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CHAPTER 1

Introduction

1. Kaplansky’s Problem and Its Independency

In this thesis, we introduce properties of forcing notions, which are stronger than
cce. It is motivated by the classical problem, which is called Kaplansky problem.
In 1949, I. Kaplansky [26] showed that any algebraic norm on C'(X, C) (the Banach
algebra of complex-valued continuous functions on an infinite compact Hausdorff
space X) is larger than or equivalent (i.e., provides the same topology) to the uni-
form norm. Then a natural question is raised: Is every algebraic norm on C'(X,C)
equivalent to the uniform norm? In the present day, this problem is known to be
independent from ZFC. W. Bade and P. Curtis [2] proved that this problem is
equivalent to the assertion NDH (No Discontinuous Homomorphisms), that is, for
each infinite compact Hausdorff space X, every homomorphism from C'(X, C) to any
Banach algebra is continuous. H. G. Dales [14] and J. Esterle [20] independently
gave the first contribution to this problem. Namely, they showed that the continuum
hypothesis CH implies the negation of NDH. Hence -NDH is provable in ZFC+ CH.
On the other hand, H. Woodin [34] established the assertion Woodin’s condition and
showed that the assertion implies NDH and is consistent with ZFC+ MA. Therefore,
he showed that NDH can not be decided in ZFC.

Furthermore, H. Woodin [33] showed that -NDH + —CH is consistent with ZFC,
so NDH can not be decided in ZFC + —-CH. Concretely, H. Woodin showed that
the finite support iteration of Cohen forcings of length w, forces that NUB (No
Ultrapower of R is Beta 1) fails, that is, there exists a non-trivial ultrapower of
R with the property ;. This is sufficient since “NUB implies -NDH (see [13,
Theorem 5.7.13]). Thereafter, he raised the following problem: Is -NDH+MA+-CH
consistent with ZFC? We shall present a partial solution to this question.

In this chapter, we introduce two classes of forcing notions called eventual precal-
iber 8y (EPCy, ) and EPCY,. EPCY, is a weakening of EPCy, and is preserved under
finite support iterations. Furthermore, the forcing axiom MA(EPCy, + “size < ¢”)
for EPCy, forcings of size < ¢ implies MA(EPCy, ). Thus MA(EPCY, + size “< ¢”)
implies MA(EPCy,).

We also introduce another class ProjCes(E) of forcing notions where E C w;
is a stationary set. ProjCes(F) is preserved under finite support iterations, and
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6 1. INTRODUCTION

MA (ProjCes(E) + “size < ¢”) implies MA(ProjCes(E)). Moreover, MA(EPCY, +
ProjCes(E) + “size < ¢”) implies MA(EPCy, + ProjCes(E)).
In Chapter 2, we shall show the following theorem based on Woodin’s proof [33].

MAIN THEOREM. Let V' be the ground model in which CH holds. In V', let
P,, = <IP>§,Q5 | £ € wa) be a finite support iteration of EPCY, + ProjCes(E) forcing
posets of size < Ny, Let G be a Py,-generic set over V.. Then, in V[G], there exists
a non-principal ultrafilter U on P(w) such that R /U is .

Thus MA(EPCy, +ProjCes(E) + “size < X;”) and MA(EPCy, +ProjCes(E)) are
consistent with =NDH + —CH.

In Chapter 3, we raise a consequence of the Main Theorem which relates to
Whitehead’s conjecture in the group theory, which provides an example of an EPCy,
forcing. The main result seems to imply the properties EPCy, and EPCY, are quite
stronger than ccc. We consider the following:

(1) The existence of a non-trivial example of EPCy, forcing.
(2) The position of the property EPCy, among well-known forcing properties

For (1), we shall show that the uniformization of a ladder system coloring is an
example of EPCy, forcing. Moreover, if the domain of a ladder system is a stationary-
co-stationary E C wi, then the uniformization is ProjCes(w; \ F). This shows
Whitehead’s conjecture fails in the theory ZEC+MAy, (EPCy, +ProjCes(E)). For(2),
we shall show that any EPCY, forcing preserves some set-theoretical objects that are
preserved by Cohen forcing. Specifically, EPCy, forcing preserves Luzin sets of size
N; and mad families of size N; which were added by the forcing which adds a mad
family. The following are the consequences of what we proved.

(1) MA(EPCy, + ProjCes(FE)) is consistent with the same constellation of Ci-
chon-Blass diagram in Cohen model.
(2) MA (o-centered) and MA(EPCy,) do not imply each other.

For a more detailed description of the position of EPCy,, we use the Kunen
forcing, which is defined by a pregap. We shall determine the relation between the
property of Kunen forcing and the type of pregap.

1.1. Notation. For any set T of ordinals, let us introduce the abbreviations
VeaeT, ---a--- for €T, YaeT\p, - a---
and

I*aeT, ---a--- for VGET, JacT\p, ---a---.
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For any set X, P(X) denotes the power set of X. For any cardinal x and any set
X, [X]<" and [X]" denote the two sets of subsets of X of size <x and k, respec-
tively. Similarly, X <% and X" denote two sets of sequence in X of length <x and &,
respectively.

For any totally ordered set (T, <) and a subset X C T, X is cofinal (coinitial)
in 7" if for every a € T, there exists z € X such that a < x (x < a). cof(T") (coi(T))
denotes the least cardinality of a cofinal (coinitial) subset in 7.

2. Introduction of EPC

In this section, we introduce properties of forcing notions.

DEFINITION 1. A forcing notion, or simply, forcing is a partially ordered set.
Its elements are often called conditions. If ¢ < p, then q is called an extension
of p. For a couple of conditions po,...,pn, their common extension is a condition
q which extends all q;’s. Two elements p,q of a forcing notion P are compatible
(incompatible) if there (does not) exists a common extension of them. A subset C
of a forcing notion P is centered (linked) if every finite subset (pair of elements) of
C' have a common extension. In contrast, a subset A of a forcing notion is antichain
if every pair of elements of A is incompatible.

The following property of forcing notions is most commonly used.

DEFINITION 2. A forcing notion P has countable chain condition (ccc) if every
antichain is countable, in other words, every uncountable subset has a compatible
PaiT.

The following three properties are well-known strengthening of ccc.

DEFINITION 3. A forcing notion P is o-centered if P is the union of countably
many centered sets.

DEFINITION 4. A forcing notion P has property (K) if every uncountable se-
quence of P has an uncountable linked subsequence.

DEFINITION 5. A forcing notion P is precaliber Ry (PCl, ) if every uncountable
sequence of P has a centered uncountable subsequence.

The main theme of this paper is a strengthening of precaliber N;.

DEFINITION 6. A sequence (pe | £ € k) of conditions of a forcing notion P is
eventually centered if

Va € k, Vp < po, 30(a,p) € k, {p}U{pe | & € r\d,p)} is centered.
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DEFINITION 7. A forcing notion P has eventual precaliber X; (EPCy,) if, for each
sequence (pe € P | £ < wy), there exists T € [wi]™ such that (pe | € € T) is eventually
centered.

DEFINITION 8. A forcing notion P has EPCY if, for each sequence

(pe €P | € <wi), there exists T € [wi|™ and a eventually centered sequence
pe | € € T) such that pe < pe for each £ € T'.
3 3 3

Notice that every EPCy, forcing notion has EPCy, and every EPCY, forcing
notion has precaliber Ny, so they have the ccc. Cohen forcing 2<“ is an example
of EPCy,, and we shall give other examples in chapter 3. We show that EPCy, is
preserved under finite support iterations.

LEMMA 1. Ewvery finite support iteration of EPCY, forcings has EPCY, .

PROOF. We prove the lemma by induction on the length of the iteration.

First, we check the successor step. Assume that P has EPC}, and Q is a P-
name for an EPCY, forcing notion. Fix any sequence ({(pe,de) | € € wi) € (P* Q)
Let Sy := {<§,p5> | £ € wi}. Since P has the cce, there exists p* € P such that
p* IF | S| = Ny. By the assumption, we get P-names S and ¢ such that

Pt Ik “S €[S, <d(£) ’ €€ S> is eventually centered, and (&) < g¢ for each & € S7.

Define Ty = {£ € wy | Ip < p*, p<p§/\p||-fES} Then, p* H-SCTO,SOTO
is uncountable. Select (pe | £ € Ty) such that pe < p*,pe and pe I- £e S for each
¢ € Ty. Fix a sequence <q§ ‘ e T0> of P-names such that pg |- q(&) = q£ Since P
has EPC},, there exist T € [Tp]™ and a eventually centered sequence (p¢ | £ € T)
such that pe < pe for each £ € T'.

We proceed to show that <<;§5, q~5> | €€ T> is eventually centered. Fix any v € T’
and (p,q) < <ﬁa,§a>. Then, we get p’ < p and § € w; such that p' IF 6 = 5(&,4).
Fix any I' € [T"\ (6 U d(c, p'))]=%. Then, there exists p' < p’ such that, for each
v €T, pt <p,. Thus, p'IF rcs \ (5(04 ¢) and hence there exists a P-name ¢' such
that pT k¢t < gAvy eT, ¢t <g. Therefore (pf,¢") is a common extension of

,<p7,q7> |y eT}.

Second, we check the limit steps. Fix any (p, € P, | a € wy) with v limit. Pick
T € [w]™ and S € [y]<¥ such that supp(p.) Nsupp(ps) = S for each o # S in T.
Pick Ty € [T and (p, | a € Ty) such that (p,[(max S+ 1) | « € T) is eventually
centered in Ppaxsi1, Pol(maxS + 1) < p,l(maxS + 1), and p,[(y \ maxS + 1) =
Pal(y\max S+1) for each a € T1. We show that (p, | a € T1) is eventually centered.
Fix any a € 71 and ¢ < p,. Take § € wy s.t. {g[(maxS + 1), pe[(maxS+1) | € €
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Ty \ 0} is centered. Now, fix ¢ € wy such that V¢ € T3 \ &', supp(q) N supp(Pe) \
(max S + 1) = 0. Then, {q,p¢ | £ € T1 \ (0 U )} is centered. O

EPCy, also has a good property.
LEMMA 2. MA(EPCy, + “size < ¢”) implies MA(EPCy,). Here, ¢ = 2%,

PrROOF. Assume that MA(EPCy,) fails. Let P be an EPCy, forcing and D =
(Dy | @ < X) be a sequence of length A < ¢ of dense sets without generic filters.
Fix an elementary submodel M of large enough H, of size A such that P € M
and that {D, | @« < A} and w; are subsets of M. We shall show that PN M is a
counter-example for MA(EPCy, + “size < ¢”).

At first, we shall see that P N M is EPCy,. Fix any sequence p = (p, | @ < wy)
in PN M. pis also a sequence in P, so there is T' € [w;]™ such that p|T is eventually
centered. Fix any @ € T and ¢ < p,. Fix any &,..., &1 € T\ §(o,q). Then
{q,peys - - -, pe, , } 1s a finite subset of PN M and has a common extension in P. By
elementarity, it has a common extension in PN M. Thus p is eventually centered.

We proceed to show that DM = (D, N M | a < \) is a sequence of dense sets
in PN M which has no generic filters. Let o € w; and p € PN M. Then there exists
q € D, such that ¢ < p. By elementarity and D, € M, we can assume that ¢ € M.
So each D, N M is dense in PN M. Suppose that there exists a D[ M-generic filter G
on PN M. Then, {p € P|dq € G, q < p} is a D-generic filter on P, a contradiction.

Therefore PN M is a counter-example for MA(EPCy, + “size < ¢”). O

COROLLARY 1. MA(EPCY, + “size < ¢”) implies MA(EPCy,).
The following lemmata are necessary for the proof of the main theorem.

LEMMA 3. Let (p, | @ € wy) be a eventually centered sequence and o € wy. Let
T € [w]™. Then, Do(T) = {q < po | I € T,q < p¢} is dense below p,. Furthermore,

Fp V3 € wi, YT € [wi]™, Ds(T) is dense in P below pg.

~ ProoOF. We only prove the latter statement. Fix any gy € P, 8 € wy, a P-name
T for an uncountable set of wy, and r < pg. Pick ¢1 < o and € € wy \ §(B,7) such
that ¢; IF {¢ € T. Then, we get a common extension of r and p. O

LEMMA 4. Let (po | o <wi) be an eventually centered sequence. Fiz oy < wy.
Then, pa, forces that {£ € wy | pe € G} is uncountable.

PROOF. Fix any 8 € wy and p < p,,. Choose £ € w; \ (6(ap,p) U B) and a
common extension g of pe and p. Then, ¢ forces that p. € G. Therefore, p,, forces
that, for each 5 € wy, there exists £ € wy \ 8 such that pe € G. O
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3. Projections on countable elementary submodels

We shall introduce another property of forcing notions.

DEFINITION 9. For a forcing P and for a set X, p) € X NP is a projection of
p € Pon X if, for any extension ¢ € X NP of pX), q || p. We say that P projects
into X if every p € P has a projection p*) on X.

Note that, if densely many p € P has a projection on X, then all ¢ € P has a
projection.

LEMMA 5. Let P be a forcing notion and k be a large enough reqular cardinal
such that P € H, and that H, = “P is ccc” iff P is ccc. If P projects into some
countable N < H,, with P € N, then P has ccc.

PROOF. Suppose not, and let N be a countable elementary submodel of H, such
that P € N and that P projects into N. Then N = “P is not ccc” by elementarity.
Thus there exists an uncountable antichain A C P in N. Pick p € A\ N. Let
p™) € PN N be a projection of p on N. Pick ¢ € AN N such that ¢ || p®™™). Then
q || p, which is a contradiction. O

DEFINITION 10. Let P € H,, be a partial order. Let N be a countable elementary
submodel of H,. which has P as an element. Then a filter d C PN N is a generic
filter over N if and only if d meets all dense subsets of P in N.

Similar to the standard forcing theory for transitive models, the above definition
is equivalent even if “all dense subsets” were replaced by “all maximal antichains”.
If Pisccc, P e Ng < Ny < He, and d C PN Ny is a generic filter over Ny, then
d N Ny meets all maximal antichains of P in NV, since they are also members of N;
and subsets of Ny. Moreover, d N Ny is a filter: If p,q € d N Ny, then, since

{reP|r<p,qorVro<p,q, rolr} € No.

is a dense set, there exists r € d N Ny which is a common extension of p, q.

The purpose of introducing projections of conditions on a countable elementary
submodel is to obtain the productivity of generic filters over (non-transitive) count-
able elementary submodels. This is used only in the last part of the main lemma of
this thesis.

LEMMA 6. Let P and Q be forcing notions, k a large enough reqular cardinal, and
Ny < Ny < H,. countable elementary submodels with P,Q € Ny. Let dy C PN Ny and
diy C QN Ny be generic filters over Ny and Ny, respectively. Suppose that dy € Ny
and that Q projects into No. Then, (dy x d1) N No C (P x Q) N Ny is a generic filter
over Ny.
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PROOF. As we have already seen, d; N Ny is a filter and so is (dy X dy) N Ny =
do % (d1 N Ny). Thus we shall prove only the genericity. Let A C P x Q be a maximal
antichain in Ny with respect to the product order. Let

Dl = {pl € Q | 3p[:l € d07 Ir € Aa (p()?pl) S 77}

Then Dy € Nj is dense: Fix any p; € Q. Then a projection pgNO) € Ny of p; on Ny

exists and

Do ={po € P| 3, <p™, 3 € A, (po,p)) <7} € Ny

is a dense subset of P. So we pick py € dy N Dy. Then, by elementarity, there exists
Py < plNO) in Ny and 7 € AN Ny such that (po,p)) < 7. Since p] || p1, pick a common
extension ¢; of pj and p;. Then, ¢; € D;.

Thus we get p; € d; N Dy. There exists py € dy and the unique (rg,r;) € A such
that (po,p1) < (rg,r1). Since Q has the ccc by Lemma 5, the antichain A; = {s; €
Q| 3sp € P, pg < 59 A (s0,51) € A} € Ny is countable and r € A; C Ny. Since

No = “there exists a unique r € IP such that py < r and (r,r) € A”,
we have rg € Ny. In conclusion, 7 € AN (dy X d1) N Np. O

COROLLARY 2. Let P be a forcing notion and k a large enough reqular cardinal.
Let Ny < -+ < N, < H,. be countable elementary submodels that has P and, for each
1 <m, d; C PN N; be a generic filter over N;, moreover that is a member of N;iq
whenever i+1 < m. Suppose that P projects into Ny. Then, Il;<,,d; "Ny C P™TNN,
s a generic filter over Ny.

