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Abstract A matrix balancing problem and an eigenvalue problem are transformed into two minimum-
norm point problems whose difference is only a norm. The matrix balancing problem is solved by scaling
algorithms that are as simple as the power method of the eigenvalue problem. This study gives a proof of
global convergence for scaling algorithms and applies the algorithm to Analytic Hierarchy process (AHP),
which derives priority weights from pairwise comparison values by the eigenvalue method (EM) traditionally.
Scaling algorithms provide the minimum y square estimate from pairwise comparison values. The estimate
has properties of priority weights such as right-left symmetry and robust ranking that are not guaranteed
by the EM.
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1. Introduction

A variety of biological, statistical and economical science data appear in the form of cross-
classified tables of counts, that are often briefly expressed in nonnegative matrices. In
practice, such nonnegative matrices have frequently some biased entries and missing data.
This practical problem makes the nonnegative matrix being inconsistent with theoretical
prior requirements. Then, we must adjust the nonnegative matrix to satisfy the prior
consistency requirements.

Adjustment of the entries of the nonnegative matrix is commonly known as matrix
balancing problems or matrix scaling problems, that involve both mathematically and sta-
tistically well-posed issues of practical interest. A usual way for adjustment of the matrix
is to multiply its row and columns by positive constant. A well studied instance of this
problem occurring in transportation planning and input-output analysis requires that the
matrix be adjusted so that the row and column sums equal fixed positive values. A related
problem for a square nonnegative matrix requires that the sum of entries in each of its rows
equals the sum of entries in the corresponding column.

This study considers the latter matrix balancing problem, that is applied to adjustment of
social accounting matrices, as described in [25]. The matrix balancing problem is equivalent
to minimizing the sum of linear ratios over the positive orthant. See Eaves et al. [5] for
details of the equivalence proof. This paper aims to guarantee a convergence of algorithms
for the equivalent fractional minimization problem and to establish an application of the
matrix balancing problem to Analytic Hierarchy Process (AHP).

AHP, originally developed by Saaty [22], is a widely applied multiple-criteria decision
making technique, where subjective judgments by decision makers are quantified and sum-
marized into a reciprocal matrix under each criterion. An important feature of AHP is that
priority weights are given by a principal eigenvector of the reciprocal matrix. In AHP, solv-
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ing the eigenvalue problem of a reciprocal matrix is called the eigenvalue method (EM). The
validity of the EM is discussed in Saaty [23] and Sekitani and Yamaki [26]. The applicabil-
ity and practicality of AHP can be easily confirmed in [32]. However, it is well known that
the EM has shortcomings such as rank reversal phenomena and right-left asymmetry. To
overcome this EM shortcomings, this paper applies the minimum x square method [12, 30]
into derivation of the priority weights from the reciprocal matrix. It is expected that the
application of the minimum y square method to AHP will open up a new evaluation method
for not only the reciprocal matrix of AHP but also nonnegative matrices corresponding to
cross-classified tables, e.g., a supermatrix of Analytic Network Process, the extension of
AHP.

This study shows that application of the minimum y square method to AHP is reduced
to solving the matrix balancing problem, whose computation procedure are generally called
scaling algorithms [10,25]. Scaling algorithms are as simple as the power method, which
is a well known algorithm for the eigenvalue problem. The existence of the power method
contributes AHP practicality. By using equivalence between the matrix balancing problem
and the minimum fractional problem [5], this paper also gives a transparent proof for global
convergence of scaling algorithms. Therefore, on the computational aspect, the minimum y
square method is compatible to the EM.

For an irreducible nonnegative matrix including a reciprocal matrix, this paper intro-
duces a unified framework, a class of minimum-norm point problems [27], into the matrix
balancing problem and the eigenvalue problem. The unified framework shows that these
two problems are to find a closest point to the origin under the distinct Lp norms. This
fact gives necessary and sufficient conditions of equivalence between the matrix balancing
problem and the eigenvalue problem. The equivalence conditions plays a key role of com-
parison between priority weights of the EM and that of the minimum x square method in
Binary AHP that is simplified from AHP by Takahashi [28] and Jensen [13].

This article is organized as follows: Section 2 shows necessary and sufficient conditions
of equivalence between the matrix balancing problem and the eigenvalue problem. Section 3
gives a convergence proof of scaling algorithms for the matrix balancing problem. Section 4
introduces the minimum x square method of AHP and shows properties of the minimum y
square estimate. Section 5 compares the minimum y square method with the EM in Binary
AHP. The numerical experiments report that the minimum y square method has the less
frequency of rank reversal than the EM. Conclusion and future extensions are documented
in Section 6.

2. Matrix Balancing Problem and Eigenvalue Problem

Before discussing priority weights deriving from a pairwise matrix in AHP, we show more
general results for nonnegative matrices. For an n X n nonnegative matrix A, we introduce
three definitions ”sum-symmetry”, “reducible” and ”irreducible”. The matrix A is called
sum-symmetry if

Zalk:Zakl for alllzl,...,n. (21)
k=1 k=1
The matrix A is said to be reducible, either if A is the 1 x 1 zero matrix or if n > 2 and there
exists a permutation matrix P such that PAPT = g 10) where B and D are square

matrices and O is a zero matrix. The matrix A is irreducile if it is not reducible.
Suppose that an n x n matrix A is irreducible, then a matrix balancing problem for A
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is defined as a problem of finding a positive vector &* such that (a,-j fj) is sum-symmetry.
Hereafter, we assume that the matrix A is irreducible. For a positive vector @, we define

n n T

fl@) = "> a;-2. (2.2)

J
i=1j=1 i

The following lemma shows that the matrix balancing problem is equivalent to minimize
f(x) of (2.2) over the positive orthant.
Lemma 2.1 There exists an optimal solution of

min f(x), (2.3)

>0
whose optimal solution is unique up to a positive scalar multiple. Furthermore, x* 1s an

optimal solution of (2.3) if and only if the n x n matriz <aij ij) s sum-symmetry.

Proof: See Theorem 3.4.4 of [2] for the existence of optimal solutions of (2.3). The equiv-
alence between a solution of the matrix balancing problem for A and an optimal solution of
(2.3) is shown in Theorem 3 of [5]. 0

For a positive vector @, we define

Zal-—,--~,2an-— and (2.4)
(J':l 'z i=1 JCE")

ﬁ
—~
8

Il

1
n T n T,

cle) = R in— | - 2.5

@ = (ot Son) 29

By using (2.4) and (2.5), Lemma 2.1 is represented alternatively by the following manner:
Lemma 2.2 Let e be an n-dimensional vector whose entries are all one, then any positive
vector x satisfies

f(x) = c(x)e =r(x)e. (2.6)
A positive vector x* satisfies
c(x”) =r(x") (2.7)
if and only if * is an optimal solution of (2.3).
Proof: The proof is directly from definitions of r(-) and ¢(-) and Lemma 2.1. 0

A well known theorem of a principal eigenvector for an irreducible matrix, Perron-
Frobenius Theorem, is a key way of transforming an eigenvalue problem into an optimization
problem:

Lemma 2.3 Finding the principal eigenvalue of A is to solve

n

. €T n €T
Iarll;%max{zalj]"”’;a"jxi}’ (2.8)

=1 M

whose optimal solution is unique up to a positive scalar multiple.
Proof: The proof is directly proved by Perron-Frobenius Theorem. See chapter 4 of [29]
for Perron-Frobenius Theorem. 0

Two optimization problems (2.3) and (2.8) are reduced to minimum-norm point prob-
lems, respectively, whose norms are dual:
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Lemma 2.4 Problem (2.3) and a principal eigenvalue problem are equivalent to

i (@), and 29
min [|r ()| (2.10)

respectively, where ||x||1 = Y1, |x;| and ||z|| = max {|z1], -, |xa]}-

Proof: Choose a positive vector x. Since r;(x) > 0 for alli = 1,...,n, ||r(z)|; =r(x) e

and [|7(x)||cc = max {ri(x), -, r,(x)}. The proof is complete from lemmas 2.2 and 2.3. 0

