) allows such a two-cut solution. The
key is the periodicity u; — u; +2mi of the right hand side of the saddle point equation (1.2).
Thanks to this periodicity, strong interactions between the eigenvalues arise if they are sep-
arated by 27, and these interactions make the various solutions shown in figure 1 possible.

Before considering the N = oo case, we study the N = 2 case as an example [1, 39].
In this case, the saddle point equation (1.2) become

1 — 1 —
u1 = — coth “ ug’ u2 = ——coth i — U2 (2.11)
2miA 2 2 2TEA 2 2
By summing these two equations, we find u; = —us, and the equations reduce to
(51 1
= —cothu;. 2.12
omixn 2 ot (2.12)

This equation indeed allows infinite number of solutions. At weak coupling |A| < 1, we
can perturbatively obtain the solutions,

up = VN - ulzm‘n+%+---, (2.13)
where n is a non-zero integer. The first solution would correspond to the one-cut solu-
tion (2.9) at large-N, while the second one indicates the existence of a new class of the
solutions. Particularly the second solution satisfies u; — ug = 2min + O()), and they
are separated by 2min. Thus, the periodicity of the right hand side of the saddle point
equation (1.2) causes the various solutions as we expected.

Let us move on the N = oo case. To find the two-cut solution corresponding to the nu-
merical result shown in figure 1, we assume the two branch cuts [a;, b;] where Re(a;) <Re(b;)
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Figure 3. (Left) Sketch of the stepwise two-cut solution in the pure CS matrix model. The red
lines describe the eigenvalue distributions. (Right) Integral contours in the integral of the resolvent.
The doted lines denote the branch cuts of the integrand. The blue lines are the integral contour C4
and Cs in (2.16). The green line denotes the contour C' in (2.18).

and Im(a;) < Im(b;) (i = 1,2) on the z-plane (z = log Z) satisfying®
az = by + 2min. (2.14)

Here n is a positive integer. (We will argue why we restrict n positive in appendix B.)
We also assume that the first cut and the second cut consist of N3 and Nao(= N — Np)
eigenvalues, respectively. See figure 3. Since the branch cuts are always separated by the
fixed number 2min, we call this solution “stepwise two-cut solution”.

On the Z-plane, these cuts are mapped to A; = e* and B; = e and they satisfy
Ay = 2™ By, (2.15)

through (2.14). We assign a new symbol D; := B; for this point, since the properties of this
point are different from A; and By as we will see soon. Note that, because of the branch
cut of log Z in V'(Z) (2.3), Az and B; stand different points on the Riemann surface. See
the right sketch of figure 3.

By regarding the locations of these branch cuts, we propose the ansatz for the resolvent
of the stepwise two-cut solution

v(Z) = j{clucz % Zﬁ@ ((MZ/ : ji;gif_—BBz))’ V(Z) = 71)\ log Z. (2.16)

Here the integral contour C; and Cy encircle the branch cut [A;, By] and [Ag, Bs] coun-
terclockwise, respectively, and they are on the different sheets as shown in figure 3. It is

®We assume the condition Re(a;) < Re(b;) and Im(a;) < Im(b;). This is because the potential
V'(z) = %z forces the eigenvalues to compose such a configuration when A is real and positive. We
can see it from the results of the Newton method.



not difficult to show that this ansatz satisfies the saddle point equation (2.3) on the cut
[Al, Bl] and [AQ, BQ].7

Now we evaluate the integral in (2.16). Since the integrand involves log W in V/(W),
we need to take care of the branch cut. We assume that C; is on the no-th sheet.® (It
implies C3 is on the n + no-th sheet through the ansatz (2.14).) Then we can evaluate the
integral (2.16) as

o2 ?édW1logW (Z-A1)(Z—-B>) % AW 2ne 1 [ (Z-A)(Z-By)
dmi miN Z—W\ (W=A)(W=By) ' Jo, dni X Z—W \| (W=A)(W—B)

(2.18)

% dW2(n—|—n0 Z Al Z—Bg)
Oy 473 Z— W W Al W—BQ).

Here the contour C encircles the branch cut [A;, Bs] on the 0-th sheet. See figure 3. The
first integral is identical to (2.6) and the second and third integrals have been done in [1],
and we obtain”

o2 (f(Z)— fQ(Z)—4Z>+7$log<q(2)+\/2q2(2)—4>+%

A b
2/ A1 B 2
[(Z) = fo+ 12, fo= =122 fi=—rs,

VAL +VBs VAL + VB
_ nZ — qoD1 0 = 2(2D1 — A — BQ) o = Q(DlBQ + D14y — 2A132)
Z—-D; ' By — Ay ' Dy(B2 — Ay) .

(2.20)

This result agrees with that of ref. [1] which employs a different method.!? (In appendix A,
we show how the resolvent (2.20) satisfies the saddle point equation (2.3). There, we also
argue another derivation of this solution via holomorphy.) From (2.5), the eigenvalue

"Our ansatz (2.16) is similar to the ansatz for the m-cut solution of Hermitian matrix models [43]

_ u dw V'( (z—a:i)(z — by)
_;7{ 4mz— 11;[1 w— a;) —b) (2.17)

where a; and b; denote the end points of the i-th branch cuts (i = 1,--- ,m). The difference is that the end
point By and Az do not appear in the inside of the square root in our ansatz (2.16). Since By and As are

the same point on the different sheets, even though they do not appear in the square root, v(Z) satisfies
the saddle point equation (2.3) on the cuts.

8If we sum up the saddle point equation (1.2), we obtain Zf:l u; = 0. This implies that the center-of-
mass of the eigenvalues is at the origin. Thus the first cut C; may be on a negative sheet while the second
cut C2 may be on a positive sheet: ng <0 and n + ng > 0.

9The second term can be written as

log <Q(Z) * W) = 2jarctan ( Z -4 \/32 — Dl)- (2.19)

Z — Ba

00ur result (2.20) differs from the resolvent (64) of our previous work [1] by a constant term. This is
because ref. [1] used a different variable Z which was defined on page 17 of [1].
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Figure 4. (Left) Schematic plot of the eigenvalue density for the stepwise two-cut solution (2.22)
at a weak coupling. Here we have projected the cut [As, Bs] to the same sheet to [41, B1]. A
logarithmic singularity appears at Z = Di(= B;). (Right) Comparison of the Newton method
(blue dots) and the result through (2.20). For the Newton method, we take N3 = 70, No = 30,
n =1 and A = 0.5. These two results agree very well.

density becomes

_ 1 Z+VAB; —iy/(Z — A1) (Z — By)
o2) = A2 \Z lo <Z+ VAIBy +i\/(Z — A)(Z — Bg)) (2.21)
arctanh < Z=4 \/B2 — D1> (Z € [Aq, By]),
e Bg; (2.22)
g —arctanh <\/Z2 yn \/32 - D1> (Z € [Ag, B3)).

The profile of this density at a small A is shown in figure 4. Particularly a logarithmic
divergence at Z = D; arises from the second term due to the pole of ¢(Z), although the
integral of p(Z) is finite [1]. The existence of the divergence is quite contrast to the one-cut
solution shown in figure 2.

Finally we have to fix the values of the undetermined constant A;, Bi(= D;) and Ba.
We impose the two boundary conditions at Z = 0 and Z = oo (2.4) and the additional

condition!!