Proor. Use Lemma 6 m times repeatedly. U

DEFINITION 11. Let P be a forcing notion and E C w,. P has a ces(E) projection
if, for any large enough reqular cardinal k and any countable N < H, with P, E € N
and with wy "N € E, P projects into N. Let ProjCes(FE) be the class of all forcing
notions that has a ces(E) projection.

Any countable forcing is in ProjCes(w;). We shall show that, for stationary-co-
stationary F C wq, the uniformization of a coloring of a ladder system on w; \ £ has
a ces(E) projection in section 1 of chapter 3. Note the following:

(1) For uncountable sets A C B and for any club sets C4 C [A]=% and Cp C
[B]=%0, the lifting {X C B | XNA € Ca} is club in [B]=* and the restriction
{XNA| X € Cg} contains a club set in [A]=™0 (e.g., see [25, Theorem 8.27]).

(2) For a club set C C [w]=Y, since w; = {a | @ < w;} and C are mutually
C-cofinal, C Nwy is a club set in wy.
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(3) For any infinite regular cardinal x and = € [H,]=", by the elementary chain
theorem and the Lowenheim-Skolem theorem,

{N|N <H,, |[N| =8y, 2z C N}

is a club set in [H.|<™ (e.g., see [32, 2.3 Theorem], [12, Theorem 3.1.13],
[25, Theorem 12.1]).

(4) In particular, for any stationary set £ C wy, there exists a countable N < H,
such that P, € N and wy "N € F.

(5) By Lemma 5, for any stationary set £ C wy, every ProjCes(F) forcing is
cee.

To facilitate our argument about the property ProjCes(E), we introduce the
following property.

DEFINITION 12. Let P be a forcing notion and E C wy. P has a club(FE) pro-
jection if, for every ordering p = (pe | £ < A) of P (we mean that only ran(p) = P,
no need of injectivity) with X\ > wy, there exists a club set C C [N|<™ such that, for
every C € C with wy N C € E, P projects into {pe | £ € C'}.

For a countable forcing P and an ordering (pe | £ < A) (A > wy), select (&, | p € P)
such that pe, = p. Then C = {C C A | {& | p € P} C C} is a club subset (even is a
tail subset) that witnesses that P has a club(FE) projection.

LEMMA 7. Let P be a forcing notion and E C wy a stationary set. Then, the
following are equivalent.

(1) P has a club(E) projection.
(2) P has a ces(E) projection.

PROOF. 1 = 2: Suppose that P has a club(E) projection. Pick a large enough
regular cardinal x such that H, = “P has a club(E) projection”. Fix any
countable N < H, such that P, € N and that vy " N € E. Fix an
ordering p = (pe | £ < A) (A > wy) of P in N. There exists a club set
C C [A\]=%0in N such that, for every C € C with w;NC € E, P projects into
{pe 1€ € C}. Then Cy = J(CNN) = AN N is a member of C and satisfies
w1 NCy =w; NN € E. Thus P projects into {p¢ | { € Cn} =PNN.

2 = 1: Suppose that P has a ces(E) projection. Let p = (pe | £ < A) (A > wy) be
an ordering of P. Fix a club set

CC{I\nN|N<H,, |N|l=Ry,pP EecN}

in [A\]S%. Fix any countable N < H, such that p,[>, E € N and AN N € C.
Suppose that w; NANN =w; NN € E. Since P has a ces(E) projection, P
projects into PO N = {p | £ € AN N}.

L]
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By the above proof,

(1) in the definition of club(F) projection, “for every ordering” can be replaced
by “for some ordering” and,

(2) in the definition of ces(E) projection, “any countable N < H, with P, E € N
and with ...” can be replaced by “there exists x € [H,]=° such that, any
countable N < H, with {P, F} Uz C N and with ...”.

LEMMA 8. For any stationary set E C wy, every finite support iteration of
ProjCes(FE) forcings is ProjCes(FE).

PrRoOOF. We prove the lemma by induction on the length of the iteration.

First, we check the successor step. Assume that P is ProjCes(E) and forces
that Q is ProjCes(E), or equivalently, has club(E) projection. Let (g¢ | € < A) be a
sequence of P names that is an ordering of Q. Pick a P name C for a club set in [\]=}0
that witnesses that Q has the club(E) projection. Since P is ccc, there exists a club
set C in [A]=N0 that is forced to be a subset of C (e.g., see [32, 1.8 Theorem]). Let
% be a large enough regular cardinal. Fix any countable N < H, with P« Q, E € N

such that wy NN € E. Since & is large enough, we can assume that (ge | £ < A), C,

and Cy are members of N. Fix any (p, ¢) € Px Q. Our goal is to find a projection of
(p,¢g) on N. Let C =J(CoNN)=ANN € Cy. Since w; NC € E, we have

p IF “¢ has a projection on {g¢ | £ € C'}”.
So there exists p’ < p and £©) € C such that
P’ I “Geo) is a projection of ¢ on {g¢ | £ € C}”.
Note that Ge«c) € N. Let p’'™) be a projection of p’ on N. Then (p’(N),q'g(C)) is a

projection of (p,¢) on N: Fix any (r,5) € (P* Q)N N and assume that (r,3) <
(p’(N),q§<C)). Since

NE“GD ' <r <\ rF“=q"",
pick 7/ < rin N and £ € AN N such that (r',¢¢) < (r,$). Since p’™) is a projection
of p/, there exists a common extension p” € P of 7’ and p’ (and, of course, p). Then,
P e |
since § € C' and gg(c) is a projection of . Pick p* < p"” and ¢* such that
p" Ik “¢" is a common extension of ¢ and ¢”.

Thus, (p*, ¢*) is a common extension of (r, $) and (p, §).

Consider the case cof(y) > w. Pick N < H,, with P, E € N and withw, NN € E.
Fix any p € P,. Pick 6 € vy N N such that max(supp(p) N ) = max(supp(p) N N).
Let (p|§)Y € Ps N N be a projection of p|d on N and let pV = i5,((p|d)") where
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is~: Ps — P is the cannonical complete embedding. Fix any ¢ < p" in N. Then,
ql0 < (p|6)" is in N and hence a common extension r € Ps of ¢|§ and p|d exists.
Since supp(p) Nsupp(q) \ § C supp(p) NN \ 6 = 0, the condition 7 € P., defined by

r(§) (£<9)
7€) = { (&) (€ € supp(q) \ 9)
p(§) (otherwise)

is a common extension of ¢ and p. O

LEMMA 9. For any stationary set E C wy, MA(ProjCes(E) + “size < ¢”) implies
MA (ProjCes(E))

PRrOOF. Assume that MA(ProjCes(E) + “size < ¢”). Fix a forcing notion P
that has a ces(E) projection. Let p = (pe | & < p) be an ordering of P. Let
D = (D, | o < \) be a sequence of dense sets in P of length A < ¢. Our goal is
to find a D-generic filter on P. Let k be a large enough regular cardinal and select
M < H, of size A such that P, D, \,p, E € M and that A C M. Let uy; be the order
type of u N M and c¢: pN M — py be the transitive collapse. Note that c[\ is the
identity map.

We shall only show that PN A has a club(E) projection since the rest of the proof
is completely the same as the one of Lemma 2. Note that ¢ = <pc_1(§) ’ £E< MM> is
an ordering of PN M. Select a club set

CC{c7(uNN) | N <M, [N|=No, p,P,Ee N}

where ¢ (N N) is the image of u N N by ¢. Then C is a club set in [uy]S™0. Fix
any ¢’(uN N) € C such that wy Ne¢7(u N N) =w; NN € E. Since P projects
into PAN = {pe | £ € uN N} = {pe-1(¢) | £ € c7 (N N)}, so does PN M since
pllp g = p e g by elementarity M < H,. O

Combining proofs of Lemmata 2 and 9 naively, we obtain the following.

LEMMA 10. For any stationary set E C wy, MA(EPCy, +ProjCes(E)+size < Xy)
implies MA(EPCy, + ProjCes(E))

H. Woodin [33] established the next theorem.

THEOREM 1 ([33, Theorem 4.]). Let C,, be the finite support iteration of the
Cohen forcing C of length wy. Let G be a C,,-generic set over the ground model V
in which CH holds. Then, in V|G|, there exists a non-principal ultrafilter U on P(w)
such that R¥ /U is (3.

Our main theorem is a generalization of Woodin’s theorem.
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MAIN THEOREM (Repetition). Let E C wy be a stationary set. Let P,, =
<<]P’§,Q£> e w2> be a finite support iteration of EPCY, + ProjCes(E) forcing
posets of size < Ny. Let G be a P,,-generic over the ground model V' in which CH

holds. Then, in V[G], there exists a non-principal ultrafilter U on P(w) such that
RW/U 18 ﬁl-







CHAPTER 2

Discontinuous homomorhpisms on C'(X) and EPCy,

1. Real Closed Fields

We aim to force that RY/U is a (;-field for some ultrafilter U on P(w). Thus it
is very helpful to investigate properties of real closed fields.

Most of the contents in this section are derived from Woodin [33] and we shall
provide proofs of the necessary lemmata that are omitted in his paper.

1.1. p;-Fields and A Discontinuous Homomorphism from C(X). We con-
sider the notion of gaps in ordered fields which plays an important role throughout
this article. Let us begin the argument by defining gaps and several order properties.
The following two definitions are based on [16].

DEFINITION 13. Let (T, <) be a totally ordered set and let A, B, and S be subsets
of T. We write A < B ifa < b foralla € A and b € B, in which case we say
that the pair (A, B) is a pregap on T. We say that x € T interpolates (A, B) if
a<x<bforala€c Aandb e B. If nox € T interpolates (A, B), then (A, B)
is called a gap. Furthermore, if cof(A) = k and coi(B) = A, then (A, B) is called a
(k, \)-gap. When r, A < Ny, we say that (A, B) is a countable gap. Otherwise, we
say that (A, B) is an uncountable gap. The pregap defined by z € T on S is the

pregap ({y € S|y <z} {y €S|z <y}).

DEFINITION 14. Let (K, <) be an ordered field over R. We say that K is

e an ay-field if, for each X C K, both the cofinality cof(X) of X and the
coitintiality coi(X) of X are less than Ny,
e a f(y-field if there exists a chain of ay-fields (K, | v < A) such that K =

U, <) Kv, and
e an n-field if there is no countable gap in K.

It is easily seen that every subfield of an «;-field and every subfield of a 3;-field is
also an ag-field and a f;-field, respectively. Since the set of real numbers R has the
countable chain condition, R is an «a;-field. Since the ultraproduct R¥/U of R over
a non-principal ultrafilter U on P(w) is Ny-saturated, it is an n;-field. Recall that
a model is N;-saturated if any countable type is realized. n; and a model-theoretic
terminology W;-saturation are equivalent conditions for real closed fields, by cell

17
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decomposition (see Note 1 and the end of this section). The following represents
that the property [; implies “small”.

LEMMA 11 ([16, Theorem 2.30]). Let K be a [31-field, and let L be a real-closed
m-field. Then there is an embedding of K in L.

The following theorem is due to J. Esterle and B. E. Johnson; for example, see
[13],[15], or [33].

THEOREM 2 ([13, Theorem 5.7.13]). If there is a non-principal ultrafilter U on
P(w) such that R /U is By, then there is a discontinuous homomorphism from C(X)
into a Banach algebra for any infinite compact Hausdorff space X .

Our definition of property f; is different from Woodin’s one [33]. The relation
between the two definitions will be considered at the end of the subsection 1.3.

1.2. The Perspective of Model Theory. We shall research real closed fields
with model theoretical arguments.

Let Lor :={0,1,+,,=, <} be the language of ordered rings. For every language
L, form, denotes the set of all formulas of £. In this paper, every structure is denoted
by a blackboard bold letter, and its domain is denoted by a Roman letter, e.g., the
domain of a structure F is F.

DEFINITION 15. Let F be a real closed field and S C F. Define Lor(S) := LorUS
where we regard each element of S as a constant symbol that is interpreted as itself
m F. For each 1 < k < w, define

Def*(F, ) := {{C_l cF* |F = o) | o) € formEOR(S)} and
Func®(F, S) := {G € Def*"'(F,5) | G: F*¥ — F}.

We show later that Func®(F,S) can be defined as the real closure of S in F (see
Lemma 12).

A real closed field is defined to be a field that is real (i.e., every sum of squares
is not equal to —1) and has no proper real algebraic extension. Field theory allows
a reformulation of this notion in the first-order language, see [29, p. 94, Corollary
3.3.5]. We let RCF be the Lor-theory of real closed fields. The following is a basic
fact of RCF, see [29].

THEOREM 3 (Quantifier elimination for RCF). RCF eliminates quantifiers, which
means that for every formula o(v) € formg.,, there exists a quantifier free formula

P(v) € formg,, such that RCF = (v) < (0).

THEOREM 4. RCF s model-complete, which means that if F and H are models of
RCF and H is submodel of F, then H is an elementary submodel of TF.
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THEOREM 5. RCF is complete, which means that RCF = ¢ or RCF = =y for each
sentence ¢ € formp..

Furthermore, real closures are easily obtained by model-completeness.

DEFINITION 16. Let M be an L-structure and S C M. We say that y € M s
uniquely defined over S if there is an L-formula (v, w) and a € S<* such that

M ¢(a,y) AVu(p(a,v) = v =y).
LEMMA 12. Let F be a real closed field and S C F. Then,
R¥(S) = {y € F| y is uniquely defined with respect to the language Lor(S)}
where R¥(S) denotes the real closure of S under .

PROOF. It is clear that Q(S) C RY(S) where Q(S) is the minimal field containing
QuUS.

First, fix any y € R¥(S). Then, since y is algebraic over S, there is a non-zero
polynomial p(X) € Q(5)[X] and m € w such that

RY(S) | “y is the m-th root of p(X)”.
By elementarity,
F = “y is the m-th root of p(X)”.

The m-th root of p(X) is unique so that y is uniquely defined over S.
Second, fix any y € I such that

F = p(a,y) AVu(p(a,v) = v=y)

for some ¢(@,v) € formg,, and a € S<“. Then,
F E Ju (¢(a,u) AVo(p(a,v) = v =u))
and hence, by the elementarity,
R¥(9) | Ju (p(a,u) AVu(p(a,v) — v =u)).
Thus, there is y' € RF(S) such that
R'(S)  v(a.y).

Again, by elementarity,

F = p(@,y) AVo(p(@,v) = v=y)
so that y =y € R¥(S). O

LEMMA 13. Let F C H be real closed fields, S C H and assume that H =
RE(F(S)). Then H = {G(7) | m <w, G € Func™(H, F), 7 € S™}.
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PRroo¥r. The direction D is trivial. Fix any a € H and assume that a is uniquely
defined by ¢(u,z,y) where z € F<“ and y € S™. Then A = {z ¢ H | H
up(u, z,2)} € Def™(H, F) is non-empty because H | Jv3lup(u, z,v). Let G(Z)
be the unique element u which satisfies p(u, z, 2) if Z € A and let G(2Z) = 0 otherwise.
Then G € Func™(H, F') and G(y) = a. O

We fix a real closed field F and a subset S C F' for the rest of this subsection.

DEFINITION 17 ([29, p. 102, Definition 3.3.29)). Let C C |, 4., Def*(F,S) be
the minimal collection such that

(C1) {a} € C for all a € R¥(9),
(C2) (a,+) € C and (—o00,a) € C for all a € R¥(S),
(C3) (a,b) € C for all a,b € RF(9),
(C4) G € C for all cells A € C N Def*(F,S) and continuous functions G: A — F
in Def"™(F, 9),
(C5) {(a,by e Ax F|b< G(a)} € C and {(a,b) € Ax F | G(a) < b} € C for all
cells A € CNDet*(F, S) and all continuous functions G: A — F in Def*™(F, S),
(C6) {(a,b) € AxF|G(a) <b< Go(a)} €C for all cells A € CNDef*(F, S) and
continuous functions G1,Gy: A — F in Def*(F, S) that satisfy G1 < G5 on A.