Kalantari et al. [16] also generally consider the matrix balancing problem (2.3) in a frame-
work of L,-norm minimization problem, however, whose norm is measured for an n x n
vector (i1, a1oTa/T1, "+, Q1pTn/T1, ** ) 11/ T, -+, Gpyn) . The matrix balancing prob-
lem is equivalent to (2.3) and the principal eigenvalue problem is (2.8). From Lemma 2.4,
the matrix balancing problem (2.3) and the eigenvalue problem (2.8) implicitly have the
dual norms for a common positive vector as their corresponding objective functions. This
is summarized into the following relations between the matrix balancing problem and the
eigenvalue problem:

Theorem 2.1 Let =* be an optimal solution of (2.3) and let ¥ be a right principal eigen-
vector of A, then we have

r(z%) = e and (2.11)

="

1
© n

where X is the principal eigenvalue of A and e is an n-dimensional row vector whose entries
are all 1. Moreover,  is equal to a positive scalar multiple of ©* if and only if H’r(m#)H =
oo

%Hfr(a}*) L
Proof: Since Ax™ = \x™, we have
S ayat " anat </\x# /\x#>
#\ _ Jj=1"1" Jg=17"m" | _ 1 n | _ _

p(x?) = (==L 00 Za=ltmty ) (AL A ) g 1) = e, (2.13

<>(ﬁ » S ) S e 9
implying from Lemma 2.4 that

@) =A== r@®)] =~ win|r@)| = |r@) (2.14)
o n 1= n x>0 1 on 1

Suppose that H’r(az#)Hoo = %Hr(m*)

| (=)
Lemma 2.4. Thus, Lemma 2.1 implies that & is equal to a positive scalar multiple of x*.

Conversely, suppose that ¥ is equal to a positive scalar multiple of £*, then x* is also
a right principal eigenvector of A and hence, it follows from (2.13) that

g then it follows from (2.14) that Hr(m#)Hl =

E Therefore, z# is also an optimal solution of (2.9), that is equivalent to (2.3), by

1 1 A A
@), = = e, = 2 = Tn=)=)\ — el = |r@®)| . o

[e.9]

A pair of a left and a right eigenvector of A characterizes an equivalence relation between
the matrix balancing problem and the eigenvalue problem as follows:
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Corollary 2.1 Suppose that x* is an optimal solution of (2.3) and that =¥ is a right prin-
cipal eigenvector of A. If (1/:@#, R 1/:5#) is a left principal eigenvector of A, then

! (2.15)

and vice versa.

Proof: Let X\ be the principal eigenvalue of A and let e be an n-dimensional row vector
whose entries are all 1. Since z# is a right principal eigenvector of A, it follows from (2.11)
of Theorem 2.1 that

r(z?) = le. (2.16)
Suppose that (1 ml gy 1/ x#> is a left principal eigenvector of A, then it follows that
— Dozl | = et a2l ) = (N, ) = e,

implying from (2.16) that \e = c(x?) = r(x#). Therefore, it follows from Lemma 2.1
that = is an optimal solution of (2.3) and |r(x#)|; = ||r(z*)|:. Since A = Hr(m#)Hoo =
ARGl

Conversely, suppose that an optimal solution &* of (2.3) and a right principal eigenvector
of A satisfy (2.15), then we have Hr(a:#)Hoo =1 Hr(az#)Hl =1 H r(x
Lemma 2.4 that & is also an optimal solution of (2.3). By Lemma 2.1 and (2.16) we have

n a; L
7 m
i—1 . . i

an optimal solution of (2.3) and a right principal eigenvector of A satisfy (2.15).

) , and it follows from

implying that

1 ai1 - Qin
Mo 2 il Gin )
Consequently, (1 / mf&, ey 1/ x#) is a left prinmpal eigenvector of A. 0

Corollary 2.1 is an evidence that a principal eigenvector of a pairwise comparison matrix
has a right-left asymmetry [8,14]. (Right-left symmetry will be discussed in Theorem 4.2 of
section 4)
The following examples illustrate the existence of equivalence between the matrix prob-

lem and the eigenvalue problem:

0.0 0.5 0.0 0.5 0.0

0.8 0.0 0.0 0.2 0.0
Example 2.1 Consider a doubly stochastic matriz A = | 0.0 0.5 0.2 0.0 0.3 |, then

0.2 0.0 0.3 00 0.5

0.0 0.0 0.5 0.3 0.2
A has a left principal eigenvector [1,1,1,1,1] and a right principal eigenvector [1,1,1,1,1]"
that is also an optimal solution of (2.3).
1 1/2 1/3 1/4
2 1 2/3 1/2
3 3/2 1 3/4
4 2 4/3 1
eigenvector [1,2,3,4]" and a left principal eigenvector [1,1/2,1/3,1/4] that is also an opti-
mal solution of (2.3).

Consider a reciprocal matriv A = then, A has a right principal
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3. Scaling Algorithms for the Matrix Balancing Problem

Algorithms for a class of matrix balancing problems are classified into two classes, scaling
algorithms and optimization algorithms, which are compared with respect to various view-
points including quality of solutions and ease of implement and use [25]. Schneider et
al. [25] conclude that practitioners is easy to implement and use scaling algorithms rather
than optimization algorithms. Scaling algorithms for (2.3) is called the diagonal similarity
scaling (DSS) algorithms by Schneider et al. [25]. Recently, Huang et al. [10] proposes
one of the DSS algorithms, but they do not complete a proof of global convergence of the
algorithm.

The RAS algorithm, developed by [1,17,21], is a generalization of the DSS algorithms
that can solve (2.3) under constraints of row and column sums being equal to prespecified
values. A matrix balancing problem with such equalities constraints is not necessarily
feasible under an assumption of irreducibility of a matrix A. A convergence of the RAS
algorithms is proved under a stronger assumption of a matrix A than irreducibility that is
only our assumption. For instance, see [21] for the stronger assumption.

This section gives a transparent proof of global convergence of the DSS algorithms for
solving the matrix balancing problem (2.3) under only an assumption of irreducibility of the
matrix. We describe a DSS algorithm consisting of three steps, the second step of which is
slightly different from that of existing DSS algorithms by [10] and [25]. (The difference is
independent of global convergence of DSS algorithms.)

Algorithm for solving (2.3)

Stepl Choose an initial positive vector 2 such that 3%, 2% =1 and let ¢ := 0.
Step2 Let r :=r(x') — (a11, -, any) and ¢ := c(x") — (a1, -, anp). Let

Ty — cpl/xp = kg%axnhk — ¢kl /. (3.1)

If |7, — ¢p| <€, then « is an optimal solution of (2.3) and stop.
Step3 Let p:=/7,/c, and
_Jopaioi=p
o), = { u (32)
Set ! :=x(u)/ >, z(p); and t :=t + 1, and go to Step 2.

A proof of global convergence of the above algorithm consists of four lemmas and one
theorem. As a corollary of the theorem, we guarantee global convergence of existing two
DSS algorithms. The following lemma corresponds to the termination criterion of Step 2:
Lemma 3.1 Letr =r(x) — (a1, -, ann) and ¢ = c(x) — (@11, -+, Gnn). A positive vector
x s not an optimal solution of (2.3) if and only if r # c.

Proof: Since r # ¢ is equivalent to r(x) # c(x), this assertion is directly followed from
Lemma 2.2. a

The following lemma indicates that the update process (3.2) of @' is a certain type of
an exact line search of the step size in a descent method of nonlinear programming [33]:

Lemma 3.2 Choose a positive vector x, arbitrarily, and let r = r(x) — (a11,. .., apy) and
c=c(x)— (a1,...,an,). Suppose that c, # 1, and let
) i i=p

o), = { i (33)
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then problem

min f(a(n)) - f(2) (3.4)

>0

has a unique optimal solution \/r,/c, and its optimal objective function value is — (\/ﬁ — @)2.
Proof: It follows from the definition (3.3) of x(u) that

fx(p) = f(x) = ZZaw +Z p.]i_’_zazp/l ‘p ,uxp

i#pitp U0 o iz Ti ,uxp
T
- (ZZ% +>.a Upi7 +Za2p +appxp)
#pitp Vi g#p TP g T p

= ZZ% Tp+ﬂcp+app (ZZ% +Tp+cp+app>
i#pjtp i ,u izpjtp Ll

1
= ucp—l—;rp—rp—cp.