N B 1 Z
Lo [ p(2)dz = v(2)
N Ay 47T’L C1 Z

which demands that the N; eigenvalues are on the first cut [A;, B;]. Thus A;, By and
Bj should be determined as the solution of these three equations and they are given as

dz, (2.23)

functions of the input parameters: A, n and N;/N. (ng is determined when A; is fixed.)
However finding the solution for the general input parameters is difficult. Also it is

hard to answer whether the solution exists or not for the given parameters, and, even

if it exists, whether it is unique or not. In addition, even if we found a solution, if the

11f Ny = Na, the solution becomes symmetric under Z — 1/Z and it makes the calculation much
simpler. We obtain By = 1/A; and A2 = 1/B; = e"i", and we need to consider only one of the boundary
condition (2.4).



eigenvalue density p(Z) is not positive, the solution is not allowed. For example, the one-cut
solution (2.7) is allowed only when —1 < A <1, if A is real [39].

Some solvable cases were explored in [1]. For example, at weak coupling |A| < 1, the
solution is uniquely given by

™ N 2 2T o (T2 2
2N>+O()\ ), bg—a2+ " tn<2N>+O()\ ),

o . 2minNy | Am T N1 7 No 9
by = dy = ag — 2mwin = N +2n<tan<2N> tan<2N>>+O(/\) (2.24)

Here dy :=log D;. In this case, the cuts are parallel to the real axis if A is real.
In the case of a finite A, we can find the solution if Ny = Ny and n =1,2,3 and 4. In
the case of n = 1, the solution is given by

. . - —\ 2 . .
B2 — 1/A1 — T (_i(em)\ _ 1) + 2emiA _ eQmA) , A2 — eszBl — Tt (2‘25)

Also we can find the solutions by solving (2.4) and (2.23) numerically. For example,
when we take {\,n, Ny/N} = {0.5,1,0.7}, we obtain a solution as shown in figure 4.1 The
result agrees with the numerical result derived through the Newton method in which we
solve the saddle point equation (1.2) at finite N directly [40-42].13

2.3 Stepwise multi-cut solution

We develop the derivation of the stepwise two-cut solution in the previous section and
consider the stepwise multi-cut solution in figure 1 (bottom-left). For a stepwise [-cut
solution, there would be cuts [a;,b;] on the z-plane which satisfy Re(a;) < Re(b;) and
Im(a]) < Im(b;), (j =1,---,1). We assume that the j-th cut consists of N; eigenvalues
(ijl Nj = N). Similar to the stepwise two-cut solution, we impose that the end points
of these cuts satisfy

aj41 = bj + 2min;, (j=1,---,1—-1), (2.26)
where {n;} are positive integers. See figure 5. In terms of the Z variable, this assumption
implies the cut [A;, B;] satisfying A;11 = €™ B;. Then, by generalizing (2.16) in the
stepwise two-cut solution, we use the following ansatz for the resolvent

dw V'(W) | (Z - A)(Z - By) o1
27{ Ami 7 — W (W—Ai)(W_l;l)’ ViZ) = alogz (2.27)

Here the integral contour C; encircle the branch cut [A;, B;] counterclockwise. Again these
contours are on the different sheets of log Z, and we assume that the first contour C} is on
the ng-th sheet.

12WWe use FindRoot in Mathematica in our numerical computation. Then we find various solutions
depending on the initial condition of FindRoot. We choose the solution which is consistent with the result
of the Newton method. It is unclear whether the other solutions are all meaningful, since the equations
involve several multivalued functions which may lead to wrong numerical results. Also some solutions might
correspond to the eigenvalue density involving negative values which are not allowed physically.

13 Although we can derive the end points of the eigenvalue distribution, obtaining the distribution curve
on the complex plane is technically difficult unless the coupling A is small as in (2.24).

~10 -



ﬁ i alﬂbl p(Z>
JQWinl_l
A34-- bl—l
T Re N1 N2 N3
27rml
Ny
a2/b2 Z
o
Ny famin A Dy D, B

Figure 5. Sketch of the eigenvalue distribution and the eigenvalue density of the stepwise multi-cut
solution. In the eigenvalue density, we project the cuts on the different sheet to the same sheet and

consider a small .

We perform the integral in (2.27) through the similar calculations to the stepwise
two-cut solution (2.20) and obtain the resolvent of the stepwise I-cut solution

-1 ) W(2))* =
1 10g<f(Z)\/£2( )— 42)+Z 50 [ (Z2)+ (QqJ(Z)) 4 L

2= )
2VA B 2
1(Z)= fothiZ, fo=———=, fi=———
VAI+VB VAI+VB,
G0)(7) = 24§D, G)_ 2@Dj—Ai=B) ) _ 2(DjBi+DjA1—24,B))
¢ z-p; = 0 B-4 = ® Dj(Bi— A1)

(2.28)

Here we have defined D; := Bj in order to emphasize the distinction between B; and other

Bj’s. Again ¢\ (Z) has a pole at Z = Dj;. This pole causes a logarithmic singularity and we

take the branch cut as sketched in figure 6 so that the equation (2.3) is satisfied correctly.
Then we obtain the eigenvalue density

1 ) Z+VAB, —i\/(Z - A)(Z - B) E_:
0
AmiNZ & Z—|—\/AliB+z\/ Z — A1) (Z - By) = 10

Z—A B —D;
arctanh | 4/ ! ! L, Z e [Ay, By |,
. n; B =2\ Dj— A4 (k=)
P (Z) = 2 T (2.29)
s VA
B -7 [D; A1
—arctanh Z € [Ay, By
Z—-A1\| B — (k=j+1,,1—1)

Again it shows the logarithmic divergence at each Dj, (j =1,---,1 —1). We sketch the
profile in figure 5.

Lastly we have to fix the [ 4+ 1 constant A;, By and D; (j = 1,---,0 —1). These are
determined through the two boundary conditions at Z = 0 and Z = oo (2.4) and [ — 1

p(Z) =

- 11 -
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Figure 6. (Left) Branch cuts of the resolvent of the stepwise three-cut solution (2.28) on the
Z-plane. The solid lines denote the branch cuts of the square root: [A1, B1|, [A2, Bs] and [A4s, Bs].
The broken lines are the branch cuts of log which lie on the second sheet of the square root.
The logarithmic branch cut starting from Bj(= D;) on the first sheet immediately goes to the
second sheet and terminates at By on the second sheet. (Right) Eigenvalue distributions through
the Newton method (blue dots) and our method (red dots) for the stepwise three-cut solution at
N1/N = Ny/N = N3/N =1,n; =ny =1, A =0.3. We take N =60 in the Newton method.

normalization condition

) B; v

Z o =1,---,1). 2.
w7 (=1 (230)

(One of the normalization condition is not independent of the other conditions.) We can
solve these equations numerically. The result for {\,n1,n9, N1/N, No/N}={0.3,1,1,1/3,1/3}
is shown in figure 6. (In this case, the solution has a symmetry z — —z which fixes by =—a;,
by =—ag, by =—as.) This agrees with the result obtained from the Newton method.

2.4 Composition of the stepwise multi-cut solutions

We explore the analytic solution for the last plot in figure 1 (bottom-right). There, three
cuts appear, and two of them are separated by 2mi. Thus they may be regarded as a
composition of the one-cut solution (2.7) and the stepwise two-cut solution (2.20). Hence
we assume the three cuts as [A(D, BO], [A§2),B£2)] and [A§2),B§2)]. Here [A™M, BW] cor-
responds to the one-cut around the z = 0 and [Ai2 ,BiQ | (i = 1,2) describe the stepwise
two-cuts. Hence we impose

AQ) = ¢2min D) (2.31)

where n is a positive integer. We also assume that the numbers of the eigenvalues on each
cuts are N and NZ@) (1 = 1,2), respectively. Then the resolvent may be given as

() — % AW V(W) | (Z-A0)(Z-B0)(Z-AP)(Z-B) (232)
C

WuePue® 4 Z=W [ (- A0 (W —BO)(W —AP) (W - BP)

- 12 —
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Figure 7. (Left) Integral contours of the resolvent for the composite solution (one-cut + stepwise
two-cut) in (2.32). (Right) Eigenvalue distributions through the Newton method (blue dots) and
our method (red dots) for the composite solution. We take N /N = NfQ)/N = N2(2)/N =1/3,
n=1, A=0.2. N =120 is taken in the Newton method.

where the contour C') encircles the cut [A(), BM] and CZ-(2) encircles the cut [Al(z), BZ-(Q)]
(1 = 1,2). See figure 7. Note that we have the 5 constants: A(l),B(l),Agz),BF) and
B§2), and these constants can be fixed by the 3 normalization conditions similar to (2.30)
and the 3 boundary conditions (2.4).!* (There are 6 conditions but only 5 of them are
independent). Therefore the consistent solution would exist.