Any element of C is called a cell.

NoOTE 1. The following are fundamental facts about RCF.

(1) For each X € Def* (F,S), there is a quantifier free formula ¢ € formz.(s)
such that

X ={ac F*|FE ¢la)}.

(2) (Uniformization) For each A € Def*™ (I, S), there exists a function G €
Func®(F, S) on F* such that G| dom A C A.([29, p. 101, Corollary 3.3.26])
(3) (Cell decomposition) For each A € Def*(F,S), there are dis-
joint cells Cy,...,Cn, € Def"(F,S) such that A = C; U ... U
Cin- (129, p. 103, Theorem 3.3.31])

(4) For each G € Func®(F, S), there are cells Cy,. .., Cy, € C partitioning F*
such that each G[C; is continuous. ([18, Ch3. (2.11)])

(5) For every definable continuous function on a definable bounded closed set,
its image 1is closed and bounded. (|29, Corollary 3.3.20])

Fix a natural number &£ > 1. Note that Defl’c(]F7 S) is a Boolean algebra with
respect to the subset relation and the set operations. Fix an ultrafilter U on
Def*(F, S) from now on. Then f =y g <= {z € F¥ | f(z) = g(z)} € U is
an equivalence relation on Func®(F, S). For each function f € Func®(F,S), define
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[flv = {g € Func®(F,S) | g =v f}. Let U™ (S,U) := {[f]v | f € Func®(F,S)}. We
define

(1) 0 is the equivalence class of the function 0: F* — {0},
(2) 1 is the equivalence class of the function 1: F* — {1},
(3) o <lglv = {ze F"| f(z) <g(2)} €U,

(4) [flo + [9lv := [f + g]u for each f, g € Func®(F,S), and
(5) [flv - [9]v := [f - 9] for each f,g € Func®(F,S).

It is easily seen that <, +, and - are well-defined, and that <UltF(S, U),0,1,+,, <>

is a structure for Log. The analogue of Los’s theorem for Ult" (S, U) holds due to
the uniformization of real closed fields.

THEOREM 6. Let fi, ..., fm € Func®(F,S) and ¢(vy,...,vy,) € forme,,. Then
UIt"(S,U) E o([Alu, s [fnlo) <= {2 € FM|FEo(fi(@),... fu(2)} €U
In particular, Ut"(S,U) is a real closed field.

PROOF. As the standard proof of Los’s theorem, we shall proceed by induction
on the complexity of ¢. The negation step and the conjunction step are very simple
and are similar to the proof of Los’s theorem, so we consider the existential quantifier
step. Let us assume that

ULt"(S,U) = wo([flv, [Alus - Umlo) <= {Z € FM|F = @o(f(Z), f1(T), ..., fm(2)} €U
for all f € Func®(F,S). We have
UIt" (S, U) k= Fupo(v, [filu,s - - - [fmlv)
— U"(S,U) & wol[flv, [filvs - - - » [fm]o) for some f € Func®(F, S)
= {2 F*|FE oof(z), fi(Z),..., fm(T))} € U for some f € Funck(F,S)
= {z e F*|FE Jup(v, 1(T), ..., fm(T)} €U
The last equivalence follows from uniformization in Note 1. 0

For each | < k, id; € Func®(F, S) denotes the projection id;(z, ..., Tp_1) = ;.
We shall assume that S = F, is a real closed subfield of F.

LEMMA 14.
ULt* (Fo, U) = RO oV (R (i), . .., [idx_1])).

In particular, the transcendental degree trdeg(Ult" (Fo, U)/Fo) of Ult" (Fy, U) over Fy
1s less than or equal to k.
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PRrOOF. Fix any f € Func®(F, Fy). Pick ¢ € form, . (m) which defines f, so that

f@) =y = FEo@y)
and
F = Vadv(e(a,v) AVw(p(a, w) = v =w)).
Then, {z € F* | F |= o(z, f(2))} = {z € F* | F |= p(ido(2), . .., idy-1(2), f(2))} =
F* ¢ U. Therefore,

UIt* (Fo, U) |= o([ido]u, - - -, [ids—1]u, [flo)-
Since Fy is a common elementary submodel of F and UltF(IFO, U),
ULt (Fo, U) = Vav(e(a, v) AVw(p(a,w) = v = w))
and hence [f]y is uniquely defined over Fo([idov, - - ., [idk—1]v)- O

Note that, by cell decomposition, U is generated by cells. We shall consider
how properties of U characterize properties of the field extension Fy < UltF(IFO, U).
First, we shall see that the generators of U characterize an algebraic property of the
extension.

LEMMA 15. The following are equivalent.
(1) trdeg(Ult" (Fo, U)/Fy) = k
(2) U is generated by cells that are constructed by (C2), (C3), (C5), and
(C6).
(3) U is generated by open sets with respect to the product topology of the
order topology.

PROOF. Since the implication 2 = 3 is trivial, we shall show 3 —= 1 = 2.
For 3 = 1, we assume that U is generated by open sets. Suppose that

ULt (Fo,U) = Y an [[ i =0
n: k—l i<k

where each a, is in Fy and | € w. Here, any natural number [ is identified with
the set of non-negative integers less than [, and each a € Fj is identified with the
equivalent class of the constant function with value a. Then,

{(xo,...,kuGF’“ F = Z aon?(i)ZO}EU.

n: k—l i<k

Since U is generated by open sets, there is an open set A € U such that if
(To,...,xp—1) € Athen > an ], x?(z) = 0. Thus, each a, is 0. Therefore
[ido]u, - - -, [idg_1]y are independent.

For 1 = 2, we assume that C' € U where C is generated using (C1) or
(C4). If (C1) is used, then {a} x F' x --- x F € U, so that [ido]y = [a]y. Thus
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trdeg(ULt" (Fo, U)/Fy) < k. If (C4) is used, then G x F x --- x F € U for some
A € CNDef (F, Fy) and G: A — F in Def™(F, Fy), so that [id;)y is uniquely defined
over RV Eo.U)(F(lidoly, . . ., [idi_1]u)). Thus, trdeg(UlLt" (Fo, U)/Fy) < k. O

Next, we shall see that U characterizes an order property of the extension Fy <
Ult"(Fy, U). Note that an ultrafilter U C Def*(F, Fy) is principal iff {z} € U for
some T € Fy: If U is principal, then some single non-empty set A € Defk(IF, Fy)
generates U. Then, by model-completeness, there exists Z € AN EFy. Since U is an
ultrafitler, A\ {z} € U or {z} € U but, since A generates U, A\ {z} € U is not the
case. Thus A ={z} e U.

LEMMA 16. If (A, B) is a gap in Fo, then U p = {C € Def'(F,F,) | 3z €
AU{—o0}, Jy € BU{+o0}, (x,y) C C} is a non-principal ultrafilter in the Boolean
algebra Def' (F, Fy). Conversely, if U is a non-principal ultrafilter in Def'(F, Fy),
then U = Ua, B,y where Ay ={a€ Fy|{x € Fla<ax} e U} and By = {be Fy |
{reFlxz<b}eU}.

PROOF. Suppose that (A, B) is a gap in Fy. Since the case when A =) or B = )
is simpler, we assume that both A and B are non-empty. First, we shall show that
Uia,p) is non-principal. Note that {(z,y) | x € A, y € B} generates U4 p). Fix any
r € Aand y € B. Then z < (z+y)2~! < y and hence either there exists ' € A such
that (z +y)27! < 2/ or there exists y' € B such that ¢/ < (z + y)2~!. We assume
that the former case occurs. Then (2',y) C (z,y) and (2',y) € Uia py. Thus Ua p) is
non-principal. Next, let us proceed to the maximality of U4 p). Fix any C' € Ui p).
Using cell decomposition, there exist finitely many elements a; ,a;,a;,b,b" € Fy
such that

C = U(a;, at) U U{aj} U (b™, +00) U (—o0,bT).

J

Since (A, B) is a gap, there exist z € A and y € B such that a; ,a;",a;,b,b" ¢ (z,y)
for each i and j. Thus either (z,y) is included in C or it is disjoint from C. In the
former case, C' € U, and otherwise Fy \ C' € U.

Suppose that U is a non-principal ultrafilter in Defl(]F, Fy). Since U is closed
under intersections and () ¢ U, (Ay, By) is a pregap. Towards a contradiction, let
us assume that ¢ € F interpolates (Ay, By). Then, one of {x € Fy | < ¢},
{r e Fy|c<a},and {c}isin U. If {¢} € U, then U is principal, a contradiction. If
{z € Fy |z < ¢} € U, then ¢ € By, a contradiction. The case {z € Fy |c <z} e U
is similar. 0

LEMMA 17. Let U be an ultrafilter on Def*(F, Fy). If (A, B) is a gap in
Ult"(Fo, U), then the set of all {{z,y) | T € X, Ha(Z) <y < Hp(z)} where X € U,
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[Halv € AU{[—o0]u}, and [Hgly € BU{[+o0|u} generates a non-principal ultrafil-
ter Wia,gy on Deka(IF?FO). Here, +00 and —oo denote constant functions to +oo
and —oo, respectively.

PROOF. Let us assume that (A, B) is a gap in Ult"(Fy, U). We consider the case
that both A and B are non-empty. Fix any X € Def*" (F, F). By cell decompo-
sition, we get Fy-definable cells C; (j < k¢), D; (j < kp), E (j < kg+), and E}
(j < kg-) and Fy-definable functions HY (j < k¢), HjD’_, Hf)7+ (j < kp), H
(j < kp-), HE" (j < kp+) such that

X =|J{@y) eC;x F|H(z) U J @y eD;x FIH  (z) <y < H " (z)}
Jj<kc j<kp
U U @weE xFly<H (@)}u | {(z.y) € Ef x F| H (z) < y}.
j<k:E, j<kE+
By reordering C = {C},D;,... | j < ke,j < kp,...}, we shall assume that C;

(j <lo), D;j (j <lp), Ef (j <lg-), and EJ (j < lg+) are only members of U
in C. Let H be the set of definable functions we have chosen. Since (4, B) is a
gap in Ult"(Fy, U) and since # is finite, there are [H~ ]y € A and [H*]y € B such
that the open interval ([H ]y, [H"]y) does not contain [H]|y for any H € H. If
[Hf’f]U <[H Jy <[HTy < [HJD’JF]U for some j < Ip, if [HJEWU < [H™ ]y for some
j <lg+,orif [Ht]y < [H) |y for some j < lg-, then X € W4 p). Otherwise, define

c=(cn () (FNC)n(Din [ (F*\Dy)

i<le le<j<kc i<lp Ip<j<kp
k + k +
"N EN N GBI BN )
I<lp- lp—<j<kp- J<lg+ lp+<j<kg+

Then C' € U. Let
Y= {z.y)eCxF|H (z)#y}n ({(Z.y) eCx F |y < H’ () or H"(z) <y}

Ii<le i<lp
N {@EyeCxFIH (@) <ytn () {{@y) eCxFly<H (z)}.
J<lp— I<lp+

Then Y ¢ FFI\ X and {z € FF¥ |Vy € F, H (Z) <y < H'(z) = (z,y) €
Y} € U. Thus Y € Wiapy and hence FFHI\ X € Wia,py- Therefore Wiy py is an
ultrafilter.

If {(Zo,y0)} € Wia, By, then the constant function H(Z) := yo interpolates (A, B)
and is definable over Fj, a contradiction. Thus W4 p) is non-principal. O
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Let (4;, B)) be the pregap in RV Eo-U)(Fy([idg]y, . . ., [id;_1]y)) defined by [id,]y
for cach | < k. That is, 4 = {[Gly € RV ED(Fy([ido]v,...,[idi1]v)) |
{z € FF | F E G(z) < x} € U} and B; is defined similarly. We define
U ={{{xo,...,x1—1) | Fx1, ... xp—1, (x0,...,x-1) € A} | A € U}. Note that U, is an
ultrafilter on Def'(F, F). We regard Ult" (Fy, U}) as a subfield of Ult" (Fy, Uy ) for each

I < 1" < k by the embedding [G]y, — [G]y, where G(xo,...,zy-1) = G(x0,...,71_1).
Then Ult* (Fy, U;) = RV FoUi) (Fo([ido]ur, . . ., [idi—1]0).-

LEMMA 18. The following are equivalent.
(i) Fy is cofinal in ULt"(Fo, U).
(ii) Both of cof(A;) and coi(B;) are infinite for all | < k.
(i1i) For each A € U, there is a bounded cell C' € U such that CI(C) C A
where C1(C') is the closure of C.
(iv) For each G € Func®(F, Fy), there exists A € U such that G| , is bounded.

Before proceeding to the proof, we remark that Cl(A) € Def*(F, Fy) for any
A € Det®(F, ). To see this, let ¢(7) be the definition of A. Then,

ClA)={w € F|FEVr(r>0— 3(p®) A (w; —v1)* 4+ -+ (wp —vp)? < 7))}
So, both the interior Int(A) and the boundary 0(A) of A are also Fy-definable.

PROOF. First, we shall show that (i) implies (ii). We assume that some coi(B;)
is finite. If coi(B;) = 0, then [id))y bounds RU ®.U)(F([ido]y,. .., [idi_i]v)),
so it bounds Fy. If coi(B) = 1, then (min(B;) — [id]y)~* bounds
R FoU)(Fy ([ido]ur, - - ., [idi—1]1r)), so it bounds Fy.

Second, we shall assume that (ii) holds, and prove (iii) by induction on k. Suppose
that £ = 1 and fix any A € U. By cell decomposition, A can be decomposed into
open intervals (some of them may have no endpoints) and singletons. Remark that
endpoints of Fy-definable open intervals and elements of Fj-definable singletons are
uniquely defined over Fj, hence they are members of F, by Lemma 12. If some
singleton is a member of U, since the closure of a singleton is a singleton, the case
k =1 is done. Otherwise, there exists z € Fy U{—o00} and y € Fy U {400} such that
(z,y) C A and (z,y) € U. Note that x € Ay U {—oc} and that y € By U {+o0}.
Since cof(Ap) and coi(By) are infinite, there exist a € Ay and b € By such that
r <a<b<y. Thus, Cl((a,b)) = [a,b] C (z,y) C A and (a,b) € U. We proceed to
the inductive step. So we shall assume that the claim holds for [ and we shall consider
the case k =1+ 1. Fix any A € U. We choose a cell C € U such that C' C A by
cell decomposition. Since {(xo,...x;) | G(zo,...,x-1) < x; < H(zg,...,21-1)} € U
for some [G]y, € A; and [H]y, € By, we shall assume that {y € F' | (z,y) € C} is
bounded for each Z € F'. So C is not generated by (C5). Consider the case when
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there are Cy € U, and functions G, H € Func' (F, Fy) that is continuous on Cy such
that

C = {<1‘0,...,Qfl> € Cyx F | G(Qfo,...,[ﬂl_l) < <H(£L‘0,...,$l_1)}.

The other case, which means that C' is generated by (C4), is simpler. Now, we have
|Gy, < [idiJu < [H]y,- Since A; and B; are infinite, there are functions G', H' €
Func!(F, Fy)) such that

[Glo, < Gy, < ido < [Hy, < [H]o,.
Choose a cell C, € U; such that G’ and H’ are continuous on Cj (see Note 1 (iv)),
G(Io, . ,.Tl_l) < G,((L’Q, . ,ZL’l_l) < H,(l’o, . ,ZEl_1> < H(Z‘o, . ;xl—l)
for all (xg,...,x;-1) € Cf, and C}, C Cy. By the induction hypothesis, we pick a

bounded cell C; € U, such that C1(Cy) C C]. Note that G'| C1(C}) and H'[ CI(C)
are bounded (see [29, Corollary 3.3.20]). Let

é = {(:L‘Q, R, ,$l> € 01 x F | G/(ZL‘Q, R, ,$l_1) <x < H'(xo, Ce ,[El_l)}.
Then, Ce U, C is bounded, and

Cl(C) = {{xg,...,m;) € CU(Cy) X F | G'(x0,...,21-1) <ay < H'(x0,...,21-1)}

is a subset of C' (see [18, Ch.6 (1.7)]). This finishes the implication (ii) = (iii).
Third, we shall show that (iii) implies (iv). Fix any G € Func®(F, Fy). Choose
a cell C' € U such that G[C is continuous, see 4 of Note 1. By the assumption, we
pick a bounded cell C" € U such that C1(C”) C C. Then, G| Cl(C") is bounded.
Fourth, we shall show that (iv) implies (i). Fix any G' € Func®(F, F})). By the
assumption, pick A € U such that G[A is bounded (see [29, Corollary 3.3.20]). This
statement can be written in Fy. Thus there is z € Fj such that G(Z) < z for all
zZ € A. Therefore [G]y < z. O

NoTE 2. If Cy,...,C, are cells that is constructed using (C1) or (C4) at least
once, then Int(Co U ---UC,) = 0. To see this, for i < m, fir any a;,b; € F such
that a; < b;. Suppose that, for the construction of Cy, (C1) or (C4) is used at the
ip-th step. For each i < m, select x; € ﬂl:%{a: € (ai,b;) | (xo,...,zi—1,2) ¢ mCk}
where ;. F™ — F s the projection map on the first i + 1 coordinates. Then the
sequence T = (x; | i < m) is in (icm(ai, b)) \ U<, Ck-

LEMMA 19. For any A € Def™(F, Fy), Int(9(A)) = 0.