Let g(p) = pep + irp — 1, — Cp, then it follows from ¢, > 0 and 7, > 0 that g(u) is a strictly
convex function over {u|p > 0}. Since p* = \/g satisfies j—i =, — %rp =0, (3.4) has a
unique optimal solution p* = ,/Z—Z, and hence,

. . 1 T c
g(w*) = Ucp+mrp_rp_cp:\/?cp+ Fprp_rp_cp:vacp‘i‘\/rpcp_Tp
D \ 7p
= 2/TpCp—Tp—Cp = — (rp —2,/rpcp+cp) = — (/T — V&) 0

The update process (3.2) of &’ reduces strictly the objective function value f(x) of (2.2).
Therefore, the sequence { f(x°), f(x'),- - -} generated by the algorithm is strictly decreasing.
This is summarized into the following lemma:

Lemma 3.3 Let p be an index satisfying (3.1), then

—(VTp = V&)* = f(&) = f(a'). (3.5)
Therefore, f(x!) > f(x!™) t=0,1,2,....
Proof: Since x'*! is equal to a positive scalar multiple of = <\/Z> in Step 3, it follows

from f(z!!) = f (33 <\/Z)> and Lemma 3.2 that

©>0

(T~ &) = min f(a(w) — f(a) = f <w (\D) ~ J@h) = f) - f(at)0

The following lemma guarantees that there exists a compact set in the positive orthant such
that the compact set contains {x°, !, ---}:

Lemma 3.4 Let e be an n-dimensional row vector whose entries are all 1. Let Q) =
{x |ex =1 and x > 0} and 6 = min{a;; |a;; > 0}. Choose x° € Q arbitrarily, then, the
iterate ' of the algorithm satisfies

wte{w

(© Operations Research Society of Japan JORSJ (2007) 50-4
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Proof: Since ' € , there exists an index pair (k,[) such that x} = min;—y__, !, o =
max;—i,..n zt and x} > 1/n. Since the matrix A is irreducible, there exist distinct indices
G0, %1, ", 1q Such that 49 = k,i, =l and a;;;,,, >0 forall j =0,...,¢g—1. By Lemma 3.3
and the arithmetic mean—the geometric mean inequality, we have

1
f&%) > f(') > gf(wt)
1/q
1 n -’1:; 1 ! I.’ti-+1 o $§~+1
2 QZ Gij 25 Qijiji xj,; 2 Qijijir x]¢
i=1j=1 i =0 i j=0 i
1t 1/q 1t 1/q t t o\ 1/a
> (Trefes)  —s(Tries) s (ft R )
= t t t t t t
j:(] xij j:O xij xio xil x’iq_g xiq_l
2t 1/q i\ 1/q i\ 1/n 1 1/n
T}, x, x, naj,
Therefore, it follows from the definition of the index k that
1 5\, .
— <z, < x; foralli=1,2,...,n. 0
n \ f(x°)

The above proof is based on (a) of Lemma 2 of Eaves et al. [5]. Lemma 3.4 means that the
set {iL‘ ’ea: =land x >n"t(6/f(z?))" eT} of (3.6) is compact and it is a proper subset
of 2. Therefore, accumulation points of {x% &', ---} exists and all the functions f(-), r(-)
and c() are well defined at any accumulation points. We can show global convergence of
the algorithm as follows:
Theorem 3.1 Let ¢ = 0 in Step 2 and suppose that the algorithm provides an infinite
sequence {x° x',---}, then any accumulation point of {x° x',---} is an optimal solution
of (2.3). Moreover, the algorithm converges globally.
Proof: Since {f(«°), f('),---} is monotonically decreasing and f(x') > 0 for all ¢ =
0,1,2, ..., the sequence converges to a finite value, say f.

Let 6 = min{a;; | a;; > 0} and let

95:{.13 eTm:1andm2:L<f(io)>”e},

where e is an n-dimensional row vector whose entries are all 1. By Lemma 3.4, the compact
set Qs contains {x° x' ---}, which has an accumulation point £ € 5. Therefore, all
functions f(), ¢() and 7() are well defined at .

Let {«' |t € T} be a subsequence converging to . Let 7#(x) = r(x) — (a11, -+, any) and
¢(x) = c(x) — (ay1, -, any), then the function maxy_y _, |Fx(x) — éx(x)| /xx is continuous
over {x|ex =1 and & > 0} and the right-hand of (3.1) is maxy_1,__, |Fr(x") —ck(x")|/x}.

Let p' be an index satisfying (3.1) at the tth iteration, then it follows from the continuity
of maxy_y ., |7k(x) — ¢k(x)| /zi that there exists an index p satisfying (3.1) at & such that
{x!|t € Tand p' = p} is an infinite sequence. Let T = {t € T'|p' = p}, then it follows from
lim; o f(x*) = f that

lim f(z') = lim f(z'™') = f.
teT teT

(© Operations Research Society of Japan JORSJ (2007) 50-4
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Therefore, it follows from (3.5) that

0 = lim f(2') - f(=") = lm (/7 — \/G)"

t— oo t—oo

= lim (\/rp(wt) — g — /epla!) app)Q - (\/TP(

t—o0

8l
N—
|
"sg
S
<
—
8l
N—
|
S
2
~_"
[\

Thus, we have 7;(Z) = ¢;(Z) and it follows from the definition of p that r(Z) = c(Z).
Lemma 2.2 implies that Z is an optimal solution z* of (2.3), and hence, f = f(&) = f(x*).

Since an optimal solution * of (2.3) is unique in { ¢ | ex = 1 and > 0}, any convergent
subsequence of {x°, !, - - -} has the same limit point &*. Therefore, the algorithm converges
globally. a

For any index p satisfying r, (") # c¢,(2'), even if it is not maximal of (3.1), all lemmas
in this section holds. The p selection (3.1) of the second step corresponds to a function
maxi<x<n |7k(€) —cp(x)|/zr at a positive vector . As stated in the proof of Theorem 3.1,
the continuity of the corresponding function over the positive orthant plays a key role
of global convergence of the algorithm. Therefore, we may have a globally convergent
algorithm by replacing (3.1) with an alternative way of the p selection. In fact, existing two
DSS algorithms adopt p selections other than (3.1). This is summarized into the following
corollary:

Corollary 3.1 Consider the algorithm replacing (3.1) with

1y —cp| = nax Tk — cxl or (3.7)

=L,..,n

Ve =Gl = max [V — el (3.8)

and let {x' |t =0,1,2,...} be an infinite sequence of the modified algorithm, then modified
algorithm has global convergence and its limit point of {x'|t=0,1,2,...} is an optimal
solution of (2.8).
Proof: Let Q ={x e R"| Y ,2z; =1and > 0}. Let #(x) = r(x) — (a11, -+, npn) and
¢(x) = c(x)— (a1, -, any), then the function maxy—y _, |Fx(x) — ¢ (x)| is continuous over
Q. The right-hand of (3.7) is maxg—1,_, |[Fx(x") —cx(x')|. Therefore, we can prove global
convergence of the modified algorithm replacing (3.1) with (3.7) in the same manner as the
proof of Theorem 3.1.

In the similar way to the above argument, we can also prove global convergence of the
modified algorithm replacing (3.1) with (3.8). 0

Huang et al. adopt (3.7) as the p selection criteria. The selection criteria of (3.8) is in
[25]. The Zangwill global convergence theory [33] may also show another proof of global
convergence of these DSS algorithms.