Symmetric solution. Performing the integral of the resolvent (2.32) is generally diffi-
cult. However, if the solution is symmetric under z — —z (Z — 1/Z), we can compute it
as follows. This symmetry requires the following conditions on the ansatz,

AO =10 AP —1B® AP 1B —emin N NP (2.33)

Besides, the cut [l/B(l), B(l)] should pass Z = 1, and it demands n to be odd so that the
other two cuts do not hit this cut. In this case, the cut [¢™", BéZ)] and [1/ BéZ), e~ ™" are
on the (n + 1)/2-th sheet and —(n + 1)/2-th sheet,'® respectively, and the integral (2.32)
can be written as

s }'{ AW 1 logW | (Z2—1/BW)(Z-BW)(Z-1/BP)(Z-BY)
v = T~
couc@ i TiX Z=W\[ (W —1/BW) (W —BOYW —1/B)Y(W - BP)

7{ AW —(n+1) 1| (2=1/BW)(Z=BW)(Z-1/B)(Z—B}")
o dmi A Z=WN\ (w—1/BO)W—BO)(W-1/BP)(W-B)

7{ dW n+1 1 (Z—l/B(l))(Z—B(l))(Z—1/B§2))(Z_B§2)> (2.34)
C

@ ami A Z=WN (W —1/BO)W - BO)W -1/BP)(W-B)

! The resolvent (2.32) behaves as v(Z) = c1Z +co+0(1/Z), (Z — o0) and the boundary condition (2.4)
requires the two conditions: ¢; = 0 and ¢y = 1.
5 This is because the cuts would tilt as we can see from the numerical result. See footnote 6 also.
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We can compute this integral by using the technique developed in ref. [51] and obtain

1Og<f<z>— f2<z>—4z2>_ n (q<z>+\/q2<z>—4>
; ,

v(Z) =

1
27N 2 omin B

9+ @ Z + qoZ?

F(Z2) = fo+ hZ+ foZ?,  qa2)= Zi12 (2.35)
where the constants are given as
4 D) 4 (2)
fOZM’ f1:_2m7 C(l):B(l)—i-l/B(l), ( ) B(2)+1/B(2)
M) 4@ 44 4 (M 4@ £ 4c06(2)
qo= L, Q1 =- ( ) (2.36)
c1) —c(2) c(D) —¢(2)

Remarkably, the first term of (2.35) is similar to the resolvent of the S3/Z? Lens space
matrix model [26, 38] which is related to the ABJM matrix model (3.9). The second term

provides the logarithmic divergence at Z = e*™n

akin to the previous solutions (2.20)
and (2.28). The appearance of the resolvent of the Lens space matrix model indicates
that some geometrical interpretations of our multi-cut solutions might be possible. We will
consider it in a future research.

By numerically solving B and BéZ), we compare our solution with the one obtained
via the Newton method. We can see a good agreement as shown in figure 7. Note that we
attempt to solve the equations (2.4) and the normalization condition like (2.30) directly
by Mathematica and obtain a consistent result. (Here we use FindRoot and NIntegral
n (2.32).) This is a good news. Although it would be difficult to perform the integral such
as (2.32) and obtain analytic expressions in general, this result indicates that we do not
need the analytic expressions in order to evaluate the physical quantities.

2.5 Proposal for general solution in the pure CS matrix model

The generalization of the composite solution in the previous section is straightforward. We
can consider p-stepwise [,-cuts: [A§Q), B](Q)] (g=1,---,pand j=1,---,l,) satisfying

(@)
Al = 2min" pla) | (2.37)

(9)

where n j

[Ag.Q), B](.Q)] as NV ;Q). Then the resolvent may be given by

are positive integers. We also assign the numbers of the eigenvalues on the cut

ZZ 7{ aw viwy & | (2 - A0z - BY)
o Ami 7 — W et (W*qu))(WfBl(f))

, (2.38)

where the contour CJ(T) encircles the cut [Ag.r), BJ(T)] (r=1,---,pand j=1,--- ,1.). This
integral may be performed by using the genus p — 1 generalizations of elliptic functions. In

this expression, we have the p+ ZZZI l4 undetermined constant { qu), ng), e Bl(f)}’ and
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Figure 8. Eigenvalue distribution of the general solution (2.38) in the pure CS matrix model on
the z-plane.

these will be fixed by the 2’:1 l4 normalization condition (2.30) and p boundary condition
at Z = oo and one boundary condition at Z = 0 (2.4). (Again one of these conditions is
not independent.) As an example, we derive the solution shown in figure 16 in appendix B
by using this ansatz.

In this way, our resolvent (2.38) may describe all the solutions in figure 1 obtained
through the Newton method. Then one important question is whether any other solutions
of the saddle point equation (1.2) exist or not. We explore the solutions through the Newton
method, and it seems that all the solutions might be explained by our resolvent (2.38).
Although it is hard to exclude the possibility of the existence of the other solutions, we
presume that our solution (2.38) may be the general solution of the saddle point equation
of the pure CS matrix model.

Our method would be applicable to other CS matrix models. As a demonstration, we
consider the ABJM matrix model in the next section.

3 Multi-cut solutions in the ABJM matrix model

We will apply the technique for finding the multi-cut solutions developed in the previous
section to the ABJM matrix model [14]. The partition function of this model is given by

2 2
Hi— K i — V.
d'ule T H dvj T nY; HKJ [2smh J} HK] [Qsmh J}
2

.12
j=1 H;{szl [2cosh %]

Z(k,

(3.1)
Here k is the CS level and A := N/k. The saddle point equations of this model are
i = 2miA Zcoth i 'uj Ztanh ,u@ (i=1,---,N)
(2 N ) ) Y 9y
J#l
2T al Vi — W
— LR o) =1
—vi = z?;coth z:ltanh > (i=1,---,N). (3.2
J#i Jj=
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We explore the solutions of these equations in the 't Hooft limit N — oo at finite A.
Again the resolvent is a convenient tool for solving these equations. We define new variable
M; :=exp (1;) and N; := exp (v;), and rewrite the saddle point equations (3.2) as

L[~ N
2T M; + M; M; — N;
log M; = J _ — I (i=1, ,N),
N = M; — M; = M; + N;
L[~ N
2mTiA N; + N, N; — M; .
—log N; = N § N__N?—E N'+M9’ , (i=1,---,N). (3.3)
L - = T

We introduce the eigenvalue densities of M; and N; and the resolvent as

N
pul(2) = oS 62 - M), pn(Z) = o D67 - W),
i=1 1=1
Z+W Z—-W
w(Z) = /CM pM(W)Z — WdW - . pN(W)Z n WdW, (3.4)

where Cjs and Cy are the supports of ppr(Z) and pn(Z), respectively. Then the saddle
point equations (3.3) become

1

-y logZ:lg% [w(Z + ie) + w(Z — ie€)], (Z € Cn),

1
——log Z = lim [w(—Z + i€) + w(—Z — ie)], (Z € Cn), (3.5)
TN e—0

and the eigenvalue densities are described by

1

om(Z) = ~ 1z lgr(l) [w(Z + i) —w(Z — ie)], (Z € Cunr),
pon(Z) = t 7 lgr(l) [w(—Z +ie) —w(—Z —ie)], (Z € Cn). (3.6)

Besides, the resolvent satisfies the boundary conditions

Zlg%o w(Z) =0, %13130 w(Z) = 0. (3.7)
Therefore what we should do is finding the resolvent which satisfies the saddle point equa-
tions (3.5) and the boundary conditions (3.7).