PROOF. 0(A) does not contain any open cell (see
[18, Ch.3 (2.3), Ch.4 (1.1) and (1.10)]). So any cell decomposition of 0(A)
consists of cells Cy, ..., C, that are constructed using (C1) or (C4) at least once.

Thus Int(0(A)) = Int(Co U ---UC,) = 0. O
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By Lemmata 15 and 18, we have the next lemma. H. Woodin [33] mentions it
without proof.

LEMMA 20. Let F be a real closed field and fix a real closed subfield Fq. Suppose
that U is an ultrafilter on Def*(F, ). Then, the following are equivalent.
(1) trdeg(Ult" (o, U)/Fo) = k and Fy is cofinal in Ut (Fy, U).
(2) U is generated by closures of bounded open cells in U.

PRrROOF. To see that 2 implies 1, suppose that U is generated by closures of
bounded open cells. For each A € U, there exists an open cell C' such that C1(C') C A
and that Cl(C') € U. Since CI(C) = C U9J(C) and 0(C) has empty interior (see
Lemma 19), 9(C) ¢ U and hence C' € U. Thus U satisfies (iii) of Lemma 18 and 3
of Lemma 15.

Conversely, we assume that 1 holds. Fix any A € U. By Lemma 18, pick a
bounded cell C' € U such that C1(C') C A. Since U is generated by open sets, C' has
non-empty interior. By Note 2, since C' is bounded, C' is generated using only (C3)
and (C6). Thus C'is an open cell. O

For the proof of the main theorem, we also require the following fact.

LEMMA 21 ([18, Ch 8. (3.10)]). Let f: A — C be a definable continuous map
from a definable closed subset A of a definable set B into a definable set C that is
definably contractible to a point ¢ € C. Then f can be extended to a continuous

definable function f: B — C.

Here, “C' is definably contractible to a point ¢ € C” means that there exists
a definable homotopy H: C' x [0,1] — F that contracts to ¢, that is, a definable
continuous function such that = — H(x,0) defines the identity map on C' and that
x +— H(z,1) defines the constant map to {c}. For a definable interval I C F' and a
point ¢ € I, the function H(z,t) = (1 —t)+ct on I x [0, 1] is a definable homotopy
that witnesses that I is contractible to a point ¢ € I.

Let us consider the case when f is a continuous definable function on the closure
of a cell C' into a bounded set in F'. Then the image of f is a closed interval (see
[18, Ch.1 (3.6), Ch.3 (2.9), Ch.6 (1.11)]). So we have the following corollary.

COROLLARY 3. FEwvery bounded continuous definable function on the closure of a
cell in F™ can be extended to a bounded continuous definable function on F™.

1.3. v;-extensions and f;-real Fields. We shall define a key notion of an
extension of real closed fields.

DEFINITION 18. Suppose that H C F are real closed fields. For each a € F™,
tp"(a/H) denotes {AN H" | a € A € Def™(F,H)}. Notice that tp*(a/H) is an
ultrafilter on Def™(H, H). We say that Y C F is v, over H if tp*(a/H) is countably
generated for each a € (Y \ H)<“. F is a yy-extension of H if F' is v, over H.
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The notation “tp” comes from the model-theoretical term “type”. We identify
each element of tp®(a/H) with the formula that defines it. If two extensions G and
F of a real closed field H have a tuple of common elements a € (G N F)<*, then
tp’ (a/H) = tp®(a/H). So we often omit F in tp*(a/H).

If (A, B) is the gap on H defined by a € F'\ H, then, by cell decomposition,
{(z,y) CH |z € A, y € B} generates tp”(a/H). This implies the following lemma.

LEMMA 22. Let H C F be real closed fields. a € F is v, over H iff a does not
define an uncountable gap on H.

LEMMA 23. Let H be a chain of v, -extensions of F. Then, | JH is a v, -extension
of F.

ProoF. Fix any {ay,...,a,} C [JH. Then, {ay,...,a,} C H for some H € H.
Thus tp({(ai,...,a,) /F) is coutably generated. O

The next lemma is a straightforward generalization of a well-known fact about
atomic extensions in model theory. This was proved by Alex Kruckman (private
communication).

LEMMA 24. Let (H, | « < \) be a C-increasing sequence such that Hyyq is v
over H, for each o € X and H., =, He for each limit v < X. Then, U, .\ Hq is
v1 over Hy.

a<<

PRroOF. By Lemma 23, it suffices to show that if Hy C H; C Hj are v;-extensions,
then Hy is 71 over Hy. Fix any a € HY'. Let (A, € Def™(H;, Hy) | n < w) be a C-
decreasing sequence that generates tp(a/H,). Let ¢, (Z,b,) be a formula that defines
A,, with parameters b, € H{"™. For each n € w, let (B, ; € Def™ (Hy, Hy) | i < w)

be a C-decreasing sequence that generates tp(b,/Hy). Let ¥, (7, d,;) be a formula
that defines B,,; where d,,; € H5*. We define

Cni = {7 € Hy | Hy = 35(0n(Z,5) A (5, dni))}
for each n,i € w. We will show that (C,; | n,i € w) generates tp(a/Hp). So let

A € tp(a/Hp) and assume that ¢(Z,dy) defines A. Since A € tp(a/H,), we take
n € w such that A, C A. Thus,

Hi = n(T,b,) — (7, do)
and hence
EDiag(H,) | 0.(Z,b,) — ©(Z, dy)

where EDiag(H,) denotes the elementary diagram of H;. By compactness, there is
a formula 0(b, b, d;) € EDiag(H;) such that b € H; \ Hy, d; € Hy, and

0(b, b, d1) = ©n(T,b,) — 0(Z,do).
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Now, b is not mentioned in ,(Z,b,) — ¢(Z,dy), so that
F0(0(w0, by, dv)) E on(Z, b)) — 0(Z, dp).
Moreover, b, is not mentioned in ¢(Z,dp), so that
35(n(z.5) A 30(0(@, 4, d1))) F (7, do)-
Since Jw(f(w,y,d;)) € tp(b,/Hy), there is i € w such that
Hy = ¢ni(F, dni) — F0(0(w, 7, d1)).
Thus,

Ho |= 35(n(Z,9) A Uni (¥, dni)) — (T, do).
Therefore, C,,; C A. O

LEMMA 25. Let H be a real closed subfield of a real closed field F. Suppose that
F = RY(H(z)). If {x} is v, over H, then so is F.

ProoF. Consider the case the type of the gap on H defined by z is
(w,w). Other cases are similar. Let ((a;,b;) | j <w) be the gap. Fix any
y € F™ By Lemma 12, each y; is uniquely defined by some ¢;(u,z) €
formeo.mugzy), that is, F = ¢i(y,x) A Vu(ei(u,z) — w = y;). Let C; =
{ze H" |H E Jw (A, ¢i(2i, w) Aaj <w < bj)} for each j < w. We shall show
that {C; | j < w} is a generator of tp”(y/H).

Fix any C € tp”(y/H) which is defined by ¢ (). Let

H = Va ((/\ gpi(ui,w)> — ng(u)) } .

Since D € tp®(z/H), there exists a j < w such that (a;,b;) C D. Then, C; C C. O

D:{weH

Woodin [33] used the property 71 to define the property 51 in his sense.

DEFINITION 19 ([33]). Let H be a real closed subfield of a real closed field F.
F is W-/31 over H if F = |, H, where (H, | « < X) is a continuously C-increasing
sequence of real closed fields such that, for each & < A,
(2) Heyp = R¥s+1(He(Y)) for some countable subset Y C Heyq, and
(3) Heyq ts 1 over He.
F is W-p3-real field if it contains R and is W-B; over R.

In more detail about Woodin’s result [33], he showed that, under CH, the finite
support iteration of Cohen forcing C of length wy forces that some ultrapower R /U
is a W-f;-real field. Woodin also defined a real closed n;-field as an N;-saturated
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real closed field. It is known that, for real closed fields, N;-saturation is equivalent to
our definition of 1; (e.g., see [12, 5.4]). By the following lemma, the two properties
W-f(;-real and 3 are equivalent for ultrapowers of the reals over w since they are 7;.
For that reason, we do not distinguish 4, and W-£; when we discuss ultrapowers of
the reals.

LEMMA 26. (1) The unique real closed By-m-field £, which is called the
Esterle algebra, exists. More specifically, if K is a real closed Pi-ni-field
over R, then there exists an R-algebra isomorphism from K onto £ (see [16,
Corollary 2.33 and introduction of Ch.2]).

(2) € is W-py (see [16, Theorem 2.36] and Lemma 25).
(3) Any W-f31-real field is (.

PROOF OF (3). We assume that F is W-3;. Since R is f;, R is embeddable in any
real closed n;-field ([16, Theorem 2.30]). By Lemma 4 in [33], F can be embedded
in any n; real closed field. In particular, it can be embedded in £. Since any real
closed subfield of any (; real closed field is 1, F is also (. 0J

2. The Main Lemma

In this section, V' always stands for the ground model.
For M C RY, define

M" :={F(g1,- .. 9m) ERY | m€EW, g1,...,9m € M, F € Func™(R,()}.

where F'(g1,...,9m)(n) = F(g1(n),...,gm(n)) for each n < w. We say that a filter
base F C P(w) is an M -ultrafilter if it totally orders M, that is, for each f,g € M,
one of the three sets {i € w | f(i) < g(i)}, {i € w | f(i) = g(i)}, and {i € w |
f(i) > g(i)} includes an element of F. To avoid redundancy, we abuse the notation
by using F itself for the filter obtained by C-upward closure of F. Define the Log-
structure (M"/F,0,1,+, -, <) similarly to <Ult]F(S, U),0, 1,+,-,<>. This structure
was studied in Woodin [33]. If F is an M"-ultrafilter, then M"/F is a real closed
ordered field by the following lemma, which is the analogue of Los’s theorem for
MM/ F.

LEMMA 27. Let M C R¥ and let F C P(w) be an M"-ultrafilter. Let f1,..., fm €
M" and p(vi,...,vm) be an Lor-formula. Then

MY F = o(lhlz, - [fmlr) = {i<w|RE@(fii),..., fm(i))} € F

PROOF. As the standard proof of Los’s theorem, we shall proceed by induction
on the complexity of ¢. The conjunction step is straightforward. The negation step
works by the following claim.



2. THE MAIN LEMMA 31

CLAIM 1. Fiz k < w. For ¢(v) € Log and f € (M")F, either {i <w | R =
U(f@)} € F or{i <w|RE=(f(i))} € F.

PROOFLInduct on k. The case £k = 0 is clear. Assume that the claim holds for
k and fix (f,g) € (MM 1 and (9, w) € Log. By cell decomposition, there exist
Fy BLGy LG H, € Fund(R,0) and of (5), 06 (5), 05" (5), 04 (1) € Log such
that

R (7, s)
:}R):\/(@Z)f(f)/\Fl()<s<F+ v\/( ()<s>
v\/<¢G YA s < G(T )\/\/ H,(F)=s).

By the assumption, either {i < w | ¥(f(i))} € F or {i < w | =¢(f(i ))} e F
for each ¥(v) € Lor. If {i < w | =(f(i))} € F for every ¢(v) € 1=

WF@),0% (0),0% @),080) | L < L, j- < J-, j* < J* n < N}, o
{i < w | R ﬂgo(f() g(i))} € F. Otherwise, removing ¢» € ¥ such that
{i <w|—(f(i)} € F, we shall assume {i < w | ¢(f(i))} € F for all ¢ € U. Since

F=(f),...,H.(f),g € M" and F is an M"-ultrafilter, F determines whether g is a

S

g
member of U, (£, (f), £ () U, (G5 (f )+OO)UU (=00, G5 () YU {Ha ()},
that is, whether {i<w|R):g0( f(4), ())} is a member of F. O

The existential quantifier step works by the following claim.
CLAIM 2. For p(u,v) € Lor and g € (M™)™,
Bf € M {i <w | R = o(g(), ()} € F) = {i <w|R | 3up(g(i),2)} € F.
PROOF. ( = ) is clear. Applying uniformization in Note 1 to A := {(7,s) €
R™ | R | ¢(7, s)}, we have (< ). O
O
NOTE 3. Let M C M* C R¥. Let F and F* be an M"-ultrafilter and an (M*

)/\
ultrafilter, respectively, such that F C F*. Define G = M"/F and G* = (M*)"/F*.
Then G can be considered as a subfield of G* via the embedding (x| — [z]F-

NoTE 4 (See [33]). We shall consider the case M* = M U {go,...,Gm-1}
for some g = {(go,...,9m-1) € (R“)™ in the situation of Note 3. Let W =
tp® ([g0] 7+, - - - [gm-1]7+/G). Then,

UF(for- s fe1,8)]7) = FO CW((folg, o fealm lidolws -+ [id 1))
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for F € Func™™(R, ) and fos-os fre1 € M defines an isomorphism v: G* —

ULt (G, W). Here, FU ©W) is the function in Func® ™ (UtE (G, W), 0) with the
same definition of F. Furthermore, ¢ fires G and t([gx]7+) = [idx]w

DEFINITION 20. A filter F C P(w) is countably generated over a filter base
B C P(w) if there exists a countable set {7, C w | n < w} such that F = {A C w |
In<w, 3X € B, 1,NX C A}. A forcing notion P has the ~, property if, for an
ultrafilter U on P(w), Jor a P-name M of a subset of R¥ that contains R* NV, and
for a P-name F for an M"-ultrafilter that is countably generated over U, M/\/]: 15
v over (RN V) /U in any generic extension by P.

Note that some ccc forcings do not have the property Hechler forcing is an
example since a dominating real defines a ((cof(R¥/U))",0) gap in (R* N V)/U.
H. Woodin [33] proved the next theorem, essentially.

THEOREM 7 ([33, Theorem 4.]). (CH) Let K be a class of forcing notions that
1s closed under finite support iterations. Suppose that ZFC proves that every P € K

has the ccc and the v, property. Let P,, = <<IP’§,Q§> ‘ ¢ e w2> be a finite support

iteration of forcing notions in K such that each P¢ forces that \Q£| <Ny, Let G be
a P,,-generic set over V.. Then, in V|G|, there exists an ultrafilter U on P(w) such
that R /U s .

Thanks to this theorem, to prove our main result, it is enough to show that every
EPCy, forcing has the 7, property. First, we shall show that any eventual precaliber
N; forcing has the 1-dimensional version of the 7, property, which is useful to prove
the general version.

LEmMMA 28. (CH) Let E C wy be a stationary set. Let P be an EPCY +
ProjCes(E) forcing notion. Let U be an ultmﬁlter on w. In the forcing extension
VEP with P, let R“NV € M C R and let U C F C P(w) be a M"- ultrafilter that

is countably generated over U. Then, every singleton {[g]} C M"/F is v over
F:= RYNV)/U, that is, [§]# does not define an uncountable gap.

PRrROOF. Since CH is assumed in the ground model, it is enough to show that
the cofinality of {h € (R¥) | h <z ¢} is not wy in the extension model. Fix any
p € P. Assume that p forces that (g, € (R¥)| o < wyq) is a <g-increasing sequence
<s-below ¢ and F is generated by U U {7, | n € w}. It can be assumed that
{7 | n € w} is C-decreasing. We shall show that there exist h € R¥ and ¢ < p such
that ¢ IFVa € wi, g4 <p h <ig.