Optimization algorithms for (2.3) are recently studied [15, 16]. Kalantari et al. [16] shows
the polynomial-time solvalitity of (2.3) to any prescribed accuracy by using interior-point
Newton methods. Johnson et al. [15] develop the DomEig algorithm by reducing (2.3) to
the minimum dominant eigenvalue problem.

4. A y-square Estimation Model for AHP and Binary AHP

AHP, first proposed by Saaty [22], is a decision making approach in which a decision maker’s
preferences are elicited through pairwise comparison of n(> 2) alternatives on a ratio scale.

(© Operations Research Society of Japan JORSJ (2007) 50-4
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The comparison of alternative ¢ with alternative j is quantified into pairwise comparison
value a;;, whose meaning is that alternative ¢ is a;; times as important as alternative j. Let
a;; = 1 for all © = 1,...,n, then all pairwise comparison values are stored in a reciprocal
matrix A = [a;;], that is, a;; = 1/aj; and a;; > 0 for all 4,5 = 1,...,n. We often assume
that a priority vector @, whose ith entry is an ideal importance x; of alternative ¢, satisfies

Qi =~ — i,jzl,...,n. (41)

Saaty recommends eigenvalue method (EM) to deriving a priority vector from a recip-
rocal matrix A. Therefore, a priority vector of Saaty’s AHP is a principal eigenvector of A,
that is, an optimal solution of (2.3). However, the EM is criticized both from prioritization
and consistency points of view and several new techniques are developed on the statistical
model (4.1), e.g., the geometric means of the row entries of A and an optimal solution of

min. Q(z) = gnj i (i = 2/ ;)" (4.2)

oa mly

that is called the minimum x square method by Jensen [12]. (Strictly speaking, Q(x) is not
an index of Pearson’s x? goodness-of-fit because a;; is not an observed frequency and z;/z;
is not an expected (theoretical) frequency.)

The minimum y square method for the matrix A is to minimize the sum of linear ratios
over the positive orthant. This minimization fractional problem is reduced into a matrix
balancing problem (2.3) for [a?j + 1} by the following two lemmas:

Lemma 4.1 For every matriz A and every positive vector x,

@) =332 (0= 2) =33 (@) E 2y ey G

15=1 i=1j=1

Proof:  Since Y7 >0 wi/xy = Y0 Y0y /2, it follows that

S50 (o) - zz(())

i=1 j=1 Li L i=1 j=1 Li L L
n o n T n o n
— 27 7
= Z az’jx, 2%J+ Z( ) 222“%] o
i=1j5=1 ? i=1j5=1 i=1j5=1

Lemma 4.2 Suppose that A is an n X n matriz, then the optimization problem (4.2) has a
unique optimal solution up to a positive scalar multiple, that is equal to an optimal solution
of ming-g Z DY (afj + 1) % If the optimal value of (4.2) is 0, then a;; = x;/x; for all
,7=1,.
Proof: Lemma 4.1 implies that (4.2) is equivalent to ming~o 7 357, (a?j + 1) =

Let & be a positive vector, then we have (z;/z;)(a;; — x;/x;)? > 0, where the equality
is valid if and only if a;; = z;/x;. Therefore, Q(x) = 0 is equivalent to a;; = x;/z; for all
i j=1,...,n. 0

Lemma 4.2 implies that the minimum x square estimate for the reciprocal matrix A is
unique up to a scalar multiple and it is completely solved by applying the scaling algorithms
to the matrix [a?j + 1}. Furthermore, the minimum y square estimate derived from (4.2)
guarantees following two properties that are desirable from the prioritization point of view:
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Theorem 4.1 (Row dominance) Suppose that A is a nonnegative matriz and that there
is a pair of (I,k) such that aj; > ax; and a; < aji for all j = 1,...,n, then an optimal
solution x* of (4.2) satisfies xj > xy. Moreover, if there is an index h such that a;, > agp
or ap < ang, then xj > xj.

Proof: Let b;; = afj + 1 for all 4,57 = 1,...,n. Without loss of generality, suppose that
a;j > agj forall j =1,...,nand a;; < a; forall i =1,...,n, then we have

blj > bgj for aﬂj = 1, oo, n and bil < big for all 1 = 1, oo, n. (44)

Let * be an optimal solution of (4.2), then it follows from Lemma 4.2 and Lemma 2.1 that

n *
2. by =

*
j=1 Ty

n * n

bﬁ and 3" by = szg‘”?. (4.5)
1

= T 7=1

It follows from (4.5 ) and &* > 0 that

(44
( ot _
x’{ S bt (37 buyay ) (0 o)

o (S| () (o)

blgfﬂ

>1-1=1, (4.6)

implying that ] > x3.
If ay;, > a9y then, we have by, > by, and hence, Z;‘:l bljm; > Z?:1 b2ja:;“». This means
from (4.6) that =7 > 3. 0

Both the minimum y square method and the EM satisfy row dominance, (this result
is also proved in [12] by using the fact that A is reciprocal), however the EM does not
satisfy the right-left symmetry that is also desirable on psychological grounds [8,14]. The
minimum Y square method satisfies right-left symmetry as follows:

Theorem 4.2 (Right-Left Symmetry) Suppose that A is an n x n matriz. Let * be an
optimal solution of (4.2) and let y* be an optimal solution of

2
Yj
mln az—— = (4.7)

then there ezists a constant ¢ > 0 such that xf = c/y; for alli=1,2,...,n.
Proof: It follows from Lemma 4.2 that (4.7) is equivalent to

min 33" (a2 + 1) %, (4.8)

minn Y a2l—|—1 Y _ mmn nbzyj:minn ; i frnm b Yi
y>0;§1<] Vo =W o y%;gﬁ Z Zuzl "y

oy ()

Therefore, it follows from Lemma 4.2 that there exists a positive number ¢ such that =} =
c/yf foralli=1,... n. 0
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Positivity of all entries of the matrix B is a key premise for both two proofs of Theo-
rem 4.1 and Theorem 4.2. In fact, Theorem 4.1 holds for any positive matrix B satisfying
(4.4) and by, > byp, for some h € {1,...,n}. Theorem 4.2 holds for any positive matrix B.
Therefore, both theorems do not request an assumption of reciprocity of the given matrix A.

Saaty recommends that pairwise comparison value a;; is chosen among {1/9,1/7,1/5,1/3,
1,3,5,7,9}, that is called the scale 1-9. Takahashi [28] and Jensen [13] independently sim-
plify the scale 1-9 into {1/, a}. Here, v is a coding parameter which is greater than 1. The
simplest AHP, say Binary AHP, has any pairwise comparison value a;; € {1/a, a}, whose
simplification leads to an analytical priority weights [7,28]. See Nishizawa [19, 20] for recent
extensions of Binary AHP.

For the given coding parameter «, the pairwise comparison matrix of Binary AHP is
denoted by A(«), whose off-diagonal element is v or 1 /. The matrix A(«) is also reciprocal.
In AHP with the 1-9 scale, the minimum Yy square estimate for the pairwise comparison
matrix A is a solution of the matrix balancing problem for the matrix [a } (# A).
However, the minimum y square estimate for A(«) in Binary AHP is also a solution of the
matrix balancing problem for A(«) as follows:

Theorem 4.3 Choose any o > 1 and let A = A(«a), then an optimal solution x* of (4.2)
coincides with that of (2.3) and Q(z*) = (a + 1/a) (f(x*) — n?).