Before considering the analytic solution, we attempt the numerical computations via
the Newton method in order to gain some insight. Some of the obtained results are shown in
figure 9. The top-left panel corresponds to the well-known solution obtained by Drukker,
Marino and Putrov [18]. We call this solution “DMP” solution. The top-right panel
corresponds to the solution found in our previous study [1]. In addition, various multi-cut
solutions exist. These results indicate that the dynamics of the ABJM matrix model is
similar to the pure CS matrix model. While the eigenvalues tend to be around z = 0, the
strong interactions arise when the eigenvalues are separated by 27i, and they may cause
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Figure 9. Eigenvalue distributions of the numerical solutions of the saddle point equation (3.2)
in the ABJM matrix model. We take N = 100 and A = 10. The blue and red dots denote the
eigenvalues of p and v, respectively. The top-left plot corresponds to the DMP solution [18], and
other various multi-cut solutions exist in this model.

various solutions.'® Therefore the technique in the pure CS matrix model would be useful
in the ABJM matrix model too.

3.1 Derivation of the DMP solution

Before considering the multi-cut solutions, we first review the derivation of the DMP solu-
tion (figure 9 top-left) by using the technique in the previous section [51]. We assume the
cut [1/A, A] for M; and [1/B, B] for N;. (Here these cuts respect the symmetry Z — 1/7.)
We also assume |A|,|B| > 1. See figure 10. Then the resolvent which satisfies the saddle
point equations (3.5) is given as

(Z)—/q{ AW Vi,(W) | (Z - A)(Z - 1/A)(Z +1/B)(Z + B)
)= T o dmi Z — W\ (W — AY(W — 1JA)(W + 1/B)(W + B)

7{ AW V(W) [ (Z=A)(Z—1/A)(Z+1/B)(Z+B)
Lo Ami Z — W\ (W — A) (W — 1/A)(W + 1/B)(W + B)’

1 1 i
Viu(Z):= ﬁlogZ, Vy(Z) = ﬁlog (e™2). (3.8)

16Note that strong interactions work between p; and v; too in the saddle point equations (3.2), if they
are separated by (2n+ 1)mi. However we could not find numerical solution in which p; and v; are separated
by (2n + 1)mi. Since the sign of interactions (3.2) between u; and v; in this case are opposite to those
between p; and i, we presume that the forces cannot balance and the solution could not exist. (It would
be important to clarify this point rigorously.) For this reason, we do not consider the analytic solutions for
these configurations in this article.
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Figure 10. (Left) Sketch of the cuts of the DMP solution. Here oo = log A and 8 = log B. (Right)
Integral contours of (3.8). The contour CN) encircles [~ B, —1/B] rather than [1/B, B].

Note that the cuts of this resolvent are on [1/A, A] and [—-B, —1/B] rather than [1/B, B].

This is because the saddle point equations (3.3) are singular when M; = —N;. Correspond-

ingly the contour C™) and C'N) encircle the cut [1/A, A] and [—B, —1/B], respectively.
We can perform this integral and obtain [51]

w(Z)_lei)\lOg(f(Z)_ 22<Z)_4Z2>7 F(Z)= fo+ 112+ foZ?,
B 4 _ 2(-A-1/A+B+1/B)
o= Afi/AvB11/B’ h="A{1jA+B+1/B (39)

The parameter A and B are determined through the boundary conditions (3.7) and the
normalization condition

A
1 v(Z)
= Z)dZ = — dz. 3.10

/1/,4 pu(2) At Joony Z ( )

Then we obtain the relations [18]

1 1

Here & is related to the 't Hooft coupling A through
Ak) = %3F2 (1, 1142 —F"2> : (3.12)
Particularly, at the strong coupling |A| > 1, we obtain
A= e, azﬂ\/ﬁ—l—gi—%e_“/;\-i----,
B=¢ B=nx 25\—gi+2ie_“\/;\+---, (3.13)

where \ 1= \ — i.
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3.2 Proposal for general solution in the ABJM matrix model

We will apply the technique developed in the pure CS matrix model to the ABJM matrix
model, and propose the general solution. As the numerical computations shown in figure 9
suggest, there are various multi-cut solutions in which the eigenvalues of the same matrix
are separated by 2mi. Thus each matrix can compose the stepwise multi-cuts. In addition,
a composition of these stepwise multi-cuts would be a solution too as in the pure CS matrix
model case. (Indeed we find these complicated solutions numerically, although we omit to
show them in this article.)

By regarding these numerical results, we consider the following ansatz. Suppose the
eigenvalue {M;} compose p stepwise [,-cuts (r = 1,--- ,p) and the eigenvalue { N;} compose
q stepwise m,-cuts (r = 1,--- ,q), and we define that the cut [A(M ", B](-M’T)] for {M;} and
[AEN’T), B](.N’r)] for {IN;}. We assume that these cuts satisfy

]\47 2 (M,r) ]\47 .
Ag T)_ 7Tln B§+1r)7 (.7:17 7l7“7 T:17"' 7p)7
]\77 _ (N,r) N, i
AE ") = g 2miny B](+1T), (G=1,---,my, r=1,---,q), (3.14)
(M,r) (N,r) oy . . .
where n; and n; are positive integers. We also assign the numbers of the eigenvalues
on the cut [A;M’T), BJ(-M’T)] and [A;N’T), B](-N’T)} as N ](M’T) and N J(N’T), respectively. Then

the resolvent may be given as

p p q T \r .8 ,8
% dW Vi (W HH (Z2—-AMD)(Z-BM7)(Z+AN)(Z+ B

w(
- 1] < Jowno dmi Z=W LU\ (W — a0 (W = BM0) (W + AP (W + B
+§":§: 7{ AW Vi (W ﬁf[ Z- A2 B" ) (2 4+AP) (24 B)

= e Ami Z-W SR =AY W= BT (W AP (W Bl
(3.15)
where the contour CZ.(M’T) and C](-N’S) encircle the cut [AEM’T), l(M T)} (t =1,---,1, and
r=1,---,p) and [—BJ(-N’S),—A;N’S)] (j=1,--- ,mgand s = 1,---,q), respectively. The

end points of the cuts may be determined through the boundary conditions (3.7) and the
normalization conditions akin to (3.10).

3.3 Symmetric stepwise multi-cut solution

Although the general solution (3.15) looks very complicated, if p = ¢ = 1 and the solution
is symmetric under Z — 1/Z, we will obtain a simple expression. To see it, we consider
a stepwise 2l + 1-cuts of u; and stepwise 2m + 1-cuts of v; configuration as sketched in
figure 11. As we will see soon, the result depends on whether the number of each cut is
odd or even, and we consider the both odd case first. We assume that {y;} are distributed

between [—béM),béM)], [ag.M),bg-M)] and [—bg-M),—a;»M)], (j =1,---,1) and the number of

the eigenvalues on each interval is NéM), N ;M) and N ](M), respectively, so that the system
is symmetric under Z — 1/Z. Here NéM) + 225.:1 N ](M) = N is imposed. Similarly,
(N)

for {v;}, we take [~b§",65"], [, 6] and [N, —al™), (j = 1, ;m) and N\
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Figure 11. Eigenvalue distribution of the symmetric stepwise ((21 + 1) + (2m + 1))-cut solu-
tion (3.17).