Select a sequence (n, € w,go € RY, po < p,0, € U | @ < wy) such that each p,
forces that g, = g, and g,(i) < g(i) for all i € &, N 7. Pick T € [w],
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(Pa <palaeT), and (6(a,q) €wr |a € T,q < p,) such that each {q,pe | § €
T\ (e, q)} is centered. Shrinking 7', we assume that n, = n for all @ € T'. Define

h(i) = inf{sup{ge(i) |t € 0, € T\ a} | @ € wi}.
FixaeT.
CLAIM 3. Py IF Vi € 7, h(i) < §(i)

PROOF. Suppose not, and fix ¢ < pa, ¢ € w, and z € Q such that ¢ IF 7 €
7o A g(i) < & < h(i). Since 2 < h(i), there exists S € [T]™ such that i € o, and
x < ge(i) for each € € S. Pick € S\ d(a,q) and r < ¢,pg. Then, r forces that
G5 = Js, 98(7) < g(j) for all j € 65N 7, §(7) < (i), and i € 5 N 7,,, which is a
contradiction. O

CLAIM 4. gy IFVE < wi(ge <p h)

PROOF. Otherwise, fix ¢ < j, and ¢ € w; such that ¢ IF h < ge. Pick 8 € T\ (£U
5(£,¢)) and a common extension 7 € P of ¢ and pg. Then 7 I- h <y 9e <u g = Gp-
Thus we have h <; gs, and let 0’ := {i € w | h(i) < gz(i)}. For each i € o', select
n; € wy such that sup{g,(7) | i € o,y € T\ i} < g5(7). Pick v € T'\ (BUsup;c, i)
Then for all i € ¢’ N oy, g,(i) < gs(i). However, since pg and p, are compatible,
93 < g,. This is a contradiction. 0

Thus, [h] interpolates ([ga]7, [¢]# | @ <wi). By the same argument, any pair
of [¢]+ and a decreasing wq-sequence in F above [¢] + is interpolated by some z € F.
Thus, [g] is 11 over F. O

Let us prove the general version. To facilitate our proof, we introduce more
notation.

DEFINITION 21. Let F := R¥/U. For each A € Defk(]F,_F) which is defined by
(v, [flu), and for each i € w, let Ali] :={F € R | R |= o(7, f(7))}.

NotTE 5. The above notation Ali] depends on the choice of a formula ¢ and
parameters f. Hence we need to take care that Ali] is not well-defined, which means
that, even if A = B, it may happen that (A[i] | 1 <w) # (B[i] | i < w).

NotE 6. If A = {z € (R*/U)" | R®/U E (&, |[f]v)} has a definable property
P by a single formula, e.g., being cell, bounded, open, function, continuous function,
etc., then p ={i € w | R |= A[i] has the property P} € U. Let

(i) = {f(i) (i € p)

gl

f(minp) (i ¢ p)
Then A = {z € (R®/U)™ | R®/U = o(z, [f]U)} is equal to A and Ali] has the
property P for every i < w.
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DEFINITION 22. Let S be a set and T be an ordered set. For functions f,g: S —
T, define [f,g] == {(s,t) € S xT | f(s) <t <g(s)}. Forany set Sy C S and any
binary relation R on T, define So[fRg] := {s € Sy | f(s)Rg(s)}.

MAIN LEMMA. Assume CH. Let P be an EPCy, forcing.

(1) Suppose that P does not have the ~, property. Let U be an ultrafilter on

wand F=RY/U. In VT, there exist {g1,...,9m} CRY and a (R*NV)U

{91, -, gm}) -ultrafilter F D U that is countably generated over U such

that, letting G = (R*NV)U{g1,. -, gm})"/F,

(a) tp°([91]%, - - -, [gm]#/F) is not countably generated in Def™(F, F) but

(b) it is generated by a Cy-decreasing sequence (Z; |l < w) of sets in
Ve /U that is not equal to [0]y.

(2) Let E C wy be a stationary set and assume that P also has ProjCes(FE).

Then P has the v, property.

Proofs of (1) and (2) of the main lemma are based on ones of [33, Theorem 2.] and
[33, Theorem 1.], respectively. The original proof frequently uses the countability of
Cohen forcing and the pigeonhole principle. However, in general, we cannot apply
such an argument to EPC{, 4 ProjCes(E) forcings. Many difficulties come from this
difference.

Note that the conjunction (a) and (b) of (1) of the main lemma does not directly
imply a contradiction since each Z; may not be a member of Def™(F, F'). Woodin
[33] proposed a question about it.

PROBLEM 1 ([33]). Fizm € w. Suppose that M be a model of ZFC— Replacement
and let F = R)M = {r €e M | M |E “risareal”}. Suppose (Ay |k <w) is a
sequence of elements of M such that:

(1) M |= Ay C Ay CE™ for each k and
(2) U={A € Def™(F,F) |3k, M = A, C A} is an ultrafilter.

Must U be countably generated by elements of Def™(F, F') ¢

If this question is affirmative, (1) of the main lemma implies that P have the v,
property.

PROOF OF THE MAIN LEMMA. (1): Fix an EPCy, forcing P and suppose that P
does not have the v; property. Let U be an ultrafilter on w and F = R¥/U. We work
in V¥, Since P does not have the v, property, there exist M, F, and a C-decreasing
sequence (7, C w | n < w) such that

(1) R“nV Cc M CR¥,
(2) F D U is afilter on w that is generated by (7, C w | n < w) over U, and
(3) G := M"/F is not v, over F.
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Pick a minimal {gi,...,¢m} C M such that (R*NV)U{g,...gm})" /F is not 7

over F. We assume that M = (R*NV)U{g1,...,gm} By the minimality, for every

X CH{gs s gm}, (R*NVYU X))/ F # G. Thus trdeg(G/F) = m (see Note 4).
Now, define

W ={A € Def™(F,F) | (g1,--.,9m) €r A} = th(<[91]}'7 o5 [gm]F) [T)

where (g1,...,9m) €r A denotes {i € w | (¢1(7),...,9m(i)) € Ali]} € F. Then,
W is uncountably generated. We shall construct a Cy-decreasing sequence 7 =
(Z1 € (Vyrw)NV) /U | I < w) that generates the uncountably generated ultrafilter
W on Def™(FF, F'). This is the goal of the proof of (i). By Lemma 28, we have m > 1
and I is cofinal in G. In particular, by Lemma 20, W is generated by closures of
bounded open cells. Let n = m — 1. We define

My := (R NV)U{g1,-- - gn},
Gy := M}/ F, and
Wo:={AcDef"(F,F)| Ax Fe W} =tp*({[g1]7, -, [ga]7) /),

Then, by the minimality of m and Lemma 24, Gq is 7; over F and G is not v,
over (Go. Note that W, is also generated by closures of bounded open cells. Fix a
C-decreasing sequence (O, | k < w) of closures of bounded open cells in Def"(FF, F')
that generates Wy. Assume that each Oy, is defined by 64(9, fy,). By Lemmata 18,
22, and 25 and Note 4, g, defines an uncountable gap in Gy whose sides have
infinite cofinality and coinitiality. By Lemma 13, such a gap can be taken to be the
form (®,([g1]7, -, [gn)7): Ya(lg1]7, - - s [gn]F) | @ < K, B < A) where each ®, and
U4 are in Func™(Gy, F') and k and A are regular cardinals with at least one of them
uncountable. By 4 and 5 in Note 1, we can assume that each ®, and each Wg are
continuous and bounded on some ©. By Corollary 3, each ®, and each Vg can be
assumed to be bounded and continuous on G§. By (CH)Y, both of x and X are less
than or equal to 8;. We shall assume that kK = w and A = w;. Even if the type of the
gap is (wy,w) or (wy,ws), the following argument works. For each k < w and Z, define
®1.(7) = maxj< ®,(7) and then Cp([g1]7, ..., [gn]r) < Pi([o1]7, .- [gnlF) < [gm]F
for each k < w and @) is continuous, bounded, and definable over F. Thus we
can assume that (®y(Z) | £ < w) is a non-decreasing sequence for each z and hence
{{(z,y) | T € O, AN Ok(Z) <y} | k €w) is a C-decreasing sequence. This guarantees
that (Z; | | < w) will be C-decreasing. Note that, for each C' € Wy, k < w and o < wy,
there exists &’ < w and o/ < wy such that (O X F)N [P, V] C (Cx F)N(Dy, V,)
and hence, by Lemma 17, (O x F') N [P, V,] | k € w, a € wy) generates WW. Notice
that (O[], P[i] [V, U, [i][V | i <w) is in V for each k and each a. By Note 6, we
can assume that, for every ¢ € w, ©li] is the closure of an open cell, ®,[i] and ¥,[i]
are bounded and countinuous functions while keeping them definable over F'. For
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each a € wy, pick N, € w and o, € U such that 7y, No, C {i € w | gn(i) <
W, [i](91(3), . - ., gn(i))} and pick the definition 1, (7, w, fy, ) of V.

From now on, we work in the ground model until the end of the proof of the
main lemma. Let us assume that the results above are forced by p € P and we get
P-names M, F, 41 ...Gm, W, etc. Fix po < p, Na € w, 04 € U, ¥Y € Func"(F, F),
and 1, (0, w, fy,) € formzo. ) for each v < wy such that

Pa IF é—oa = (704 y Na - Naa qjg - q]a H/a and @/}a(@ﬂU’ fwa) = ZZJQ(@,UJ, ﬁpa)-

Fix T € [w|™ and an eventually centered (p, | @ € T) such that p, < p, for
each . Shrinking T, we assume that N = N, for each « € T. Fix ag € T. For each
a €T and [ € w, let X[* be a P-name for a function on w such that

Pag IF Vi € 6o, X7 (1) = (O[] x R) N [dy[d], WY [4]].
Note that
(%) Pag IF VI € w, <Xﬁ(z’) ‘ aecT,ie 6a> cV.

CLAIM 5.

oo H—Vl<w,{z’€w ’ U{ﬂ{f(ﬁ(z’) aeT\ﬁ,z’eﬁa} )ﬁeT} ;é@} eU.

PROOF. Suppose not. By (%), we take a condition gy < pa, and a natural number
| < w such that

al-{iew ) U{N{xro ‘ aeT\Bi€b )5eT} ~0} el
In particular, the above set meets {i € 7n | O[] (g1(0), ..., gn(i)) <
9m (1), (g1(7), ... gn(3)) € ©;]i]} in the extension by go.
~ Thus we get a condition ¢; < ¢o, a natural number 7 € w, tuples of functions
fe, fo € R¥, and formulas ¢, § such that ¢, forces that:

(1) gzg(@,w,f(b) defines @,

(2) 6(v, f) defines O, ‘

(3) i € 7n, s0 we have ¢,,(1) < Wo[i](41(7), ..., gn(i)) whenever o € T and

1€ Oay

(4) fi](g1(7), - - gn (@) < gm(d),

(5) (g1(7),...gn(7)) € O[], and

(6) ﬂ{Xﬁ(@') ’ acT\B,i €6a} =Pforall BeT.
By 1 to 5, for every r < g1, we have

0@, folD)) A\ Tuwe @a(@,wa, Fo@) Aw<u< wa>

ocEA

riFR E 303w3u | (0, w, f,(i)) A
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for all A € [T]<% with r I Va € A(i € &,). Note that this R is the set of reals
defined in the extension. Let us find a finite subset B of T" and an extension g, of ¢;
which are counter-examples to the above.

Let ® € Func®(R,R) be a function defined by ¢(v,w, fs(i)) and
let © € Def*(R,R) be a set defined by 60(v,fy(i)). Define X* =
{(F,s) eR™ | F€©OAD(F) < s < WY[i](F)} for each a € T with i € o,. Note that
@ IF®=d[]VAO =06 AVa e T(i € 5o — XP(i) = X).

Fix 8 € T\ 0(a,q1). Then, N{X* | a €T\ B,i € 0,} =0. For each a € T'\ f,
¢1 and p, are compatible, and hence X* is a bounded closed cell. Fix vo € T\
such that i € 0.,. Since {X*NX" |a €T\ f,i € 0,} =0 and X is a compact
space, we can select A € [T"\ B]< such that (), ., X7 N X" = and i € o, for all

v € A Set B= AU{y}. Thus (,c5(0 x F)N[®,UY[i]] = 0. Pick a common
extension gy of {¢q1,p, | 7 € B}. Now,

R = =3v3w3u <¢(v,w, Fo(i)) A O(D, fo(i)) A /\ Fwy, (U (0, ws, fp, () ANw < u < w7)> :

YEB

By the absoluteness of “=” and by the completeness of RCF,

¢ IF R = ~353wIu (é(@,w, Fol@) A8, fo(@)) A\ By (05,05, Jor () A < < wv)> :

YEB

However, ¢ forces that ¢, = ¢, and zﬁv(ﬂ,w,f%) = ¢7(@,w,f%) whenever
~v € B. Thus we have

¢ IF R = ~F03wu <¢3<v,w, Fo(@)) N, Joi)) A J\ Fuw, (W@,wm o (i) Aw < u < w))

YEB

and ¢, |- Vy € B(i € &,), which is a contradiction. O
For each [,7 € w, fix names Z.l,i and Z; such that
Po IF Z1i 1= U{ﬂ{X{"(z’) ‘ acT\B,ic 6a} ‘ B e T}, and
P IF 71 = [<Z’M ic w>]U e (V. JUY.

Then, fo, IF 0 # Z C F™ which means po, IF 3f € (V¥.), [flo € %
and po, IF V[flg € Z, {i € w | f(i) € R} € U. Furthermore, po, IF
“<Zl ) [ < w> is decreasing” by the selection of <@l,¢>l ‘ [ < w>. Let N =VY,  /U.
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NOTE 7. Since p,, IF “ 3z € N (/V = /\lng € Zl> for each L < w”, a set of
formulae {“z € Z)" | 1 <w} is a countable type of N in the extension by Pa,-
NOTE 8. In the extension by pa,, the following are equivalent.
(P) {Z cwl| (f(i),g(i)) € Zl,} is a member of U
(Q) {icw|v>aeT (i€s.— (i) € &uli] A dfi]((0) < g(i) < TYN(F(0)) }
is a member of U.
(R) The intersection of
o {icw| i) € Bli], dli)(7()) < g(i)} and
o {licw|veaeT (i€s, = g(i) <VY[](f()))}
is a member of U.
The equivalence (P) <= (Q) is by the definition of Zy; and the implication (R) —>
(Q) is clear. For the implication () = (R), we assume that the second statement
holds. For i in the set stated in (Q), select 3; € T which witnesses Yo € T(---).

Let B € T\ sup, Bi. Then, G5 C {z cw | Fi) € Ofi], Bili)(F(i) < gli )}. Thus the
third statement holds.
Let us define
(i) (7) = sup{inf{ UV [i](F) | a € T\ B,i € 0.} | BE T} € RU {+00, —00}
and, for each f € (R¥)", let U(f) denote the function on w such that U(f)(i) =
W(i)(f(i)) for each i € w.