Proof: Let Kt = {(i,j)|a;; = a} and K~ = {(¢,7) | aij = 1/a}, then (i,j) € KT if and
only if (j,7) € K~. Therefore,

Sy = X et ¥ oaliYer= ¥ 0T ¥ Uan

i=1j=1 i ipert T (geKr- i gext T Gger- @
1 ZT;
= > ol Y —=+n
()eK* n G)er+ 4T
2.2 2
= Y <a+1x’>+n— > aELIE L (4.9)
(ijyek+ \ Tio ATy Ggek+ ALl
In the same fashion, we have
- 2 Lj 2 j 1 j
Z;Z;(aijJrl)% - Z (a +1)x—i+ 'Z_(Og+1)%+2n
1=1 j= (i,j)eKT (i,5)eK
s e 3 (25,
(ij)ER i pex+ \ @ T
€T 1 x;
= <a2+1) Z <]+2>+2n
ekt \ T AT
a’z? + 22
(@) ¥ CHtr,
ekt G
1 a?x? + 22
N Gt P R W (4.10)
a AT OmiTg

It follows from Lemma 4.2, (4.9) and (4 10) that both optimization problems (4.2) and (2. )
are reduced to ming~o >(; jex+ (a x5+ x; )/(axlxj) Since 3(; jyer+ (a x5+ ;] ) / (ax;z;)
= i1 2 i/ Ty, it follows from Lemma 2.1 that both optimization problems (4.2) and
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(2.3) have the same optimal solution as ming~o > ;) >,z @i;T;/7;. Let * be an optimal

solution of (4.2), then it follows from Y1, 7%, ai; = (o + 1/a) (n — 1)n/2 + n that

Qx") = (a+1/a)(f(x")—n) +2n—22n:zn:aij

i=1j=1

= (a+1/a)(f(x")—n)+2n—2{(a+1/a)(n—1)n/2+n}
= (a+1/a)(f(x*) = n) = (a+1/a) (n = n = (a +1/a) (f(&") —n?). 0

Sekitani and Yamaki [26] has an interpretation of the EM in AHP with the scale 1-9 by
using the ith entry of r(x), i.e.,

Zaijﬁzzaijﬁ‘F@n’:Zaijﬁ-l-l- (4.11)
=1 i Gz T porg &

In (4.11), z; is called the self-evaluation value of alternative i and Y-, a;;z; is called the
external evaluation value of alternative i. Then, >, a;;z;/7; means the gap between
the self-evaluation value and the external evaluation value with respect to alternative i,
which is called the over-estimation ratio of alternative i. Therefore, each entry of r(x)
is the corresponding over-estimation ratio plus 1. From Lemma 2.4, the EM is to solve
mingo |7(x)|| .. Let e be all one vector, then each entry of r(x) — e is the corresponding
over-estimation ratio. Since ming ||r(x) — el is equivalent to ming- ||7(x)||_, the EM
is to minimize the largest over-estimation ratio [26]. Theorem 4.3 implies that the minimum
X square method is equivalent to ming~o ||r(z)||,. Since ming-o ||7(x)||, is equivalent to
mingo |7(x) — e||;, the minimum x square method for A(a) in Binary AHP is to minimize
the sum of over-estimation ratio.

Binary AHP has the following relation between the EM and the minimum x square
method:
Corollary 4.1 Choose any o > 1. Let A = A(«) and let Apax be the principal eigenvalue
of A(a), then n (o + 1/a) (Amax — n) > Q(x*), where x* is an optimal solution of (4.2).
Proof: Let &* be an optimal solution of (4.2), then it follows from Theorem 4.3 and (2.12)
that

Q") = (a+1/a) (|r(@")s = n?) < n(a+1/a) Amax — n)- D

5. Comparisons with Eigenvalue Method on Binary AHP

Takahashi [28] and Genest et al. [7] independently show surprisingly elegant properties of
priority weights of a pairwise matrix A(a) by the EM. By introducing such their properties of
priority weights, this section shows sufficient conditions of equivalence between the minimum
X square method and the EM.

Genest et al. [7] define two classes of A(«) as follows: A(«) is called maximally intran-
sitive if Y77, ay; = -+ = 37 any. A(a) is called ordinally transitive if a;; > 1 and a;, > 1
imply a;z > 1. A pairwise matrix A(«a) is ordinally transitive if and only if there is a per-
mutation matrix P such that any upper off-diagonal entry of PT A(a)P is « (see, e.g., [28]).
Hereafter, without loss of generality, we assume that an ordinally transitive matrix A(«)
satisfies a;; = o for all 7 < j.

The following lemmas shows that a pairwise comparison matrix A(«) has a left principal
eigenvector and a right one that are equivalent up to a positive scalar multiple if A(«) is
ordinally transitive or maximally intransitive.
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Lemma 5.1 Suppose that A(«) is ordinally transitive, then A(«) has a right principal eigen-

&
vector (ofl/", a3/ ... ,a’@"’l)/") and a left one (al/", ad/n a(2”’1)/”).

Proof: See Theorem 4 of [28] and Proposition 4.3 of [7]. 0
Lemma 5.2 Suppose that A(«) is mazimally intransitive, then A(a) has a right principal
eigenvector (1,1, -+, 1)T and a left principal eigenvector (1,1,---,1).

Proof: Suppose that A(«) is maximally intransitive, then A has a right principal eigen-
vector (1,1,---,1) . Since A(«) is reciprocal, we have {j|a;; = a} = {j|a;; = 1/a} and
{jla;; =1/a} ={j|a;i = a}. This means that > ; a;; = -+ = >.I"; a;, and hence, A has
a left principal eigenvector (1,1,---,1). 0

The equivalence between a left and a right eigenvectors implies that the minimum y
square method is equivalent to the EM as follows:
Lemma 5.3 Suppose that A(«) is ordinally transitive, then an optimal solution of (4.2) for

T

A = A(a) is equal to a positive scalar multiple of (ofl/", a3/ ... ,a_(%_l)/”) .
Proof: Let # be a right principal eigenvector of A(«a) that is ordinally transitive, then
Lemma 5.1 and Corollary 2.1 imply that # is an optimal solution of (4.2). Therefore, it
follows from Theorem 4.3 that # is also an optimal solution of (2.3). 0

Lemma 5.4 Suppose that A(«) is mazimally intransitive, then an optimal solution of (4.2)
is equal to a positive scalar multiple of (1,1, -, 1)T.

Proof: In the same way as the proof of Lemma 5.3, we can prove it. 0

When a pairwise comparison matrix A(«) is of size n < 3, the minimum y square method
coincides with the EM as follows:
Lemma 5.5 Suppose that a pairwise comparison matriz A(«) is of size n < 3, then a right
principal eigenvector of A(a) and an optimal solution of (4.2) coincide for all o > 1.
1. A left

1 «
1/a 1
principal eigenvector of A(«) is equal to a positive scalar multiple of [1/«, 1] and a right
principal eigenvector of A(a) is [, 1]T. Therefore, a right principal eigenvector of A(«) and
an optimal solution of (4.2) coincide for all o > 1.

The matrix A(«) with size n = 3 is ordinally transitive or maximally intransitive. Hence,
it follows from Lemma 5.3 and Lemma 5.4 that a right principal eigenvector of A(«) with
size n = 3 and an optimal solution of (4.2) coincide for all o > 1. 0

Proof: 1If A(«) is of size n = 2, then it suffices to consider A(«a) =

For a general size n of A(«), we have sufficient conditions of equivalence between the

minimum Y square method and the EM as follows:
Theorem 5.1 A principal right eigenvector of A(«) and an optimal solution of (4.2) coin-
cide for all o > 1 whenever

1. A(w) is ordinally transitive;

2. A(«a) is mazimally intransitive; or

3. A(a) is of size n < 3.
Proof: This immediately follows from Lemma 5.3, Lemma 5.4 and Lemma 5.5. 0

Hereafter, we compare the ranking from priority weights by the minimum y square
method with the ranking from priority weights by the EM. All priority weights (xq,- -, w,)
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is ordered according each value. That is, the rank of ¢ is higher than that of j if z; > x;,
and ¢ and j have the same rank if z; = z;.
Corollary 5.1 Two rankings deriving from a principal right eigenvector of A(a) and an
optimal solution of (4.2) coincide for all « > 1 whenever

1. A(w) is ordinally transitive;

2. A(«a) is mazimally intransitive; or

3. A(a) is of size n < 4 and there is no permutation matriz P such that PTA(a)P =

1 a a 1/«
/a1 o «
/oo 1/a 1 «
a l/a 1/a 1

(5.1)

Proof: Let x* be priority weights by the minimum y square method and let £# be priority
weights by the EM. If A(«) is of size n < 3, ordinally transitive, or maximally intransitive,
then it follows from Theorem 5.1 that the ranking from x* is equal to that from x#.