which satisfies NéN) + 22;”:1 NJ(N) = N. Through the stepwise assumption, we impose
the condition

oM = b(M) —i—2mn§-M)7 G=1-,1),

= bg.fi —2rin\™, (j=1,--,m), (3.16)

where {ng-M)} and {ng-N)} are positive integers. On this set up, the resolvent (3.15) becomes

%ﬂf aw Vi, (W) | (2-1/B")(Z2-B")(Z+1/Bi ) (2+B}")
an dmi Z=W \| (W — 1/B(M)(W BM))(W+1/B7(nN))(W+B7(nN))

AW VW) | (2-1B)Z- B (z+1/B0 ) (24 BR)
2,

o0 dri Z-W N\ (w—1/B™)w— By W+ 1/B) (w1 B
(3.17)

where Ag. ) = exp( (M)> B(M) = exp (b(M)>, AEN) = exp (a§N)) and BJ(-N) = exp (b;N)>,

and CJ(M) and CJ( ) are the contours which encircle the cuts as in (3.15). We will use
DJ(.M) = Ag-M) and D](-N) = Ag-N) when we emphasize the points of the steps. Through
calculations similar to section 2.2, we can perform this integral and obtain

w(Z) = 2mlog<f<2> f2(2>42)

e (%) 0 2_ m . (N) ) ) 2_
n P (Z2)+4/ (P (2))" -4 n; q7(2)+4/(q9)(2))" -4
+Z TN 1°g< 2 )_Z ot 1°g< 2 )
J

i=1 —
(3.18)
Here f(Z), p(i)(Z ) and gl )(Z ) are rational functions
f(Z)= fo+fLZ+ foZ2, p(i)(Z>: PoZ*+p1Z+po q(j)(Z): w0722+ Z+qo

(M) (M)y? (™) (N)y?
(Zz-D;"’)(Z-1/D;"’) (Z+D; ) (Z+1/D;)
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where the coefficients are given by

A 9 (—cW) +c<N>)

Jo=Gatam h=—Gwnram
(i) 4 (D§M>+1/D§M>) +2¢M) —2¢(M) () 2 (DZ(M) +1/D£M)) (C(M) fc(N)) — 4D ()
Py = cO0) 4 () o b= (1) 4 () ’
G) —4 (D](-N) —|—1/D](-N)) +2¢M) 9N G) -2 (DJ(-N) +1/DJ(-N>) (C(M) —c(N)) —4cM) (V)
do = <) 4 (V) = (D) 4 o) ’
M) = pM) 4 1/, N =pBWN) 4 1/BIN) (3.19)

In (3.18), the first term is identical to the DMP solution (3.9) and the rest of the terms
resemble the terms in the stepwise multi-cut solutions in the pure CS matrix model (2.28)
and (2.35). Particularly, the resolvent shows the logarithmic singularities at Z = Dl(M),
1/DM, —D™ and ~1/DY (i=1,--- land j=1,--- ,m).

If the number of the cuts is even, the result should be modified, since the cut at
the origin disappears. Suppose the number of the cuts of p; is even, we should remove
the cut [l/B(()M), B(()M)] and fix DEM) = exp (mind’). Similarly, if the number of the cuts
of v; is even, the cut [1/BéN),BéN)] is removed and DgN) = exp (—min)). With these

modifications, the expression (3.18) works in these cases.

3.4 Connection to the large-N instantons

Once we obtain the multi-cut solutions, we may obtain the large- N instantons which are the
“tunneling” of the eigenvalues between two solutions [44, 45]. Particularly the instantons
in the DMP solution which corresponds to the AdS;xCP? vacuum of the string theory
might be related to non-perturbative objects of strings. In this section, we argue that some
of the instantons may be related to the so-called D2-brane instantons [46, 47].

We consider the stepwise two+one-cut solution plotted in figure 9 (bottom-left). If we
take NQ(M) — 0 limit, this solution reduces to the DMP solution. Thus NQ(M) — 1 limit
of this solution may correspond to the instanton of the single eigenvalue tunneling in the
DMP solution. We can rudely estimate the instanton action of this instanton as follows [1].
We consider the effective potential for the N-th eigenvalue, say pp, in the DMP solution.
From (3.1), the effective potential for uy is given by

N
‘/eff(/'LN) = mﬂ?\[ + ‘/int(HN)a

N-1 92 N R )
Vint (un) := — Z log [2 sinh 'uN2'uJ] + Z log [2 cosh MN2VJ] . (3.20)
j=1 j=1

Here we fix {¢1;} (i # N) and {v;} to be the DMP solution and we ignore the back-reaction
of pun to the other eigenvalues. (We will soon see that ignoring the back-reaction is too
rude.) If uny = a where « is the location of the right end point of the cut defined in (3.13), it
corresponds to the DMP solution. Then the instanton action is estimated as the difference
of the values of the effective potentials

Sinst (1) = Verr (1) — Ve (). (3.21)
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By using this equation, we can estimate the instanton action of the NQ(M) — 1 limit of the
stepwise two-cut solution (figure 9) by taking p = « + 27,

Sinst(a + 27TZ) =

gy (o 4 2m8)? + Vi (a + 27i) — < o+ Vint(a)>

Na Nrn
= 7+27

XA
= Nov2/a 4, (A1), (3.22)

47

Here we have used the periodicity of the interaction Viy(a + 2min) = Vipt(), and equa-
tion (3.13). Remarkably, the obtained value at strong coupling (|A\| > 1) agrees with
the D2-brane instanton which was obtained through a sophisticated cycle integral of the
spectral curve [46, 47]

SPZ — aNV2/x, (N> 1). (3.23)

This quantitative agreement indicates that our multi-cut solutions might be interpreted as

the condensations of the D2-brane instantons.!”

However our evaluation of the instanton action (3.22) is too rude, since u = « + 27
does not satisfy the equation of motion 0 = V/;(n) = Np/2miX + Vi, (). We can see
it as follows. Since we have assumed that p = « is the DMP solution, it should satisfy
0 = Na/2miX + Vi, (o). However it immediately means that p = « + 2mi is not a solution
due to the periodicity Vi (pu + 2min) = Vi (p). It implies that the back-reaction to the
other eigenvalues is crucial to construct the instanton solution.'®

In principle, we can evaluate the back-reaction by using the stepwise two+one-cut
solution (3.18). Starting from this solution, by taking NZ(M) — 1 in the free energy, we
would obtain the instanton action including the back-reaction. However the computation
of the free energy of the stepwise two-+one-cut solution is technically difficult, and we
instead evaluate the instanton action numerically by employing the Newton method. The
result is summarized in figure 12. It indicates that somehow the contributions of the back-
reaction to the instanton action is suppressed and the rude estimation (3.22) works well.!
This result supports our conjecture that the stepwise multi-cut solutions are related to the

D2-brane instantons in the ABJM theory.

7 Although the real part of the instanton action (3.22) at the leading order of the strong coupling agrees
with the result of [46, 47], the additional imaginary factor iN7/\ = ik in (3.22) does not appear in [46, 47].
This contributes to the phase factor of the instanton action. However, since we have merely considered the
value of the effective action, we cannot evaluate the additional phase factor coming from the deformation of
the contour of the path-integral. Hence we cannot ask the precise relation between our multi-cut solution
and the D2-brane instanton of [46, 47]. In order to evaluate this phase factor, we may need to consider the
path integral including the back-reaction, and it is a challenging problem.

¥Indeed if we do not consider the back reaction, the classical equation of motion derived from the effective
action Veg(p) is given by y = 0 where y is the spectral curve of the DMP solution [46]. We can easily see
that it allows only the trivial solutions p = +a.