NOTE 9. The sequence (sj | B € T) := (inf{OY[i](F) |a € T\ B,i € 0.} | B€T)
is non-decreasing for each ¥ € R™. Since R U {+00,—oc0} has the countable chain
condition, the sequence stops at some point in R U {—o0,+oc}. In particular,

x < supg s if and only if 3B € T'(x < sj).
Notes 8 and 9 imply that
Pao FVL € w, Zi = {([fly:l9ler) €F™ | [flg € OuAd([flp) < lg) < [¥()]o)-
Remark that each Z; may not be definable with parameters in F.
CLAIM 6.
Pap IF 3% € T, 3l € w, V[fly € 01, [U(F)lg < Wal V([flp).
PrOOF. Towards a contradiction, let us assume that there exist ¢y < p,, and
B € T such that
go Ik Ve T\ B,V € w, Ifly € O, WalV([flg) < (o
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Consider the statement W, [V ([f]z) < [¥(f)]y in the extension by go. By the defini-
tion of W, this implies that

{iew|Iel veeT\y, (ico — WIV(IG) < BHT6))} €U
Recall that ¥, [V and <\i/é/, O¢ ‘ ¢ e T> are in V. Taking the complement,
M U {ieoe| W @)(F(0) < WadIV(FGi)} ¢ U.
veT ¢eT\y
If {i € w| @V[](f()) < U, [i]IV(f(i))} € U for uncountably many & € T,
then the set above is in U. Thus we have U [V ([fly) < [¥(f)lgy = V¢ €
T, U, V([flg) < \Ifg([f]U) and hence
@ -Va e T\ BVl ew, I[fly €O, IyeT, V&€ T\ v, ValV([flg) < ¥ ([fly)-
Fix a € T'\ 8. Then there exist v € T and ¢; < ¢o such that
¢ VI €w, I[fly €01, VEET\F, WalV([flg) < ¥¢ ([flo):
Fix £ € T'\ (6(ap,q1) U U~y) and a common extension r € P of ¢; and pe. Then,
ri-view, 3[flg € O, ValV([flg) < ¥ ([flg) and
rik 3w, V] € 0, W ([fly) = YelV([fly) < LalV([flp),
which is a contradiction. U

CLAIM 7. Py, IF “<Zl ‘ [ < w> generates W,

PROOF. In the forcing extension by p,,, fix any a € w; and k € w. Then, by
Claim 6, there exist 8 € T\ « and ky € w \ k such that V[f]; € Oy, [\i/(f)]g <
Vs V([flo) < WalV([flp). Then, Zy, C (O x F) N [dy, W]. O

7 = <Zl ‘ I < w> has been constructed in the forcing extension by pg,. (i) has

been shown.

(2): Assuming that P also has ProjCes(E), we continue the argument from
the proof of (1). Our goal is to show a contradiction. Define D; := {p < pq, |
p decides Z;, ©,, and <i>l} for each | € w. Since Py, IF “gm ¢ V7, there are no atoms
below p,,. Pick a maximal anti-chain A, C D; with Ajyy C Al :={q € P | Ir e
Ay, g <rANq#r} foreachl € w.

Recall that N = V¥, /U. Choose a sequence (Z,0,®): (J,., A — N x

w—+w

Def"(F, F') x Func"(F, F') such that
rl-Z(r)=ZAO(r) = O, Ad(r) = &V
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for each | € w and each r € A;. Fix a large enough regular cardinal x and a sequence
of countable elementary submodels X <Yy <Y; <--- <Y 11 < H, such that

o XhasU, P, poy, N, Z,®,0,V, (p: | £€T), (A |l <w), (VY 00| €T),
and the sequences of names <@z7 @l, Zl ‘ < w> and <\ifa,('7a o € w1> as
elements,

* Ul<w Al C X’

e FeYyand wy NYy € F,

o X €Yy, s0 ax :=min(T"\ X) € Y; and S € Y| for some finite set S C F
such that UY € Func"(F, S),

b jO = ’S|7

e cach Y, has Y; and a Yj-generic filter d; for P as elements, and

e cach d; has p,, and p,, as elements.

Since P has a ces(E) projection, P projects into Y. Thus, by Lemma 6, II;.;d; N Yy C
Pi MY, is a generic filter over Y. ! Set

o« Fx =FNX,

o [, =FNYj for each j < jo+1,

e r;;€d;NA; for each j < jo and each | € w

o T, =TnNYj for each j < jo + 1,

o S4={¢€S|pe€d} for each S C wy and each d C P, and

o ZV(r;€) = (©(r) x F) N [®(r), ¥] (note that Z¥ € X).

Note that, for each for each j < jo, each N € {X,Yy,...,Y;}, and each S € [T]"' NN,
S% N N is cofinal in w; N N. Indeed, for each a € w; N N, it can be shown that
D ={q<pPa | I €5\, qlF “pe € Gp”} € N is dense as in Lemma 4. We pick
r e d; NN (for r € N, use ccc) and § € S\ « such that r IF “p. € Gp”. Thus
{geP|q<pe} €N is dense below r, p¢ € d; and hence £ € 5% \ a.
Recall that m = trdeg(G,F) and n = m — 1. Note that Def™(F, F)NY, =
Det™(F, F}). Define
Wo(j) = {A € Def™(F, F}) | 3l € w, O(rj;) C A} and
W(j) = {C € D" V(F, Fy) | 3k, 3 € T, -+, 360 € T, gy 2 (ri3 &) € C'}
Then each Wy(j) is an ultrafilter. Indeed, if A € Def"(F, F}), then
Vi “Pag Ik “A<w, (6,C AV (O,NA=0)"
and hence
{r <pog | A <w,rlF“©,c A Vri-“OnNA=0"} €y,

IThis is the only use of ProjCes(E), and it is used only in the last part of this proof. So it is
expected that ProjCes(E) can be omitted from this proof.
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is a dense set and hence there exist [ < w and r € d; such that r I “O,c A” or r I+
“9;N A = ”. We assume that the former case occurs. Since d; is a filter and r,7;,; €
d;, there exists a common extension s € d; such that s IF “0, C A and ©; = O(r;,)".
So A € Wy(j). By a similar argument, W'(0) is an ultrafilter and each W (j) is
a filter. We shall implicitly use argument like the above “dense argument with
elementarity”.

Since, for each j < jo, by dense argument with elementarity, (Z(r;;) | { < w)
forms a countable type in N (see Note 7), hence we select e = (¢; | j < jo) =
bV | G <o) € Miew(Z(ro)NY1) X -+ - X (Z(1jy1)NYjy41). Note that &; € F . Set
¢:=(c; | j < joy=(b; WY (b;) | j < jo). To show that W™(jo) is not an ultrafilter,
we first prove the following claim.

Cram 8. Every C € WH(j) N X contains ¢ = <<Z_)Z»,\IIZX(E7;)> ‘ 1 < j>.

PROOF. Pick k and & € Tgi such that HiSij(r@ki; &) C C. For each i < j, by
pigeonhole principle, any common extension r € d; of r;;, and pe, forces that

By dense argument with elementarity, there exist k! > k; and S; € [T]™ NY, such
that

Yo “Vne S, ZV(rigin) C 2V (rigs &) 7.
So we have
Yo = “ Vo € So, -+ ¥y € Sy, Wiy ZY (ripg;ms) C C 7.

By elementarity X < Y, we assume that (S; |i <j) € X. Fix any ¢ < j. Pick
n; € Sfli N X. Then, there exists s € d; (not a member of X) that extends 7/, py,,
and p,, such that

Vil “slk “ 3k <w, O, C Fldy < Vo, < W, ] = F[®(rip) <Y <Py

By elementary dense argument, pick k < w such that ©(rix) C F[®(rip) < U} <
\IJX]C Since b; € O(r;x) N O(rix), ¢ = <Bi,\IJXX(Bi)> € Zv(ri,kg;m). Thereforg
ce C.

CLAIM 9. W' (jo) is not an ultrafilter on Def™ ™) (R Fy).

PROOF. Otherwise, W' (jo) N X is also an ultrafilter on Def™0™)(F Fy). By
the previous claim, C € W (j,) N X if and only if ¢ € C. It is easily seen that
[H]wn(onx — H(€) defines an isomorphism ULt" (Fx, W(jo) N X) — RF(Fx(c))
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(for surjectivity, see Lemma 13). Thus Ult"(Fx, W' (jo) N X) ~ RF(Fx(c)) C
RF(Fx(b,S)) and hence

trdeg(ULt™ (Fx, W"(jo) N X)/Fx) < trdeg(R" (Fx (b, S))/Fx) < n(jo+ 1) + Jjo.

However, W' (jo) N X is generated by open cells, so trdeg(Ult" (Fx, W (j,) N
X)/Fx) =m(jo + 1), which is a contradiction. O

Define 7 := max{j < jo | W™(j) is an ultrafilter on Def™*)(F, Fx)} and a :=
(e;]0<j<7. Note that a € NWY(j) N Y;1 To facilitate our argument, for
ACF™ B CFm™ and E C FmAtmet™s  we define

(A)E :={ye F"=*t"s | Ax {y} C E} and
E(B)={ye F"™™ | {y} x BC E}

through the proof. For a € F<¥, we abbreviate (a)E = ({a})E and E(a) = E({a}).
Cram 10.
<<[‘I>(7”j+1,k)]wo(j+1)7 [\IJX]Wo(j+1)> ’ k<w, ac T:H1>
is not a gap in Ult(RE (Fo(a)), Wo(5 + 1)).

PRrRoOOF. Toward a contradiction, we assume that it is a gap. We will show
that W™(j 4+ 1) is an ultrafilter. Fix any C' € Def™U*?(F, ). Then, (a)C €
Def™ (R (Fy(a)), Fy). By the assumption, the set

{(AX F) N [@0510), W] | A€ Wo(G+1), b <w, 0 € Ty}
generates an ultrafilter on Def™(F, RF(Fy(a))) (see Lemma 17). Thus there exist
I € wand &,y € Ty such that
ZV(rs0;641) C (@)C or
Z¥ (rp105€501) C F™\ (@)C = (a)(F™\ O).

We assume that the former case occurs and we shall show that C' € W (j+1). Since
a € C(Z(ry1;6+1)) € Defm(jJrl)(IE‘,Fo), hence C(Z(r114;&11)) € WH(J7). Select

ko, .., k; € wand € € T<;T§", such that
Wi<; 2" (rigs; &) C C(ZY (ryen0: &541))-
Thus
Wi<jir ZY (rig; &) C C
and hence C' € W5+ 1). O
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Fix Ag € Func™(F, R (a)) such that
(1) [D(ri1)]lwog1) < Molwogrn) < [PUIweGan)

for each k € w and each a € T}, G Let Mo(Z,y, fr,(@)) be the definition of Ay where
Fro € (Func™Ut)(F, Fy))<~. Deﬁne A= {z € F"Ur) | F = Va3alyho(Z,y, fr(2))}

and f = {(4,Z,y) | F = (@€ A = M@y H@)A(a ¢ A—y=0)}¢
Func™UtVT (T Fy). Let A(a)(z) = f(@, &) and then A(a) = Ao. Note that T<;1d;N
Y, is a Yj-generic. Let P72 = IT;<;11P; where each P; = P. Let L VB s VP he

the cannonical embedding of names and, for a P; name &, let 2/ = ¢;(&). To show
that

Flrpre Vo € T 3l < w, Va € 52}, VE € O An)(z) < ¥ (z)”
for some 7 € Ili<512d511 N Yy, we assume that, toward a contradiction,

Pl “Sa € T VI < w, 3u € W32}, Iz € O, Wir(z) < A(a)(z)

for some 7 € Il;<511d541 N'Yy. By dense argument with elementarity, pick o € Tgl o
and 7 < 7 in Il;<511d; N'Y) such that

7 lFprse Yl < w, 30 € I;<; 28, 37 € O, WY (z) < A(a)(z)”.
On the other hand, since [A(a@)|w,g+1) < [TY Jwo(s+1), there exists [y < w such that
F |=VZ € O(ry1,), AMa)(T) < UV (7).
So {u € F" | F = Vz € O(rji14), M) (@) < Vu(z)} € WH(G)T = WH(7). Pick
[ > ly such that
(2) Y S HiSjZ(ri,l)7 VT c G(Tj+1,l); A(ﬁ)(i’) < \I/Z(Zf')
Let s; <l r;; for i < j+ 1. Furthermore, let s;;; extends p,. Then, § forces that;
(1) 3u € M<;Zf, 3z € ©7, ¥,(z) < Aa)(z),
(2) Z} = Z(ryy) for i < j,
(3) O = O(ry11,), and
(4) Vo =0,
which contradicts to (2).
Therefore, by pigeonhole principle, there exists r € II;<511d; N Yy such that
Flipre ‘3l < w, 3% € T Va € ;21 ¥z € 7, Au)(z) < W1 (z)".
Since r;; € d; N Yy for 1 < j+1,
(3) 5 lbpre “Ta e T Va € 5 Z(ry)), V2 € O A(0)(z) < VI (2)”
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for some 5 € Il;<;11dj41 MYy and some | < w. By elementarity Yy < Y541, the above
(3) holds in Yjiy. Since a € I;<;Z(r;;), we have

Vi | S lhpre “3%a € T vz € 67 A(a)(z) < W1 (z)"”
and hence
Vi | sy IF “F®a € TC, VZ € 6, A@@)(7) < U, (7).

Thus, since <[\Pa]WO

a < w1> is a decreasing sequence in the forcing extension,

Yisr = “sp b Vo <wr, [A@)]yy, < [Walw,””
On the other hand, some p € dj;, forces that
VI < w, [Wilyi, < [A@)]iy,-

Indeed, if not, for some [, k < w, some p € djsy; forces that

(1) VZ € O, A(a)(z) < ¥)(z), that

(2) @k = @(Tj+1, k), and that

(3) b, = P (ry1,1),
which contradicts to (1).

Therefore, in the extension by some ¢ < pa,, A(@)([g1]#---,[gn]#) interpo-
lates <ci>k<[gl]f~, o o)), Tallg) - s [Gn]2) ] k<w, a< w1>, which is a contra-
diction. U

By Theorem 7, we have the main theorem as a corollary of the main lemma. By
a standard bookkeeping argument, we have the next corollary.

COROLLARY 4. For any stationary set & C wy, the following are consistent
relative to ZFC:

(1) -NUB + MA

(2) -NUB + MA

EPCy, + ProjCes(E) + “size < ¥;”) +-CH

EPCy, + ProjCes(F)) + -CH

(3) -NDH + MA(EPCy, + ProjCes(E) + “size < 8;”) + -CH
(4) ~NDH + MA(EPCy, + ProjCes(E)) + -CH

Furthermore, if Woodin’s question (see Problem 1) is affirmative, then the condition

ProjCes(E) can be omitted from the above.

P NN



CHAPTER 3

Examples and preservation properties of EPC

1. An example: Ladder system coloring uniformization

In this section, we introduce an example of a forcing that has both properties
EPCy, and ProjCes(FE), which is obtained by the uniformization of a ladder system
coloring.

DEFINITION 23. For E C wy N Lim, a sequence C := (Cy | € € E) is a ladder

system on E if each C, has order type w and its supremum is c. C; = (Can | N < W)
denotes the increasing enumeration of C,. We define Con = {Cam | n > N} for
each o € E and each N € w. For v < w, a v-coloring of a ladder system ConEisa
sequence [ = (le: Ce > v | €€ E). Av-coloring [ can be uniformized if there exists

w: wy — v such that {€ € Cy | @(&) # 14(€)} is finite for each o € E. A coloring
denotes a v-coloring for some v < w.

DEFINITION 24. Let E, f, and C be as in Definition 23. The uniformization of a
ladder system coloring [ on E is the forcing

finite partial
—_—

P(l):=< p: E U le[Cepe) 5 a function

£€dom(p)

with the relation ¢ < p : <= q D p. For each p € P(f), we define [P =
Ugedom(p) le1Cepie)- Let

ULC(E) = {P(¥) | 7 is a ladder system v-coloring on E for some v < w}.

ULC was introduced by K. J. Devlin and S. Shelah [17], and it is partially
motivated by Whitehead’s conjecture, which asserts every Whitehead group, which
is an abelian group A with Ext'(A,Z) = 0, is a free abelian group.

THEOREM 8 (([19, Ch. XIII], [17, 5.2 Theorem))). e There exists a non-
free Whitehead group of size Ny if and only if there exists a ladder system
C' on some stationary set £ C wy such that every 2-coloring of C can be
uniformized.

45
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e For any stationary set E C wy, MA(ULC(E)) + —-CH implies that every
coloring of any ladder system on E can be uniformized.

—

Note that p,q € P(l) are compatible if and only if both p U ¢ and ? U [9 are
functions.

THEOREM 9. Let [ be a ladder system coloring on wy; N Lim. Then, the uni-
formazation P(f) offis EPCy,, that is, for each sequence p'= <pa € P(B ’ a < w1>,
there exists T € [wi | such that

—

Vre P(1)( 38 €T (r || pg) = T <wi({pe | £ €T \ v} U{r} is centered.))
To prove this theorem, we use the next lemma.

LEMMA 29. For any sequence K = <K6 € [w|<Mo ‘ €< w1> and any countable
model N < H,, with K € N, there exists o € wy \ N such that w; NN ¢ K,.

