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As an extension of our previous work concerning the large N reduction on group manifolds, we study
the large N reduction on coset spaces. We show that large N field theories on coset spaces are described by
certain corresponding matrix models. We also construct Chern-Simons-like theories on group manifolds

and coset spaces, and give their reduced models.

DOI: 10.1103/PhysRevD.81.085019

L. INTRODUCTION

The large N reduction [1] asserts that large N field
theories are equivalent to certain corresponding matrix
models, which are called the reduced models (for further
developments in the large N reduction, see [2-14]). In
particular, in the case of gauge theories, these matrix
models are obtained by dimensionally reducing the origi-
nal theories to lower dimensions. The large N reduction is
conceptually interesting in the sense that it realizes emer-
gent space-times. It is also practically important because
the reduced models can serve as a nonperturbative formu-
lation of large N field theories. However, there is a diffi-
culty. Because of the so-called U(1)? symmetry breaking
[2], some remedy is needed in the case of gauge theories. In
particular, no remedy that preserves supersymmetry is
known.

While the large N reduction has been studied so far on
flat space-times, it is important to generalize it to curved
space-times from both the conceptual and practical view-
points. First, it can provide hints to the problem of describ-
ing curved space-times [15] in the matrix models that are
conjectured to give a nonperturbative formulation of su-
perstring theory [16—18]. Second, the reduced models on
curved space-times are in general free from the U(1)?
symmetry breaking. In particular, the reduced models of
supersymmetric gauge theories on curved space-times can
serve as their nonperturbative formulation that respects
(full) supersymmetry.

Recently, it was shown in [19] that the large N reduction
holds on general group manifolds, which are typical curved
manifolds.! In this paper, we extend it to the case of
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coset spaces.” We give a prescription by which the reduced
models of large N field theories on coset spaces are ob-
tained from the reduced models of the corresponding theo-
ries on group manifolds. We also generalize Chern-Simons
(CS) theories on three-dimensional manifolds to arbitrary
group manifolds and coset spaces, and give the correspond-
ing reduced models.

This paper is organized as follows. In Sec. II, as a
preparation, we summarize some properties of group mani-
folds and coset spaces. In Sec. III, we briefly review the
results in [19]. In Sec. IV, we study the large N reduction
on coset spaces. In Sec. V, we construct CS-like theories on
group manifolds and coset spaces, and show that the large
N reduction also holds. Section VI is devoted to conclusion
and discussion.

II. GROUP MANIFOLDS AND COSET SPACES

In this section, we describe some properties of group
manifolds and coset spaces which are needed in our analy-
sis. See also [22]. Let G be a compact connected Lie group
and H be a Lie subgroup of G. We put dimG = D and
dimH = d. The dimension of the coset space G/H is given
by D — d. We use the following indices: A, B, ... run from
ltoD,a, B,...form1to D —d,and q, b, ... from D —
d+1toD.M,N,...run from 1 to D, wu, v, ... from 1 to
D—d,andm,n,...fromD —d + 1 to D.

We take a basis of the Lie algebra of G, ¢4, such that ¢,
are a basis of the Lie algebra of H. 4 obey a commutation
relation

(14, tg] = ifapctc 2.1

where f,pc are completely antisymmetric. It follows that
fape = 0. Let x™ be coordinates of the group manifold G.

*While noncommutative field theories on coset spaces such as
CP"(=SU(n + 1)/SU(n) X U(1)) [30-39] have been con-
structed in terms of matrix models, our formulation realizes
large N field theories on arbitrary coset spaces.
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g(x) € G is locally factorized as
8(x) = h(y)L(0),

where h(y) € H, and y" and o* are coordinates of H and
G/H, respectively. The isometry of G is the G X G sym-
metry: one acts on G from the left, while the other from the
right. Only the right G symmetry remains as the isometry
of G/H.