19We can confirm that the imaginary part of the instanton action in the numerical calculation also agrees
with the estimation (3.22). We can also check that the results in the N2(M) = 2 case are consistent with the
N2(M> = 1 case. These results are omitted in this article.
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Figure 12. (Left) N and A dependence of the real part of the instanton action through the
Newton method. We compute the classical action of the DMP solution and the instanton solution
and evaluate their differences AS at various N and A (the red dots). Then we fit these data at each
fixed A (solid lines) and extrapolate AS(A\)|N—oo- (Right) Plot of AS(A)|N—oo/N (the red dots).

The solid line is analytic prediction of the D2-brane instanton action 71/2/X (3.23). We can see a
good agreement between them.

Large-IN instantons in the pure CS matrix model. We can apply the estimation
of the instanton action in the ABJM matrix model (3.22) to other CS matrix models if
the model allows the stepwise multi-cut solutions. For example, in the case of the pure CS
matrix model (1.1), we can estimate the instanton action as

Sinst(b + 27Ti) = Veff(b + 27Ti) — Veg(b)

N N
= b+ 2mi)? 4 Vipe (b + 27i) — b2 + Vi (b
Zin 0+ 2m) A Ving (b + 2mi) <47ri)\ + Ving( )>
Nb N
= +z’77r —miN 4,  (]A>1). (3.24)

Here b is the end point of the one-cut solution (2.10), and Vg and Vi, are defined similar
to (3.20). Again we have ignored the back-reaction in this estimation without any justi-
fication. However, the obtained value of the instanton action agrees with the membrane
instanton of the pure CS matrix model argued in [28, 29],

) 27t
membrane instanton: S}\rﬁ =

= 27iN, (It] > 1), (3.25)
S

where t := igs N = 2mi\. This agreement suggests that the stepwise multi-cut solutions

might be regarded as the condensations of the membrane instantons.

Other instantons? So far we have discussed the instanton limit of the stepwise multi-
cut solutions. As we have seen in section 2.5 and 3.2, the composite solutions also exist in
the CS matrix models. However, they are composed of at least three cuts, and we cannot
take the ordinary instanton limit, namely taking the configuration of the stable solution
plus single tunnelling eigenvalue. At least two tunnelling eigenvalues are required, and,
in this sense, the composite solution might provide a novel type of large-N instantons.
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(The interaction between the tunneling eigenvalues is crucial similar to the N = 2 analysis
in (2.11).) However, we have not found any simple estimation of the instanton action for
these solutions so far, and the quantitative comparison to D-branes and the known non-
perturbative effects in the CS matrix models [28-31, 46, 47] have not been done. We leave
this issue for future work.

4 Conclusions and discussions

In this article, we proposed the ansatz (2.38) and (3.15) for the general solutions of the
pure CS matrix model and ABJM matrix model, respectively. By solving these ansatz,
we obtained the multi-cut solutions which quantitatively agree with the Newton method.
Besides, these solutions exhibit the various curious properties: the two types of the multi-
cuts (the composite and stepwise), the logarithmic divergences of the eigenvalue densities
and the instanton limit. Since the multi-cut solutions may describe the various vacua
of the systems, these solutions may be crucial to reveal the non-perturbative structures
of the CS matrix models. Indeed we have found the quantitatively evidences that our
multi-cut solutions are related to the membrane instantons [28, 29] and the D2-brane
instantons [46, 47].

One important future direction is the analytic computations of the integral (2.38)
and (3.15) in the general situations. They might provide us further curious structures of
the CS matrix models. The holomorphy might also help us to find the general solutions as
discussed in appendix A.

Another interesting future direction is exploring the gravity duals of our multi-cut
solutions. Since we have considered the 't Hooft limit of the CS gauge theories, the dual
gravity description in superstring theory may work. Particularly the existence of the in-
finite number of the solutions in the gauge theories reminds us the story of the bubbling
geometries [52]. If the corresponding infinite number of the gravity solutions were found,
it would be very important in the supergravities. The researches on the Lens space ma-
trix models [26, 38, 53-55] may give us some insight about the connection between the
geometries and the eigenvalue distributions of the CS matrix models.
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A Derivation of the stepwise multi-cut solution via holomorphy

We will show that the stepwise multi-cut solution can be derived by using holomorphy?"
too which have been employed in the CS matrix models [18, 26, 38, 46].

A.1 One-cut solution

We review the derivation of the one-cut solution (2.7) via holomorphy [26, 38]. We assume
that the resolvent v(Z) has the branch cuts on C : [4, B]. On this cut, the resolvent should
satisfy the saddle point equation (2.3). Then we can define a holomorphic function

f(Z) _ em'/\v(Z) + Zefm'/\v(Z). (Al)

From the boundary conditions (2.4), f(Z) satisfies f(Z) — e ™*Z (Z — o) and f(Z) —
e~ ™A (Z — 0). Then such a holomorphic function is uniquely determined as

[(Z2)=fo+ hZ,  fo=eT  fi=e N (A.2)

On the other hand, by solving (A.1) with respect to v(Z), we obtain

o(Z) = —log <f(Z)_Vf2(Z)_4Z>. (A.3)

i 2

This result agrees with (2.7). One can confirm that this resolvent correctly satisfies the
saddle point equation (2.3)

lim [0(Z +ie)+0(Z —i€)] = LA

e—0 T
1

= logZ, (Z€C). (A.4)

2 2

llog (f(Z)—i\/4Z—f2(Z)> log (f(Z)+ix/4Z—f2(Z)>

Note that the end points of the cut A and B are determined through the relation
VF2(Z) —4Z x \/(Z — A)(Z — B), and they are given as the solution of

2fof1 —4
f

A.2 Stepwise two-cut solution

= (A+B) 1o _ 4 (A.5)
= 5 2 — . .
fi

We consider the derivation of the stepwise two-cut solution (2.20) by developing the argu-
ment in the previous section. We assume that the resolvent v(Z) has the branch cuts on
C1: [A1, B1] and Ca: [Ag, Bs] where Ay = > By with a positive integer n as in (2.15).
On these cuts, the resolvent should satisfy the saddle point equation (2.3). As sketched in
figure 3, we assume that C; locates on the ng-th sheet and Csy locates on the ng+ n-th sheet.

20The advantage of the derivation of the resolvent via holomorphy is that we do not need to perform the
integral of the ansatz (2.38) if we found a suitable holomorphic function. However, in the case of the CS
matrix models, we do not have a guidance principle to find such a holomorphic function and we have to do
it through trial and error. We mention related issues in footnote 23.
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We will see that the resolvent of the one-cut solution (A.3) plays a key role in this prob-
lem. As a trial, let us rotate Z — €20 Z around Z = 0 in the saddle point equation (A.4)
of the one-cut solution (A.3) and see what happens. On the left hand side of (A.4), since
v(Z) is non-singular at Z = 0, the rotation does not change the value.?! (We rotate Z so
that it avoids the branch cut of the square root of v(Z).) On the right hand side, since
log Z has the branch cut, the additional constant 2ny/\ appears. Thus, the resolvent of the
one-cut solution almost satisfies the saddle point equation (2.3) on C; except the constant
term 2ng/A. Similarly, on Co, 2(ng + n)/\ arises.

Therefore, if we find a function v1(Z) which satisfies??

. . ) 2ng
1% [v1(Z + i€) +vi(Z —ie)] = ~ (Z € Cy),
2
li_r>r(1) [vi(Z +i€) + vi(Z —ie)] = (n—)i\-no), (Z € Cq), (A.6)
the resolvent of the stepwise two-cut solution may be given as
v(Z) = w(Z) +vi(2), (A7)
where vg(Z) denotes the one-cut solution (A.3) which satisfies
1
lim [vg(Z + i€) + vo(Z — i€)] =—=log Z, (ZecC). (A.8)
e—0 TIA

Here we have defined the cut C = C; U Cs on the 0-th sheet of the branch cut of log Z.