PrROOF. Fix € € wy \ N. Pick § € wy N N with K. N N = K.NJ. Note that
K.N N € N. Then, for each v € (w; \ 6) N N, by elementarity, N = Ja €
w \Y(KoNy=K.NN). So

NEVYycw \d(Fa €w \v(K,Ny=KNN)).

Thus we get a strictly increasing sequence 7 = (¢ | £ <wi) € wi* NN such that
0 < 7o and that, for each n < wy, K, Nsupe., e = K.NN. Then <KW§ \ 0 ’ &< w1>
is a <-increasing sequence (see Definition 13). Therefore, w; N N ¢ K., for some
6 < wi. L]

Note that sup(dom(l?)) = max(dom(p)) for each non-empty p € P. We proceed
to the proof of Theorem 9.

—

PROOF OF THEOREM 9. Let p = <pa e P(1) ‘ a < w1> be a sequence of con-

ditions. Let k be a large enough regular cardinal and fix a countable elemen-
tary submodel N < H, that contains p, (7, and [. Fix a € wp \ N with
wi NN ¢ dom(p,) byLemma 29. Then pgyeq := palN and lgeq = (Pe!@\VIN
are in N because they are finite sequences of elements of N. Pick 6 € wy N N
greater than max (dom (phxeq) U dom (lgxeq)). By a similar argument to the proof of
Lemma 29, we have

NEVBE€w \§ (3’7 cwr\fB (pﬁxed = PyIB N lfixed = Py 1n\0) W)) :
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Thus there exists an increasing sequence 5 = (v, |7 <wi) € wi® NN such that
Pfixed = Pro f5> lﬁxed = [Pw M?

Plixed = P, | SUD ((5 U dom(p%)) +1, and
livea = 177"\ T sup (6 Udom(p,,)) +1

for all n < 7' < w;. So we get T € [w]** N N such that
(1) Phixed = py[6 for all v € T,
(2) lggeq = P1@\)]5 for all v € T,
(3) (dom(py) \ d |y € T) is <-increasing, and
(4) (dom (1@ \D)\ § | v € T') is <-increasing.

—

Suppose that § € T, r € P(l), and r || pg. Then both r U pg and I" U [P# are
functions. Pick v(8,r) € T such that

dom (r) Udom (pg) < (dom (pv(gv,,)) \5) U (dom (lpv(ﬁmﬂ(“’l\‘s)) \6) )

We shall show that {r} U{pg | B € T\ v(8,7)} is centered. Fix any I' € [T"\
v(8,7)]<N. Note that, for each v € T, the domains of p,, [(w; \§) and 1P\ [(w, \ §)
are disjoint from the domains of r U pg and [" U [P?, respectively. Then, both

TUUp'y:rUUpvaUp’yr(wl\é)

~erl ~er ~er
=rUpsld U pyl(wi \ 8)
~el
and
I" U U P =" U U P19 U USRIV U 1P 1(@1\9) M(wy \ 0)
vel ver ver ~er
= [y psld ypsl\d) sy U [P 1@N) () \ 6)
yel’

are functions. Therefore {p¢ | £ € I'} U {r} has a common extension. O

COROLLARY 5. Any uniformization of a ladder system coloring on any E C
w1 N Lim s EPCy, .

PROOF. Let [ be a ladder system coloring on E. Let 7"be a ladder system coloring
on wy N Lim that extends [. Fix any sequence p'= (p, | @ < wy) in P(I). Then pis
a sequence in P(7). So there exists T' € [w;|™ such that §|T is eventually centered

in P(7). For T' € [P(I)]<™, I has common extension iff both [JT' and Uper 17 are

functions. Thus p|7T" is also evenrually centered in P(f) O
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THEOREM 10. Let E C wy be a stationary set whose complement E¢ = wy \ E is
also stationary. For any ladder system coloring | on E, P(l) has a ces(E°) projection.

PrOOF. Let k € Reg be large enough. Suppose that N < H, is countable and
P,E¢ € N and wyNN € E°. Fixany p € ]P(f) Then p[|N € N and, since wyNN ¢ E,
IPIN € N. By elementarity, there exists p¥) < p[N in N such that PN C I
We shall show that p¥) is a projection of p on N. Fix any ¢ < p™ in N. Then

q,l9 C N, p[N C q, and [P N C . Thus both pUq and [? U [? are functions. ([l
So, in conjunction with our Main Theorem, we have the consequence:

COROLLARY 6. ZFC+-NUB + Whitehead’s conjecture fails+—CH is consistent
relative to ZFC.

2. Preservation of set theoretical objects and cardinal invariants

2.1. Cichon-Blass diagram. Cichon-Blass diagram in Figure 1 is the diagram
of relationships between cardinal invariants of the continuum. Not all cardinal in-
variants in the diagram are defined in this paper. We shall define some invariants
only when they are necessary.

Cohen forcing raise the covering number of meager sets cov(M), that is the
least cardinality of a family of meager sets in the set R of reals that covers R.
Since Cohen forcing is EPCy, and ProjCes(w;), for each stationary set £ C wy,
MA(EPCy, + ProjCes(E)) + —=CH implies cov(M) > Ry [6]. On the other hand,
in the Cohen model (an extension by Cohen forcing of a ground model in which
CH holds), the least cardinality of mad families a, the groupwise density number
g, and the uniformity of meager sets non(M) are Xy, see [9, Theorem 3.3.22], [23,
Proposition 6.}, and [11, Theorem 1.18.]. In this section, we shall define non(M) and
a and show that it is consistent that these invariants are 8; with MA(EPCy, ) +-CH.

2.2. Preservation of the uniformity of meager sets.

DEFINITION 25 (E.g., see Bartoszynski, Judah [9]). The uniformity of meager
sets non(M) is the minimum size of non-meager sets in the set of reals.

DEFINITION 26 (E.g., see Bartoszynski, Judah [9]). An uncountable set X of
reals is a Luzin set if it has a countable intersection with every nowhere dense set.

Note the following:

e The word “every nowhere dense set” in the definition of Luzin sets can be
replaced with “every meager set”.

e Every Luzin set is non-meager.

e Every uncountable subset of a Luzin set is also a Luzin set.

e Cohen forcing C,, adds a Luzin set of size 8y, See LEMMA 8.2.6 in [9].
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cov(N) S non(M) of (M) [— cof (N)

add(N) + add(M) cov(M) = non(N)

R

Ny —-m-—-m->m, —p

FicUre 1. Cichon’s diagram and the Blass diagram combined. An
arrow ¢ — v means that ZFC proves ¢ <y [21].

THEOREM 11. Every EPCY, forcing preserves Luzin sets of size V.

PROOF. Let P be an EPCY, forcing notion and X = {z, | @ <w:} be a Luzin
set. Suppose that, toward a contradiction,

p - “X is not a Luzin set”

for some p € P. Then we can select a name F € VF for a nowhere dense set that has
an uncountable intersection with X in the extension by p. Let T' € V¥ be a name such

that p IF “T" = {a ‘ To € F’}”. Define Sy = {5 <w | gqlF “€ e T for some ¢ < p}

and, for every £ € Sy, select pe < p which forces that “¢ e T7. Pick an uncountable
subset S of Sy and an eventually centered sequence (pe | £ € S) where pe < pe. Let
{U, | n < w} be a set of an open basis of the set of reals. For each £ < wy, select
ne < w such that X [(5'\§) is dense in U,,. By the pigeonhole principle, select n < w
such that ne = n for cofinal £’s. Then X[(S \ £) is dense in U, for each { < wy. Let
oo = min S. Since F' is nowhere dense in the extension, we pick a non-empty open
set W C U, and q < pa, such that ¢ - “FAW =0". X[(S\ (¢, ap)) is dense in
Up, so it is also dense in W. Pick § € S\ §(q, o) such that 25 € W and a common
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extension r of ¢ and ps. Then r forces that “Zz € F” and that “ENW = 07. It
contradicts zg € W. O

THEOREM 12. Every EPCY, forcing of size R, preserves non-meager sets.

PROOF. Let P = {p, | @ € w1} be an EPCY, forcing of size N;. Let X be a

Polish space and A C X be a non-meager set. Let F, for n € w be P-names
for closed nowhere dense subsets of X and suppose towards a contradiction that
PI-“Acl, F..

For each p € P and each n € w, let D(p,n) = {x eX

oIk 7 e Fn”}; this
is a closed nowhere dense set since p I+ “D(p, n) C E,”. For each 8 € wy, select
zp € A\ UscsUnew D(pa;n). For each 8 € wy, pick g5 € P and ng € w such
that g IF “@g € Fnﬁ”. Let T € [wi]* and n € w such that n = ng for each
B eT. LetSe[T]™ and r5 < gz for § € S be as in the definition of EPCy,.
Let oy = min(S) and r,, = pg,- Let B be a countable open basis for X and let
By = {O eB ‘ r - “Fn NO =" for some r < r%}. For each O € By, select rp as

in the definition of By. Fix 8 € T'\ (suppep, 6(co,70) U By). Since x5 ¢ D(pg,,n) =
D(ray,n), “Zz ¢ F,” is forcable below 74, and hence r I “ON E, = §” for some
open neighborhood O of x5, and some r < r,,. Thus O € By. A common extension
of rg and 7o forces 3 € Fn and Zp ¢ Fn simultaneously, a contradiction. O

2.3. Preservation of the least cardinality of mad families.

DEFINITION 27. A family F C [w]™ of infinite subsets of w is an almost disjoint
family if the intersection of any distinct pair A, B € F is finite. A family A C [w]™°
is a maximal almost disjoint (mad) family if it is maximal with respect to the order
C among almost disjoint families. a is the least cardinality of infinite mad families.

A mad family preserved by the Cohen forcing can be constructed in a model of
CH [28]. This is a reason that a = ¥y in the Cohen model. To construct a mad
family which is preserved by any EPCy, forcing, we use the following forcing poset
that adds a mad family.

DEFINITION 28 (Hechler [22]). For ordinal vy, we define
Ay={p: Fy,xn, = 2| F,e[]™, n, <w}.

For conditions ¢,p € Ay, ¢ < p iff ¢ D p and |¢g ' [{1}] N E, x {i}| < 1 for all
i € ng\ ny.

THEOREM 13 (Hechler [22]). A, adds a mazimal almost disjoint family

A= {Aa: {nEw ‘p(&,n) :1f0r80mep€(.}’Aw}

a<n)
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whenever v > wy.

The framework of the proof of Theorem 13 does not change to one of Theorem 14

which is about the preservation of the maximality of A in the extension with A,
followed by EPCy, forcing.

PROOF. First, we shall show that each A, is forced to be infinite. Fix any p € A,
a < v, and n < w and we shall show that

plF “A, \ n is non-empty” .
Fix any ¢ < p. Fix @ € w greater than both of n and n,, and choose r < ¢ with
r(a,i) = 1. Then r Ik “i € A, \ n".
Second, we shall show that distinct A, and Ag are forced to have a finite inter-

section. Toward a contradiction, suppose p IF “A, N AB is infinite”. Extending p,
we may assume that o, 8 € F),. By the assumption,

p IF “there is ¢ € G’A7 and ¢ > n, such that ¢(«,7) = q(5,7) = 17.
So we get r < p and ¢ < n, such that r(«,i) = r(f,7) = 1, this contradicts the
definition of the order relation of A.,.
~ Finally, we shall show the maximality of A. Toward a contradiction, fix a name
B € V4 for an infinite set of natural numbers and we assume that
plF “A, N B is finite for each o < 7.

Select a sequence <pa <p, To € W] ‘ a < ”y> such that
Pa I “A,NB=r1,"

for each a < y. Without loss of generality, we may assume that o € F,_ for each
a < 7. By the delta system lemma and the pigeonhole principle, we pick T € [y]™!,
Re [y, n<w,q: Rxn—2and 7 € [w]<™ such that

(1) 7, = 7 and n,, =n for each a € T,

(2) (Fp, | @ <) forms a delta system with root R, and
(3) pal(R xn) = q for each o € T

Let apy = minT". Refer to Figure 2 for discussion from this point forward. Choose
m > max(7 Un) and r < p,, such that m < n, and that

r Ik “mn € B and U AaﬂBCﬁf’.
a€ER
Remark that r(c, m) = 0 for each a € R since r(a, m) = 1 implies r I+ “mh € A,”.
Pick n € T'\ R such that F,, N F, = R. Notice that p, and r are compatible since
pyl(dom(p,) Ndom(r)) = p,[(R xn) =q>r. Let s: (Fp, \ R) X (n, \n) = 2 be a
function such that s(¢,7) = 1 if and only if (£,4) = (n,m). Then t = p,UsUr: (F}, U
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F,) x n, — 2 is a common extension of r and p,. We have t |- “m € An N B”, this
contradicts p, IF “A, N B =77 and m > maxr. 0

FIGURE 2. Domains of p,, r, and s.
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We shall prove that A, is an example of EPCy, forcing.
LEMMA 30. A, is EPCY,.

PROOF. Fix any w;-sequence (p, € A, | & € wy). By the delta system lemma
and the pigeonhole principle, we take T' € [w;]™, R € [y]<™, and n < w such that
(1) (F,, | @ € T) forms a delta system with root R,
(2) pal(R x n) = pg[(R x n) for each o, f € T, and
(3) ny, =n.
We shall show that (p, | « € T') is an eventually centered sequence.
Fix any ap € T and g < po,. Pick 0 < w; such that F, N F,, = R whenever
§ € T\ 4. Fix any finite subset I' C T'\ §. Define s = ¢ U U pe U so where
0t (Ueer Fpe \ R) % (ng \ n) — {0}. Then, s is a common extension of {g} U {p¢ |
¢el}. O
THEOREM 14. Let A = A, be the forcing adding a mad family of size Ny
and P be an A-name for an EPCY, forcing notion. Then, the two step itera-

tion Q = AxDP forces that a = Ny. In practice, P preserves the mad family
A= {Aa: {new ‘p(a,n) = 1forsomepEGA} a < wy } added by A in the
extension with A.
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PROOF. Suppose not, we take (p,¢) € Q and a name B such that
(p,q) IF “B C [w]™ and each B N A, is finite”.
Select <(pa,q'a> €Q, 7, € [w] | a < w1> below (p, ¢) such that
(Pas o) IF “BN Ay =7,
for each a < wy. §
Let Sy = {<f,p§> | € € wi}. There exists p* € A with p* < p such that

p* - “Sy = {¢ < w | pe € G} is uncountable” since A has the ccc. Pick A-names S
and g¢ for £ < w; such that

PIF ¢S e [So]m and <g§ < e ‘ e S> is eventually centered”.

Define T() = {§ € wq

Then p* forces that S C Tp and hence Tj is uncountable. Select (pe < p* | € € Tp)
such that fe < pe, that e I- “€ € S, and that £ € F,.

By the delta system lemma and the pigeonhole principle, pick T' € [Ty, 7 €
[w]<M0, and n € w such that

(1) <ﬁa,§a> I+ “BNA, =7 forcach o € T,

(2) (Fp, | @ € T) forms a delta system with root R,
(3) ns, =n for each a € T, and

(4) Pal(R x n) = pgl(R x n) for each a, 5 € T.

Let ap = min 7. Pick (p°,¢°) < (Pag, Gao ) and m > max(7Un) such that ne > m
and that

there exists a common extension p of p* and p, that forces £e S }

() b m e B and | (B0 Ag) € .
a€ER
Note that p°(a,m) = 0 for each a« € R. Pick p' < p° and § < w; such that
p' I “6 = d(cg, do) " and that m < ny. Pick n € T\ (UR) such that Fja N Fj, = R.
Recall that n € F;, . Define s = p' Up, U s” where s%: (F; \ R) x (n,x \ n) — 2
such that s°(£,4) = 1 if and only if (£,4) = (n,m). Note that s € A is a common
extension of p' and p, and that s IF “m € A, and n € S\ 5(cto, Go)”. There exists ¢+
such that s IF “¢" is a common extension of ¢, and cjn”. Thus, (s,¢") is a common
extension of (p', o) and <]577, (jn> and hence (s, ¢t) IF “m e BN An =7 Cm”, which
is a contradiction. O

Other than the mad family added by A, there is a kind of mad families which is
preserved by EPCy of size < N;.
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DEFINITION 29. For a family A C P(w), define
I7(A) = {x Cw |z is not covered by finitely many elements of A} .