For any 4 x 4 matrix A(a)n there is a permutation matrix P such that PT A(a)P is one
among the following four different matrices:

1 a o o« [ 1 o) a
40— /a1 «a « A /o 1 «a 1/«
| a 1/a 1 a |’ | 1a 1a 1  a |
l/a 1/a 1/a 1 | 1/aa a 1/a 1
1 1/a 1/a 1/« 1 a o 1/a]
s |a 1 1l/la « 3 | /a1 a o«
A= a a 1 1/« and - A7 = l/a 1/a 1 «
a l/a o 1 L a 1l/a 1/a 1

Note that every permutation matrix P satisfies PTA'P # A* for all k # i. Since A® is
the matrix (5.1), the proof for A(«) of size n = 4 is sufficient to discuss rankings for three
matrices A%, A' and A2

Consider the case where A(a) is reduced to A°. The matrix A° is ordinally transitive
and it follows from Theorem 5.1 that &# and x* provide the same ranking.

Consider that A(a) is reduced to A'. Genest [7] shows that the matrix A' has a right

—1
principal eigenvector % = (3a3,1,1,1)", where 8 = [(Oz +1/a)/2 + \/(04 +1/a)?/4+ 3J :
Since 3a3 > 1 for all a > 1, the ranking from the right principal eigenvector x# is given as

o >1=af =af =47 (5.2)

The matrix balancing problem (2.3) for A! has an optimal solution =* = (a,1,1,1)". In
fact, the optimal solution &* = (o, 1,1,1)" satisfies

= 0 00 l a a alfar 0 0 0 11 1 1
0 = 0 0|l 1o lf{]0oa 00| |11atdk 3
0 0 % 0 L 11 q 00x§0_1§1a’(')
00 0 2 |Lal1flo 0 0 1ol

Ty

that is sum-symmetry. It follows from Theorem 4.3 that x* is also an optimal solution of
(4.2) for A'. Therefore, the ranking from x* is given as

ri=a>1=ua5=u1; =1, (5.4)
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for all & > 1. The ranking (5.4) from the optimal solution &* of (4.2) coincides with (5.2)
from the right principal eigenvector & of A!.
Consider the case of A2, then (A')' = A% and a right principal eigenvector of A2 is a posi-

-1
tive scalar multiple of z# = (38/a,1,1,1)", where 8 = {(a +1/a)/2 + \/(04 +1/a)?/4+ 3J :
Genest et al. [7] shows that the principal eigenvalue Ayax of A? is 371 +1. Since Q(x) > 0 for

any positive vector x, it follows from Corollary 4.1 that 4 = n < Ay = 87! + 1, implying
that 33 < 1 and 33/a < 1 for all @ > 1. The ranking from x# is given as

o <1=af =af =27 (5.5)

Let * be an optimal solution of (4.2) for A2, then it follows from (A')" = A2 and Theo-
rem 4.2 that * = (1/a,1,1,1)" for all @ > 1. The ranking from x* is

] <1=uzx)=ux;=uxj], (5.6)
which is the same order as that from (5.5). 0

As stated above, by using a permutation of a pairwise comparison matrix A(«a), A(«)
with n = 4 is classified into four equivalent classes. Whenever A(a) with n = 4 is not
equivalent to (5.1), the minimum y square method provides the same ranking as the EM.
For the equivalent class to (5.1), the ranking by the minimum x square method is different
from the ranking by the EM as follows:

Corollary 5.2 Suppose that A(a) is (5.1). Let &* be a right principal eigenvector of A(a)
and let «* be an optimal solution of (4.2). For any o > 1 we have

o > a2 >t > ol and (5.7
Ty > x> x> xy. (5.8)

Proof: See Proposition 4.4 of [8] for the proof of (5.7). The proof of (5.8) is given in
Appendix. 0

Consider a 5 x 5 matrix similar to (5.1) as follows|7]:

I a a a lla
/o 1 o «a «
la /oo 1 o o |. (5.9)
lJao 1/a 1/a 1 a

a l/a 1/a 1/a 1

Genest et al. [7] report from some numerical experiments that a ranking by the EM for (5.9)
depends on choice of coding parameter of o. For a small values of @ > 1, a right principal
eigenvector ¥ of (5.9) satisfies

o >af >af >af > ot (5.10)
For any a > 3.7, a right principal eigenvector of (5.9) usually satisfies
ot >l > x5# > xf > a7 (5.11)

Checking rankings from the minimum y estimate of the matrix (5.9) with a = 2,3, ..., 100,
we confirm numerically that an optimal solution a* of (4.2) satisfies

xy > x>y > x> ) (5.12)
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Table 1: Comparison of the EM with minimum y square method on Rank reversal

Number of Eigenvector method X square method

n  equivalent number of percentage of number of percentage of
classes rank reversals rank reversals rank reversals rank reversals

1 1 0 0% 0 0%

2 1 0 0% 0 0%

3 2 0 0% 0 0%

4 4 0 0% 0 0%

5 12 1 8.3% 0 0%

6 56 10 17.9% 2 3.8%

7 456 113 24.8% 20 4.4%

8 6880 2425 35.2% 524 7.6%

9 191536 85805 44.8% 21218 11.1%

for all @« = 2,3,...,100 and hence, the ranking from x* of (5.9) may be independent of the
choice of coding parameter of a. Genest et al. [7] document that such rank reversibility by
the EM increases dramatically with size n = 6,7,8,9 of A(«).

Comparing rank reversibility by the EM with that by the minimum y square method,
we carry out numerical experiments to measure the rank reversals frequency generated by
the two methods. For o = 2,3,5,7,9, let *(«) be an optimal solution of (4.2) and let
x#(a) be an right principal eigenvector of A(a). For a sufficiently small positive number
€ > 0, we define

K:={(i,j) |
We say that the rank reversal occurs by the minimum x square method, if and only if there

exists an « € {2,3,5,7,9} such that an optimal solution x(a)* of (4.2) violates at least one
of

7}(2) = 75(2)| > €} - (5.13)

i j J
z} (o) ;(a)’ <e forall (i,7) ¢ K.

(5.14)
In the similar way to (5.13) of the minimum Y square estimate, we define K for a right
principal eigenvector of #(2) and consider two conditions for #(«/) that are similar to
(5.14). Then we say that the rank reversal occurs by the EM, if and only if there exists an
a € {2,3,5,7,9} such that = (a) violates at least one of two conditions for #(«).

As stated in the proof of Corollary 5.1, a set of A(a) with size n = 4 is classified into
four equivalent classes. The size n of A(«) and the number of the equivalent classes on the
whole set of A(«) with the corresponding size n are listed in the first and second column of
Table 1, respectively.

Let e = 1077 of K* and K# and choose one matrix A(a) from each equivalent class, we
check rank reversals occurrence for the minimum x square method and the EM. The third
column of Table 1 indicates the number of the equivalent classes where rank reversals occurs
by the EM. The forth column is given the proportion of the equivalence classes including
rank reversals by the EM. In the same manner, the resulting rank reversals occurrence by
the minimum y square method are listed in the fifth and sixth columns of Table 1.

For the EM and the minimum yx square method, the two proportions of the equivalent
classes including the rank reversals increase with size n. Especially, the rank reversals with

xf(a) — :Uj(a)’ > e and (:17;“(2) - a:*(2)) (x’f(oz) — :B*f(a)) >0 forall (4,j) € K,
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size n = 9 occurs by the EM at the almost 50% probability. The rank reversals occurrence
by the EM is at least 4 times as much as that by the minimum y square method.