However vg(Z) is not exactly identical to (A.3). This is because, through the boundary
conditions (2.4), vo(Z) and v1(Z) should satisfy

lim vy(Z) = s, lim v1(Z) =1-s,
Z—00 Z—00

li Z)=-3§ li Z)=—(1-35 A.
lim v9(Z) = =3, lim v1(Z) = —(1 - 3), (A.9)

where s and § are constants. (We have assumed that vo(Z) and vi(Z) are finite at Z = 0
and Z = o0.) Hence f(Z) is modified,

f(Z)=fo+ 12, — fo=e™%  fr=eT (A.10)

Thus vo(Z) is given by (A.3) with this f(Z).

Next we consider v;(Z). Similar to the vy(Z), we define a function,

_nQTl i\

q(Z)=e "n en vi(2) —i—en%ﬂe_wﬁvl(z). (A.11)

211}(2) has the logarithmic singularity at Z = 0 only on the second sheet of the square root.
221f the cut C; or Ca crosses the branch cut of log Z, (A.6) should be modified. A simple way is rotating
the branch cut so that it avoids the cuts C; and Cs.
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We can see that ¢(Z) is smooth on the cut C; and Cy through (A.6).%* (Note that we will
soon see that ¢(Z) has to have a pole.) By solving (A.11) with respect to v;(Z), we obtain

v (Z) = > log (‘I(Z) * V;Q(Z) _4) + 20 (A.12)

T\ A

Now we determine the function ¢(Z). Through the boundary conditions (A.9),
q(Z) satisfies

Q= th q(Z) — e n%wzew;ik (1—8) I en(zlwz o WZLA (1—8)’
—00
qo = lim q(Z) = e~ e (179 4 M (179, (A.13)

Z—0

Besides, since v1(Z) should have the branch cut between A; and Bg, we demand

VE(Z) —dx J(Z - A)(Z - By). (A.14)

However we can easily see that this condition and the boundary conditions (A.13) are
inconsistent if ¢(Z) is a holomorphic function on the entire complex plane. Hence we relax
holomorphy and allow ¢(Z) to have poles. A natural candidate of the location of the pole
is Z = Dy := B; where the value of the right hand side of (A.6) changes. Then the
conditions (A.13) and (A.14) are satisfied, if

1 Z —qoDn

q(Z) = T Z-D; (A.15)

where gy and ¢ are related to Ay, D and By via

2(4 — qoq1) D1
g —4

(g5 —4)D?

- - A1+BQ )
( ) i —4

— A1 Bs. (A.16)

It will be instructive to see how the resolvent v1(Z) (A.12) satisfies the equation (A.6).
On Z € Cy, (A.6) is satisfied because

lim [v1(Z + i€) + vi1(Z — i€)]
e—0

g, n llog (q(Z) —i 24—q2<z>> o <q<z> +i

4—q2(Z)>

A TIA 2
2
- % (Z € Cy). (A.17)

At Z = Bj, the imaginary part of v;(Z) diverges logarithmically and the real part of
v1(Z) (A.12) changes by n/A. Thus the right hand side of (A.17) becomes 2(ng +n)/A on

23qm(Z) = eﬂim (Wi1(2)=n/A) 4 o= EO (01(2)=n/N) is also holomorphic on the cuts C; and Co, if m is an
integer. However, the resolvent obtained through ¢, (Z) may involve constants which cannot be determined
through the boundary conditions unless m = 1, and we do not consider these cases. Similar ambiguity
exists in f(Z) of (A.1) and other cases too. For the composite type multi-cut solutions, we may need general
m. For example, ¢(Z) with m = 2 appears in (2.35).
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Ca, and it satisfies (A.6) correctly. The configuration of the branch cut corresponding to
this divergence can be seen in figure 6. Note that, although the cuts [A;, Bs] exist on the
every sheet of log Z, v(Z) (A.7) satisfies the equation (2.3) only on C; on the ng-th sheet
and on Cy on the ng + n-th sheet.

By using the obtained vo(Z) and v1(Z), the stepwise two-cut solution is given by

(Z) ! log <f(Z) R 4Z> + ilog (q(Z) * ~2q2(Z) — 4) _ ™

) 2 TiA P

ol

@14 — qoD1
7)) = A )= "—.
1(2)=fo+HZ,  aZ) Z D,

v

(A.18)

This expression involves five constants: fo, f1, qo, ¢1 and D1, and we can rewrite fy, f1,
qo and ¢q; by A;, By and D; through (A.5) and (A.16). Also we can fix A;, By and D,
by imposing the normalization condition (2.23) and the boundary conditions (A.9), (A.10)
and (A.13), and will obtain the solution consistently. This agrees with the stepwise two-cut
solution via the integral formula (2.20).

The generalization of such a derivation via holomorphy to the stepwise multi-cut so-
lution (2.28) is straightforward. However the generalization to the composite type solu-
tion (2.38) would be difficult. As we can see in (B.5), the holomorphic function f(Z) has
a pole at Z = —1, which is not the location of any step. Such additional poles may appear
in the composite solution generally and, we have not understood the correct rule for the
assumptions on f(Z) and ¢(Z) in these cases yet.

B Comments on the positivity of {n;}

When we considered the stepwise multi-cut solutions, we assumed that {n;} in (2.26) are
positive integers. In this appendix, we discuss why we imposed this assumption.

Actually we can find a numerical solution of the saddle point equation (1.2) plotted in
figure 13 (left) through the Newton method. This solution seems to have “a negative step”
against our assumption. (Here “a negative step” means a negative n; in (2.26).) However
we cannot distinguish a negative step and a small gap through the numerical calculation.
(Here “a gap” means a;q1 # b; + 2min; in (2.26).)

If it was a negative step, we would naively expect that this solution may be de-
scribed by our stepwise multi-cut solution (2.28) with a negative n. However, if we set
n negative, the eigenvalue density (2.29) near the negative step may become negative®* as
p(Z) ~nlog(Z — D). Since negative eigenvalue densities are not allowed physically, our
stepwise multi-cut solution (2.28) may not be applied to the solution in figure 13. This is
one reason that we restrict {n;} to be positive.

In addition, we can indeed find a solution which has a gap rather than the negative
step by composing two stepwise two-cut solutions. See the sketch in figure 13 (right). In

24The argument of the appearance of the negative eigenvalue density is subtle, since it is generally difficult
to find how the eigenvalues are distributed between the end points A; and {B;} of the cuts. However for a
small real X, the eigenvalues are distributed parallel to the real axis as we can read off from (2.24), and we
can indeed see that a negative n always causes negative eigenvalue density.
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Figure 13. (Left) Symmetric four-cut solution through the Newton method (A = 0.5, N = 100).
The question is whether the red arrow interval is “a negative step” or “a small gap”. (Right) Sketch
of the composite (two+two)-cut solution. This type of the solution may describe the symmetric
four-cut solution if a is sufficiently small.

the rest of this appendix, we will derive this solution and show another evidence that the
negative step solution may not be allowed. Besides we will see that this solution itself has
several interesting properties.

We assume that the solution is symmetric under z — —z and the four cuts locate on
[—b — min, —d — min], [-d + win, —a + win], [a — win,d — win] and [d + win, b+ win] as in
figure 13 (right). We take n positive even for simplicity.?