A family A C (W] is tight if for every countable collection {b, € TT(A) |n € w},
there is a € A such that, for alln € w, |aNb,| = Ny.

Note that any tight almost disjoint family is mad. When ¢ = b, tight mad families
exist, see Corollary 3.4 in [24].

THEOREM 15. Any EPCY, forcing P of size Ny preserves tight families.

PROOF. Let P = {p,|a €w;}. Suppose that A is a tight family and by
for n € w are P-names for elements of Zt(A). Then, for p € P and n € w,

c(p,n) = {z Ew ‘ qIF “ €b,” for some ¢q < p} is a member of ZT(A). Since
Co = {c(pe,n) | £ <, n <w} is a countable family of members of Z*(A), there

exists a, € A such that, for each ¢ € C,, |a, N¢c| = Rg. Suppose that, towards a
contradiction,

P I “for each a € A, there exists n < w such that |a N b,| < Ry

Thus
Do lF “laa N bn| < Ny for some n”.

Choose a sequence <qa < Py Mg € W, Ty € [w]<No | a < w1> such that ¢, IF

“Go, N i)na =7, " for each a € w;. Select T € [w]™, n, 7 such that ng = n and
that 753 = 7 for 8 € T. Let S € [T]™ and r, < ¢, for a € S be as in the definition
of EPCY,. Let ap = min(S) and 7, = pg. Then, for each i € c(pg,n), select an

extension s; of 74, = pg which forces 7 € b,. Pick v € T'\ (supiec(moyn) d(ap, i) U B).

Then, |a, N c(ps,n)| = Ny. So we can select i € a, N c(pg,n) \ 7. Then a common
extension s of r, and s; forces i€ b, N @, = 7, a contradiction. O

2.4. Preservation of the groupwise density number. The groupwise den-
sity number g was introduced in Blass-Laflamme [7] to provide a formulation of
combinatorial properties of filters. An example of combinatorial properties is that,
whenever every two non-principal ultrafilters U and V' are given, there exists a finite-
to-one function f: w — w such that f(U) = f(V). The consistency of these proper-
ties was initially given by the forcing method by Blass-Shelah [10]. Blass-Laflamme
[7] defined the groupwise density number g and showed that these properties are
consequences of u < g where u is called the ultrafilter number, which is the least car-
dinality of a family of infinite sets of natural numbers that generates a non-principal
ultrafilter on w.
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DEFINITION 30. A family 4 C [w]™ of infinite sets of natural numbers is group-
wise dense if
(1) 4 is C*-downward closed and
(2) For every increasing sequence i = (n; | i < w), there exists X € [w]™®
such that e x[ni,nit1) € 9.

The groupwise density number g is defined as follows:
g = min {|G|: G is a family of groupwise dense families such that ﬂ G = @} .

The cofinality of a non-trivial ultrapower R /U of R is an upper bound for the
groupwise density number.

THEOREM 16 (Blass, Mildenberger THEOREM 3.1 in [8]). IfU is a non-principal
ultrafilter on w, then g < cof(w*/U).

Notice that our main result, which is the consistency of MA(EPCy, +
ProjCes(F)) + “some R¥/U is 5,7 + ¢ = Ny, is given by the wy-length finite sup-
port iteration of EPCY, + ProjCes(£) forcing notions of size < ;.

COROLLARY 7. Assume that CH holds and E C wy is stationary. Any finite
support iteration P of wa-length EPCY, + ProjCes(E) forcing notions of size < ¥y
forces g = Ny.

PROOF. If cof(R¥/U) > Ny and R*/U is the union |J,_,, Ra of a continuously
C-increasing sequence of ordered fields, then some R, is not ;. So cof (R¥/U) > Ny
implies that R¥ /U is not ;. Thus, in the extension model, cof(R¥/U) = ¥, for some

non-principal ultrafilter U C P(w). Since R¥/U and w®/U are mutually cofinal,
hence cof (w*/U) = cof (R¥/U) = R;. By Theorem 16, g = N;.

COROLLARY 8. MA(EPCY, + ProjCes(E) + “size <XN3”) 4+ “non(M) = a
g =" + “c = cov(M) = Ny” and MA(EPCy, + “size <Ny”) + “non(M) = a
N7 + “c = cov(M) =Ny is consistent relative to ZFC.

O

ProOF. Our ground model is the forcing extension by (CwlAwl in which CH holds.
By the standard bookkeeping, we force that MA(EPCY, ) + ¢ = 8y or MA(EPC, +
ProjCes(E)) + ¢ = Ny by a finite support iteration of EPCy, forcings or EPCY, +
ProjCes(E) forcings. Since a Luzin set and a mad family which are of size ¥y
exist in our ground model and since any EPCy, forcing notion preserves them, in the
extension model, non(M) = a = ®; holds. In addition, in the model for MA(EPC§, +
ProjCes(E)) 4+ ¢ = N, that we constructed, g = X; by the previous colollary. O

2.5. Mutual Independency between MA (o-centered) and MA(EPCy,).
We proceed to the independency of MA (o-centered) from MA(EPCy, ).
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DEFINITION 31. A family S C [w]™ has the strong finite intersection property
iff for every finite subset F C S, (\F is infinite. An infinite set K € [w]™ is a
pseudo-intersection of S iff for every S € S, K'\ S is finite. The pseudo-intersection
number p is the least cardinality of S C [w]¥° which has the strong finite intersection
property but has no pseudo-intersection.

THEOREM 17 (Bell [5] e.g., see Theorem IIL.3.61 in [28]). p =
min {x | MA, (o-centered) fails}.

THEOREM 18 (Barnet [3]). There exists a model of ZFC + MA(o-centered) +
“a non-uniformizable ladder system coloring exists”.

By Theorem 9, Figure 1, Theorem 17, Theorem 18 and the Main Theorem, we
have the following.

COROLLARY 9. Both of MA(EPCy, + “size <XNy”) and MA(EPCY,) does not
imply MA(o-centered).  Furthermore, MA(o-centered) does not imply both of
MA(EPCy, + “size < Ny”) and MA(EPCY, ).

3. Kunen forcing

Using Kunen forcings, we give a more detailed description of the position of
EPCy, and EPCY, within other well-known forcing properties (see Section 2 in Chap-
ter 1). In particular, we give examples of EPCY, forcing notions which are not EPCy,
and precaliber ®; forcing notions that are not EPCy, .

Each Kunen forcing is defined according to a pregap, hence we shall start with
defining what is pregap.

DEFINITION 32. For w-sequences f and g of reals and for a natural number k < w,
define

f<Fg:e= Vn>k f(n)<g) and
f<g:e= Tk<w, f<Fg.

DEFINITION 33. Let k and X\ be regular cardinals. Let (F,G) = (fa.gs | @ <
K, B < A) be a pair of a k-sequence and a \-sequence of w-sequences of rationals.
(F,G) is a (k,\)-pregap if fo <* gz for all @ < k and f < \.
(F,G) is filled by h € RY if fo, <* h <* g for all « < Kk and § < \.
(F,G) is a (k,\)-gap in RY (in Q) if it is a (k, \)-pregap which is not filled
by any h € R¥ (h € Q¥).
o A k-pregap (k-gap) is a (k,K)-pregap ((k,K)-gap).
e For relations R, S € {#,<,<,...}, (Rk,S\)-pregap ((Rk,S\)-gap) is a

(', N)-pregap ((K',N')-gap) for some reqular cardinals k' Rk and N SX.
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In this section, we fix a (k, \)-pregap (F,G) = (far9s | @ < K, f < A) in
(“Q, <*). The Kunen forcing generates an interpolation of (F,G):

DEFINITION 34. Let K(F,G) be the set
{(Lp, Ry, ) € [T x [A]N0 x Q< | V(@, B) € Ly X Ry, falk) <Pl gs(k)}.

Forp,q e K(F,G), ¢ < piff
(1) Ly D Ly, Ry D Ry, 54 D Sp,
(2) for each (a, B) € Ly x Ry, Vk € [5q] \ |8p], falk) < s4(k) < gp(k).

The following is essentially the only case in which the Kunen poset is not ccc.

DEFINITION 35. An wq-gap (F,G) is special if there exists k < w such that

o Va < wi, fo <¥go (F,G) is well-formed over k) and
b v?éaaﬁ < wy, dn Z k?, fa(n) Z gﬁ(n) or fﬁ(n) Z ga(n)

DEFINITION 36. A pregap (F',G’) is equivalent to (F,G) if F and F' are mutu-
ally cofinal and G and G’ are mutually coinitial.

Combining already known facts (e.g., see [27]), we summarize the relation be-
tween the form of a pregap and its Kunen poset and prove the unknown parts.

THEOREM 19. (O): The following are equivalent:

(1) K(F,G) is ccc.

(2) (F,G) is not equivalent to a special wy-gap.
(A): The following are equivalent:

(1) K(F,G) is (K).

(2) K(F,G) is PCy,.

(3) (k,A\) # (w1,w1) or some f € “R fills (F,G).
(B): The following are equivalent:

(1) K(F,G) is o-centered.

(2) min(k,\) <w or some f € “R fills (F,G).
(C): The following are equivalent:

(1) K(F,G) is EPCY,.

(2) K #w and X\ # w;.
(D): The following are equivalent:

(1) K(F,G) is EPCy,.

(2) K(F,G) is countable.

(3) max(k,A) < No.

The equivalence (O) is a classical result by Kunen, see [27].

LeEMMA 31 (For (A) (1) — (3)). If (F,G) is an wy-gap in (“R, <*), then K(F,G)
does not have property (K).
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Forms of pregaps Property of Kunen p.o.
(O)  Not equivalent to a special wi-gap cee
(A) Not an wy-gap in (“R, <*) (K)
PCl,
(B) Not a (> wy,> wy)-gap in (“R, <*) o-centered
(C) (# w1, # wi)-pregap EPCy,
(D) countable pregap EPCy,
Countable

PROOF. We assume that, toward a contradiction, (F,G) is an wi-gap in (“R, <*)
such that K(F,G) is (K). By pigeonhole principle, pick T € [w;]™ and k < w such
that (F|T,G|T) is well-formed over k. Fix s € *Q and let p, = ({a}, {a}, s) for each
a < wy. Then p = (p, | @ € T) is an wy-sequence in K(F,G). Since K(F,G) has
property (K), there exists S € [T]** such that p|S is linked. Then, for each o, 5 € S,
o Aps = ({a, B}, {c, B},s) is a condition, and hence V7,8 € S, f, <* gs. Let
f(n) =sup,cg fa(n) if n >k, else f(n) = 0. Then f, <* f <F g4 for each a, 3 € S.
Since (fa,9a | @ € S) is a gap in R¥, there exists @ < w; such that f <* f, or
Jo <* f, a contradiction. O

The following three lemmata are proved in [27].

LeEmMMA 32 (For (A) (3) — (2)). If a side of (F,G) is greater than wy, then
K(F,g) 18 PCNl

LEMMA 33 (For (A) (3) — (2) and (B) (2) — (1)). If a side of (F,G) is countable,
then K(F,G) is o-centered.

LEMMA 34 (For (A) (3) — (2) and (B) (2) — (1)). If (F,G) is filled by h € “R,
then K(F,G) is o-centered.

We have now successfully proven (A). We shall proceed to finish to prove (B).

LEMMA 35 (For (B) (1) — (2)). If (F,G) is a (> wi, > wq)-gap in (YR, <*), then
K(F, Q) is not o-centered.

PROOF. Let (F,G) = (fas9s | @ < K, f < A) be an (k,A\)-gap in (“R, <*)
where A > k > w; are regular. Toward a contradiction, we assume that K(F,QG)
is o-centered. Cover K(F,G) = J, ., I by a countable family of centered sets.
Let 05: K — {0} for each k < w. For each (o,3) € Kk x A, select k3 € w such
that fo, <"# gz and let pog = ({o},{B},0k,,) € K(F,G). We pick T € [x]",
(Sy € A} | € T), and k,n € w such that, for each o € T and each 8 € S,,

(1) pop € K, and
(2) kap = k.
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Fix ap € T and let g(n) = infses, gs(n) for each n < w. Then, for each (£,7) € K xA,
there exists (a, ) € (k\ &) x (A \ n) such that @ € T and 3 € S,. Note that
({o, a0}, {5, 8}, 0;) is a condition for each 5’ € S,,, and hence

fe <" fa<Fg < g5 <" g,
Thus g fills the gap, a contradiction. U

LEMMA 36 (For (C) (2) — (1)). If (F,G) is a (# wy, # wy)-pregap, then K(F,G)
is EPCy, .

PRrROOF. Let (F,G) = (fa, 98 | @ < K, 5 < A). The case min(k, \) < w is simple
by pigeonhole principle, so we may assume that kK, A > w,. Fix any p = (p, €
K(F,G) | @ < wi). Then there exists (v,0) € x x A such that sup;,, L, < 7
and that sup,_,, Ry, < d. Pick T € (w1, k < w and s € *Q such that, for each
a €T, |sp,| < kandV(En) € L, xRy, fe <F f, <F< gs <* g,. For each
a €T, let po = (Lp, U{v}, Ry, U{6}, 54) where s, is an extension of s, such that
sa(1) = 27 (max{fe(i) | £ € Ly, } + min{ge(i) | € € R,,}) for |s| < i < k. Then
Pa < Dao is a condition. We proceed to prove (p, | @ € T') is eventually centered. Fix
any a € T, ¢ < Pq, and finite I' € T. Then r = (Uger Ls, U Lq,U£€F R, U Ry, Sq>

an condition which extends ¢ and each pg (§ € T'). O

LEmMMA 37 (For (C) (1) — (2)). If K(F,G) is EPCY,, then (F,G) is a (# wi, #
wi )-pregap.

ProOOF. Toward a contradiction, let us assume that (F,G) is (w;, A)-pregap and
that K(F,G) is EPC},. Let po = ({a},0,()) for each @ € wy. Pick T € [w;]™
and eventually centered sequence (p, < po | @ € T). Shrinking 7', we assume
that Vo € T, m = |sz,|. Pick @ € T and let v = max Lj,. Select S € [T\ ~]™,
k € w, Il > max{m, k} and a rational number ¢ > 0 such that, for each n € L,
each § € R;,, and each £ € S, f,, <* f, < fe, 95 and f,(I) + & < fe(1),g5(1). Let
q < Po such that s,(I) = f,(l) + . Then ¢ is incompatible to p¢ for each £ € S, a
contradiction. 0J

LeEMmMA 38 (For (D) (3) — (2)). If a pregap (F,G) is countable, then K(F,G) is

countable.
PrRooF. Immediate. [l
LeEMMA 39 (For (D) (1) — (3)). If K(F,G) is EPCy,, then (F,G) is countable.

PROOF. The proof is similar to and simpler than Lemma 37. U
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4. Questions

H. Woodin [33] asked whether the existence of discontinuous homomorphisms
on C(X) is relatively consistent with ZFC + MA + —CH. The property eventual
precaliber N is quite stronger than ccc (actually, stronger than precaliber X;), hence
MA(EPCy,) is quite weaker than MA, a fortiori, so is MA(EPCy, + ProjCes(F)).
Thus the consistency of the existence of discontinuous homomorphisms on C(X)
with MA + —~CH remains open.

PROBLEM 2. The following remain open.

(1) The consistency of MA + —-NDH + —CH.

(2) Woodin’s question (see Problem 1).

(3) The consistency of MA(EPCy,) + -NUB + —CH.

(4) The consistency of full ladder system coloring uniformization+—-NUB +
-CH.

Note that 2 — 3 = 4.
In Table 1, we summarize known and unknown consistency results of each com-

bination of truth values of the continuum hypothesis (CH), automatic continuity of

homomorphisms of C'(X) (NDH), and Whitehead’s conjecture (WhC).

TABLE 1. Consistency of each combination of truth values of CH,
NDH, and WhC

CH NDH WhC consistency
Any inconsistent (Dales [14], Esterle [20])

T T

T F T  consistent (consequences of V' = L (Shelah [30]))

T F F consistent (Shelah [31])

F T T 7

F T F consistent (MA 4+ NDH is consistent by Woodin [34])
F F T 7

F F F

consistent (our result, Devlin and Shelah [17])
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