It is well known in regression analysis [9] that the L;-norm estimation is robust for
outliers on the comparison with Ls-norm and L.,-norm. The minimum y square method is
the minimum-norm point problem (2.9) whose norm is L; norm (|| - ||;) and the EM is the
minimum-norm point problem (2.10) whose norm is Le-norm (|| - ||«). By analogy with the
regression analysis, it is natural that rank preservation of the minimum y square method is
superior to that of the EM.

6. Conclusion

This research shows necessary and sufficient conditions (Theorem 2.1) of equivalence be-
tween the eigenvalue problem and the matrix balancing problem for a nonnegative matrix,
by using a unified framework, the minimum-norm point problem, for the two problems. Fur-
thermore, Theorem 3.1 shows global convergence of scaling algorithms for solving the matrix
balancing problem. A variety of nonnegative matrix analyses appear frequently in social
sciences, e.g., economics, management science and operations research, where Theorem 2.1
and Theorem 3.1 may be useful for modeling and simulation.

This study also illustrates a contribution of Theorem 2.1 and Theorem 3.1 by applying
the minimum yx square method to AHP. Lemma 4.2 shows that the minimum y square
method (4.2) is to solve the matrix balancing problem. The minimum x square method has
the desirable properties of Theorem 4.1 and Theorem4.2, that is not satisfied with the EM.
Furthermore, Theorem 4.1 and Theorem4.2 do not request a usual assumption of AHP that
is reciprocal of a pairwise comparison matrix.

The simplest AHP, Binary AHP, can compare directly the EM with the minimum y
square method, by virtue of Theorem 4.3. Consequently, Theorem 5.1, Corollary 5.1, and
Corollary 5.2 show how pairwise comparison matrix A(«) of Binary AHP is when the priority
weights of the EM coincide with ones of the minimum x square method. In the other case,
i.e., when the priority weights of the EM and the minimum y square method are not
equivalent , dual norms incorporated into each method make a remarkable gap between
their frequencies of rank reversals occurrence. The numerical experiments indicate that the
rank reversals frequency of the EM is at least 4 times as much as that of the the minimum
X square method.

The minimum y square method of AHP has a potential merit that is to incorporate a
data reliability 0;;(= (;;) for a pairwise comparison value a;; into (4.2) as follows:

n n 2
pin> Zﬁijé(“ij—x.) ~ (6.1)

i=1 j=1 J

This optimization problem (6.1) is reduced to

n n

. Z;
min - 3" (af+1) By 7 (6.2)

i=1j=1

which is equivalent to the matrix balancing problem for {(afj + 1) ﬁij]. By using 3;;, the
minimum x square method is directly available to incomplete information case, where all
pairwise comparisons are not carried out. Let C' = {(i,7)](4,j) are not compared} and
D = {(z,7)|(¢,7) are compared} and set 3;; = 1 for all (i,5) € D and 3; = 0 for all
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(1,7) € C, then the minimum y square method under the incomplete information is to solve
the matrix balancing problem as follows:

mm Z (a?j + 1) %

(i,5)eD v

AHP including multiple decision makers, group AHP, can be applied by the minimum y
square method. Suppose that L decision makers individually provide L pairwise comparison
matrices [a};] (I =1,..., L), then the minimum x square method (4.2) is straightly modified
as follows:

pn e (4 1) 63

The modified problem (6.3) is equivalent to

min3°Y° (z () + L> s, (6.4)

i=1j=1 %

Therefore, the minimum x square method for group AHP is to solve the matrix balancing
2
problem for {Zle (al-) + L}

)

One of future investigations in this study is to apply the minimum y square method
to real-world decision making problems such as merit-based personnel systems [31] and
strategic decision of supply chain management [18]. Another of future investigations is to
apply the minimum y square method into parameter estimation of stochastic models, e.g.,
Bradley-Terry model [3], Huff model [11] and contingency analysis [6]. Their models often
use maximum likelihood estimation, whose validity of the model is checked by a likelihood
ratio test. The minimum y square estimate gives the minimum yx square value that is
immediately used in Pearson’s y square test of goodness of fit.
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Appendix

Proof of Corollary 5.2

Since «* is an optimal solution of (4.2), it follows from Theorem 4.3 that x* is also an
optimal solution of the problem (2.3) whose A is replaced with the matrix (5.1). Hence, it
follows from Lemma 2.1 that the matrix

1 a2 a—i’ (1/a)

* l *

=L 1 s a’s
(1/a )iz o 2 o2 (6.5)

(1/a )% (1/a)32 1 ot

T3 § % 3

2y T2 I3
azt (1/@)@7l (1/04)902 1

is sum-symmetry. The sum-symmetry of (6.5) is equivalent to the following four equations:

2 ary + ozt + 2} /a
x = , 6.6
U = aus) + 1/(axh) + o/ (6.6)
2 T} /o + axi + oz}
x = , 6.7
@) = ot + (e + 1/ {0z (67)
ri/a+ x5 /a+ ar)
a/xi+afzs+ 1/ (ax))’
ar +i/a+ zh /o

@ = law)) + ojzs + ajas (69)

(6.8)

We will show z7 > x. The proof is by contradiction. Assume x; > z7, then we have

2 * * * * * * * * * * * * * *
< z} _ xi/xh 4+ 2/a? + xh/(aPxy) + xy )k + oh ) (oPxy) + +aial jah + x) ) + 1))
x] v/t + a3 /ot + 2/ (aPx}) + o + o?xl/xd + 2 /o) + o?as /xd + o + ) /7

This implies from x}/z7 > 1 and o > 1 that
0 > a3/at+as/a} + i /(oPah) + o + oPal /il + o Joy + oPah Jah + o + af
— (2}/23 + 1/0® + 23/ (0Pa3) + 2} /a5 + 23/ (0%x3) + 1/0” + o} [ + 23 /) + 23/}
= (¢ +a5) (/2] — 1/ay) + 23/ (®2)) + 1)z} 2} — oPa) /) + 207 — 2/a’
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+a? (23 /x5 + a3 /a%) — 1/a? (a3 /x5 + w3 /a3) + o) (15 + 1/a3) — a7 (1/a5 + 1/23)
= (a5 +a3) (1/a] = 1/a}) + (2] — 27) (V/ag + 1/a3) + 23/ (o2]) — o®a} /]
+2 (o = 1/a?) + (a® — 1/a?) (a /x5 + x3/3)

> (a5 +a5) (1/2] = 1/2}) + (2] — 25) (/a3 + 1/x3) + 1/a® — o + 2 (a® — 1/a?)
+(0? = 1/0?) (z3/5 + x5 /x3)

= (w5 +a3) (1/a] — 1/a}) + (2] — 27) (123 + 1/23) + o — 1/a?
+(o® = 1/0%) (x3/a3 + 3 /a3)

> 0,

which is contradiction. Hence, we have 27 > xJ.
Suppose that x3/z} > 1, then we have

> (fﬂ) _ _(az3 +axj +a3/a) - (a/a] +a/v; + 1/ (ax))
o\ (1/(az3) + 1/(ax3) + a/z}) - (27/a + 23/ o + o))
ool /x4 aPay/xy + xf/rt + o + Qlal ok + xh Jah + xh ) x + ke + 1/ a?
xi/(e?as) + +af /a5 + 1/a? + 2t /(a?as) + x5/ (0Pa3) + @i /25 + o] /o) + a5 /2] + o2
This implies that

0 > o’ay/at +aPwl/al + ol /ot + o + oPalah + ol o + wh )2k + ak /o + 1/ a?
— (27/(x3) + 23/ (QPx3) + w}/a5 + o + 27/ (Q%w3) + a3 /3 + 2} /2 + 23/7} + 1/a?)
= ’wy/a} — as/(Q’a]) + oPay/at — wy/(0Pxy) + al/fat — 2y /ah + o’y /)

—aj/(a’x}) + 25 /x) — 27 /2]

> (L=1/Nay/ay + ay/ay — xy /s + i (Vo) — 1/az) + (125 — 27/1) Jo5 + (25 — 27) /7)
= ay/ay —wy/ay +ay(Ley = 1/wg) + (w3 — a7) [a5 + (w3 — 27) /2]
> 0,

which is contradiction. Hence, we have 27 > x75.
Assume that x5 < x%, then we have