Through the formula for the general multi-cut solution (2.38), we obtain the resolvent

e AW 1 logW | (Z—A)(Z-1/A)Z—B)(Z—1/B)
ol )_fgcpwénw;mw;mmmzW (W—A)(W—1/A)(W-B)(W—1/B)

. (B.1)

where the contour C’{l), Cél), CF) and 052) encircle [1/B,1/D], [1/D,1/A4], [A, D] and
[D, B] respectively as shown in figure 14. By regarding the value of log W on the cuts, this
integral becomes

v(Z) =vo(Z) + vn1(2), (B.2)
B AW 1 logW | (Z-A)Z-1/A)(Z - B)(Z~-1/B)
v(Z) = fcmwm Ari win Z — W\ (W = A)(W —1/A)(W — B)(W — 1/B)’ (B-3)

2 AW —n/x | (Z— A)(Z —1/A)(Z - B)(Z —1/B)
v _fcpwizumzw (W — A)(W — 1/A)(W — B)(W — 1/B)’

(B.4)

dW +n/\ | (Z—A)Z —1/A)Z - B)(Z—1/B)
}{CénucémmZ—W (W — A)(W —1/A)(W — B)(W —1/B)’

where the contour C(V) and C® encircle the cut [1/B,1/A] and [A, B] respectively as
shown in figure 14.

%5n the case of an odd n, the branch cuts Cl-(j) may locate near the branch cut of the log Z in the saddle
point equation, and it makes the analysis a bit complicated.
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Figure 14. (Left) Sketch of the integral contours of the composite (two+two)-cut solution (B.1).
(Right) Branch cuts of the resolvent of the (two+two)-cut solution (B.5) plus (B.11) on the Z-plane.
The solid lines denote the branch cuts on the first sheet of the square root. The broken lines denote
the branch cuts on the second sheet of the square root.

First we evaluate vo(Z). Through a similar computation to (2.34) and (3.8), we obtain

UO(Z):7$')\10g<f(Z)_\/J;(Zw>’ f(Z)ZW,
_ 2VAB B 2(\/§(1+A)(B+1/B)f\/Z(1+B)(A+1/A))
fo= (VA+VB) (1+VA4B)’ h= VAB(B+1/B—A—1/A) '

(B.5)

Here we can show that \/f2 —4Z o \/(Z — A)(Z —1/A)(Z — B)(Z — 1/B). This term
resembles (2.35) and the DMP solution, while it shows a logarithmic divergence at Z = —1.
The branch cut from Z = —1 may terminate at Z = —1 on the second sheet of the square
root. See figure 14.

Next we consider v1(Z). Since this integral is complicated, we employ holomorphy
discussed in appendix A to derive v1(Z). Similar to (A.6), v1(Z) satisfies

_; = lim [01(Z + i) +0i(Z —ic)],  (Z €[1/B,1/D],[A, D)),
+§ = lim[oi(Z +ie) +v(Z i), (Z€[1/D,1/A][D, B)). (B.6)

Besides v1(Z) is symmetric under
v(1/2) = —v1(Z2), (B.7)

which can be seen from the definition of v1(Z) (B.4). We also assume that v;(Z) satisfies
the boundary conditions

lim v;(Z) = s, lim v1(Z) = —s, (B.8)

Z—00 Z—0

where s is a constant and the symmetry (B.7) has been taken into account.
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From (B.6), we can find a function which is holomorphic on the cuts as
9(2) = eTv(2) _ o~ TRui(Z) (B.9)
Besides, through the boundary conditions (B.8), g(Z) satisfies
Li)\s TN TIN TIN

—2s s as

g2 = lim g(Z)=en®—e n? limg(Z)=e n®—en®=—g. (B.10)
Z—00 Z—0

By solving (B.9), we obtain

v1(Z) = —log (9(2) i V292<Z) i 4). (B.11)

TIA

Here we impose the following relation
VPZ) 1 JZ-A)\Z-1/A)(Z - B)(Z—1/B), (B.12)

so that v1(Z) has the suitable cuts. Similar to ¢(Z) in appendix A, ¢g(Z) has to have some

singularities in order to satisfy both this relation and the boundary conditions (B.10). Since
the left hand side of the relations (B.6) is discontinuous at Z = D and 1/D, we assume
that g(Z) has poles there. Also g(Z) satisfies g(1/Z) = —g(Z) through (B.7) and (B.9).
Then we can find g(Z) which satisfies (B.10) and (B.12) as
92(Z2% - 1)
(Z-D)(Z-1/D)’

where the following relations have been imposed on the constants

D+1/D 1 1 —2¢24+4D%+4/D?+16 1 1
D (g dip L), SRHDDG () 1) (5, 1)

9(Z) =

(B.13)

g3+4 A B gs+4 A B

(B.14)
These relations can be written as
2(b+1/D)—(A+1/A+B+1/B)

=2 B.1

92 \/ A+1/A+B+1/B ’ (B.15)
44+ (A+1/A(B+1/B

(D+1/D) — 4k (D+1/D)+4=0, rme X A+IAB+1E) (B.16)

2A+1/A+B+1/B)’

and the second equation leads to

D = exp {arccosh (/{ + VK2 — 1)} : (B.17)

In this way, g2 and D are determined by A and B.
We can confirm that the obtained v1(Z) is consistent with the integral formula (B.4)
by comparing them numerically.?® See figure 15.

261f we take Z — oo in the integral formula (B.4), v1(Z) linearly grows as

lim v1(Z) =2

Z— 00

7{ aw —n/A
Civu o Ami OV = AW = 1AW~ BV —1/B)

aw +n/A .
+Y§C§1)UC§2> 47 \/(WfA)(W —1/A)(W —B)(W —1/B) +0(ZY), (B.18)

and the boundary condition (2.4) demands vanishing this term. We can numerically check that, if D is

given by (B.17) which has been derived via holomorphy, this term becomes 0. This coincidence supports
the consistency of the integral formula (B.4) and holomorphy.
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Figure 15. Plots of v1(Z) via holomorphy (B.11) (red curves) and the integral formula (B.4) (blue
curves). We take A = 1.1 and B = 1.5, and D is fixed via (B.17). (See footnote 26 about D
in (B.4).) This agreement indicates that holomorphy provides the answer of the integral (B.4).
Note that the plateaus in the real part correspond to the left hand side of (B.6). Besides, the
imaginary parts of v1(Z) may provide the eigenvalue densities.

Now we obtain the resolvent v = vy + v via (B.5) and (B.11). It involves the unde-
termined constant A and B. They can be fixed by the boundary condition (2.4) and the
normalization condition

D
% = [ w2z - ﬁ » w(ZZ)dZ. (B.19)
We can numerically solve these conditions for given n, A, N1 /N. See figure 16 for the result
at a weak coupling. It correctly reproduces the solution obtained through the Newton
method.

Lastly we discuss the properties of the solution. One question is whether it continues to
a negative step solution. To answer it, we regard A as the input parameter of the solution
instead of N;/N. As we take A — 1 (a — 0), if the solution continues to a negative step
solution, the cut [a,d] should remains finite. However the relation (B.17) tells us that

) 2a(B — 1) 3
1 =4/—" /2. B.2

A=y T 0 (B:20)
Thus the cut shrinks as ¢ — 0, and the solution rather continues to the stepwise two-cut
solution with the cuts [—b,0] and [0,b]. This result may indicate that the negative step
is dynamically not allowed, and the numerical result plotted in figure 13 is our composite

type solution.?”

*"By using the assumption about the four cuts and the change of the variables u; = £min 4 x; where &
depends on which cut u; belongs to, we can show that {x;} feel an effective potential

Viz)=n[-z—d+2(z+d)0(x + d) — 220(z) + 2(z — d)0(z — d)] (B.21)

at a weak coupling (JA\| < 1) [1]. Then the non-existence of the negative step solution implies the non-
existence of “one-cut solution” in this potential. We presume that the potential at x = 0 is so sharp that
the one-cut solution is not allowed. See [56] for a related problem.
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Figure 16. Composite (two-+two)-cut solution via the Newton method (blue) and our result (B.11)
(red). We take n = 2, A = 0.25, N; = 15 and N = 35 in the Newton method. In our method,
we ignore vy by regarding small A\, and consider the contribution of v; only. We solve the condi-
tions (B.19) and (2.4) numerically, and find A and B. These two results agree very well.
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