1 (x) _ _(@i/atax+ax)) - (afr} +a/z; +1/(ax)))
3 (a/zt + 1/(aa3) +1/(ax])) - (27/0 + 25/ + ax))
1+ o2z /2 + o2 /ot + ot as + o2ak/xh + ol fah + xt /(0Pah) + s/ + 1
L+ 23/27 + o?aj/2r + 21/ (a?23) + 23/ (0?23) + oi /a5 + 21/ (0?2]) + 23/ (a®2]) + 1
This means that
0 > (23)* — (3)*
= 1+a%af/a]+a’x} /o] + 2i/o) + o’zi/a) + o’ /oy + 2/ (Px)) + 25 /2] + 1
{1 +ap/r] + olai /ey + ol /(0Pwy) + @3/ (0Pas) + @) /oy + @/ (oPa)) + 25/ (a¥x)) + 1}
= & 373/331 T5/x] + w3/T) — -772/(a Ty) + 373/332 +alx Ty /x5 — 331/(a T3) — 552/(@ 3)
)/ — 2y /s
= o’(a; — @) /o] + (25 — w3/a?) o} + (1/2y — 1/ (0®w))x} + (o [a5 — 1/2%)x]
otz /oy — x5/ (0es)
> 0,
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which is contradiction. Hence, we have x5 > 3.
Suppose that =3 < z}, then we have

s () - tifeton ton) 0l e sofsy
T} (a/at +1/(axf) +1/(aay)) - (ax] + 25 /a + a5/a)
1/a? + a3 /a} + o Jof + o7 /2s + o2ah asalal o + ot [oh + a2 + o
0 x5 /o] + o /oy + oy /as 4 a5/ (0Px3) + 1/a? + 2 [a) + a5/ (oPa]) + a3/ (o?x]).

This means that

*\ 2 *\ 2
0 > (23)" — (z3)
= 1/a® +ab /ot + 25 /at + at/ah + oPad ok + o2k ok + ot ok + o2 ok + o
—{0® + wy/a} + wy/af + /2y + a3/ (0P25) + 1/® + a7 /ah + 23/ (0Pa)) + 23/ (0’x)) }
= (aj —a3)/a} + (o’ — 23/0?) af + 2} (1/a3 — 1/a}) + 25 (o /a5 — 1/(a’2)))
+atay /oy — x5 /(a))

> 0,

which is contradiction. Hence, we have x5 > x7.
Since x} > x5, 7 > xj, x5 > x3 and x5 > zj, the arithmetic mean and the harmonic
* * * 3
one of {ax}, ax}, x5 /a} satisfy

*

1
max {axy, axy, xy/a} > 3 (ozxz + ax; + x4> > min {aa}, axy, x)/a}t (6.10)
a

-1
1
. + a> > min {az}, axy, xy/a}, (6.11)

* * *
max {axy, ary, x)/a} >3 (ozx i
2 3 21

respectively. It follows from (6.6), (6.10) and (6.11) that

max {0z}, ax}, vj/0} = /(max {az3, az3, 23/0})’

—1
1 A 1 1
> J(am’z‘—i-ozxg—i-%)?)( -+ *+a*) = 27 (6.12)
3 o ars  axy o T

> \/(min {axs, azs, :1:2/&})2 = min {ax}, axy, x)/a}.

In the same manner as above, we have

T ' ¥
max{l,a:v;,axfl} > 3 > min {1,ax§,a:vj} ) (6.13)
a a
* * * *
o .z} x
max{1,2,axj;} > 73 >m1n{1,2,aa:j;}, (6.14)
a’ « a’ a
* * * *
Th x , Th
max{ax’{,Q,g’} > 7 >m1n{a:c>{,2,3}. (6.15)
a’ «a a’ «

Without loss of generality, we assume x] = «, then it follows from z] > zj, x5 > 75, a > 1
and (6.12) that z} < 27 = o < max {ax}, azl, 2} /a} = axj. This implies that

1< . (6.16)
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Furthermore, it follows from (6.14) and (6.13) that

Ty > min< —,—,ax;, > mins 1, —min{ —, axs, ax ox
3 ) ’ 4 ) ) 3 4 (> 4
a o« « «

1 1
= min {1, —min {1, az}, az)}, axj‘l} = min {1, —, x5, Xy, ozxfl}
o a

= min{—, z*}.
o't

Assume x5 < 1/a, then we have 1/a > x§ > z. Therefore, it follows from (6.13) that
max {x}/a, axl, axr;} =1 > 5. This is contradiction for (6.16). Hence, we have

azy > 1. (6.17)
Assume that x] > 23, then we have
{ > 3 2: i /a+ axl + ax} 1/(aa3) +1/(axs) + o/a]
- \a7 afzi+1/(axf) + 1/ (o) ars + axi + i /o

xl/(a x2) + I3/I2 + J134/5'32 + xl/(a 11:3) + 1+ Z'Z/x; + IT/IZ (O‘ x3)/x4 +a’ '
a2xsfxt + axy /oy + xi/a + s /a4 xf ) (oPal) + 1 4 ob ) + xf/as + 1/a?
Therefore, it follows that

0 < (ﬂ)g - ($§)2 = 1/042 —a’+a $2/$1 - $1/(a T3) + 953/% - xl/(a r3) + $4/(0‘ 3)

_O‘%;/IZ + xZ/xT - JJ’{/xZ + x2/x3 - x3/x2 + Iz/% - x4/x2 + 11:3/134 - 5’74/5”3

1 s xy Thk  xk Th Tk

2L2 2 1 23 3 3 23

- 72‘1‘057 — Oé—i-? -+ Oéj‘i‘j - 74—047
a b acTs T i) x5 T

VAN
7 N
QM‘ —_
+
Ql\’)
N———
N
QI\D
+
o Qm‘ = %
N—
A
/N
Qw
SHRS)
—% o *
— T —

xh (% — %) + % x5 — x37) < 0. Moreover, we have

d 1 1 2 * * 4 *\2 ka0
90) gy (&= L) = 2 (H ) o () ) (e (6as)
do S ) ad \x%  xl adrixia

It follows from (6.17) that o®z} > o = x} and o?z3 > a =z} > x}, d( < 0 for

all & > 1. Since g(1) < 0, we have g(«) < 0 for all & > 1, implying that 0 < (xl) —(z3)* <
g(a) <0 for all a > 1. This is contradiction. Therefore, we have x5 > x7.
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In the similar way, we can prove xj > z3. In fact, we have

<a:§)2 _ ajfatayfataz; 1/ (2fe) + o/v) + o/

xh afzi+ajxy+1/(ax})  axi+a5/a+z)/a

Assume that z; < 23, then

S SN B S B B it

* * * * * * * *

ry T X3 T3 Ty Ty Ty Iy
* * * * * * * * * * * *
- %%_%>1caﬁﬁ TN O S B S 1
— * * 2 * * * * * * * * * *
Ty Toy) A7 \Typ Iy Ty 2 I3 3 T T Ty 2y

g z a? \ ] Ty Ty Lo T3 T3 Ty Ty Lo 4
* * * * * * * * * * * *
h(1) Yo M1 Ty Ty Ty B N Fy Ty b3 3 N
* * * * * * * * * * * *
Ty Lo Ly Ty X3 Ty T3 L3 X3 L1 Ty Xy
* * * * * * * *
< HTa_ T3 Ty Ly Ty A3 N 4y
—_— * * * * * * * *

)
Moreover, it follows from axz} > az} = max {%, oy, om:ji} > x5 that

* L p¥ 21k 1 1 4%k *\2

* 3 * * 3k ek ¥k
da x5 o’ \zi asrirsa)

for all a > 1. Since h(1) < 0, we have 0 > h(a) > (25)? — (z5)* > 0 for all @ > 1. This is
contradiction. Therefore, we have z > . 0
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