For g € G, a D X D matrix Ad(g) is defined by

(2.2)

gtag~' = 13Ad(8)pa- (2.3)
Ad(g) is an orthogonal matrix, namely,
Ad(8)apAd(g)ac = Spc- (2.4)
Note that for h € H
Ad(h),, = Ad(h),, =0, (2.5)

which implies that

Ad(h)aBAd(h)ay = 5,3)0 Ad(h)abAd(h)ac = 5bc-

(2.6)
fapc 1s an invariant third-rank tensor:
Ad(g)apAd(8)seAd(g)crfper = fapc: (2.7)
We define the right invariant 1-form E4, by
Owe(¥)g (1) = —iEL ()1, 28)
E4, satisfy the Maurer-Cartan equation
ImEN = INEy — fascERER =0. (29)
We also define ¢/, and &}, by
I, L(a)L™ (o) = —iep (o)ty,
(2.10)
InhMh ™' (y) = —ig ()1,
Then, the components of E4, are given by
E;(x) = Ad(h(y)) apeli(0),
E§(x) = Ad(h(y))apel. (o), (2.11)

E5(x) =0, E(x) = &5,(y).

ey, (y) and ef (o) are viewed as vierbeins of H and G/H,
respectively, and satisfy

~ = sb s —
amez - ane;ln - fabcemez - 0’

(2.12)
dyey —d,ep — faABe’;\Lef = (.
Some algebra gives
d
WAd(h)ab = émfachd(h)db,
(2.13)

9 sa
ay—mAd(h)aB =€, aayAd(h)y,B'

A right and left invariant metric of G is defined by
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Gyy = EYE}. (2.14)

It is decomposed as

ds% = GyydxMdxV

=K, do*do” + (Ad(h)p,ebdy™ + ejido-”){

(2.15)
where a right invariant metric of G/H, K v is given by
K,, = eje;. (2.16)

When G is viewed as a principal H bundle over G/H, ¢},

correspond to the connection. The Haar measure of G is
defined by

dg = dPx\G(x), 2.17)
which is factorized as
dg = d° 1adiyJK (o) detéd,(y). (2.18)

The right invariant Killing vector L, is defined by

L,=—iEY —
A A axM

(2.19)

where EY are the inverse of E4,. It generates the left
translation, and is expressed as

- om0
o= —iey aym,
— I
L, 1Aa’(h)aﬁeﬂa m

d
y

where é7' and ez are the inverses of &4, and eﬁ, respec-

tively. We denote the Lie derivative along the Killing
vector L, by 64. For instance, from (2.9), we see that

SAES, = ENONEY + 0y ENER = —fapcES;,  (2.21)

8,Gyn = 8,ENERN + EY5,ER = 0. (2.22)

The second equation indicates the left invariance of the
metric Gy .

The spin connection on G, Q42 is determined by the
equation

ayEN — onESY + QABEE — QABEB =0.  (2.23)
Comparing this equation with (2.9), we find that
047 = 3fascEjy- (2.24)
It follows from (2.21) that
5AQE/1€ = _fABDQAD/IC - fACDQJIE/[D' (2.25)

Equations (2.21) and (2.25) show that the Lie derivative
accompanied by the local Lorentz transformation keeps
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E4; and Q4P invariant. Similarly, the spin connection on
G/H, wﬁﬁ , 1s determined by the equation

3,08 — a,e8 + wilel — wifel = 0. (2.26)
From (2.12), we find that
0if = 1fupyel + Fapacl. 2.27)

III. LARGE N REDUCTION ON GROUP
MANIFOLDS

In this section, we briefly review the results in [19]. The
statement of the large N reduction on G we showed in [19]
is as follows. Let a large N matrix field theory be defined
on G. Its action is given by integration of a Lagrangian
density over G with the Haar measure (2.17). We assume
that the theory possesses the right G symmetry. In other
words, the Lagrangian has no explicit dependence on the
coordinates of x” of G if all the derivatives are expressed
in terms of £, (2.19). Then, the planar limit of the theory is
described by the reduced matrix model that is obtained by
dropping the coordinate dependence of the fields and re-
placing £, by the commutator with the matrix L, given
explicitly below. We emphasize here that the left G sym-
metry is not necessary for the large N reduction to hold. As
we will see in the next section, this fact is crucial in
generalizing the large N reduction to the case of coset
space G/H.

In what follows, we illustrate the large N reduction on
group manifolds by considering U(N) Yang-Mills (YM)
theory on G with a real scalar and a Dirac fermion in the
adjoint representation. The action is given by’

1
St =g [ GGG THF o). (32)

S, = % / de\/EGGMN(aMd) + i[Ay, &)

X (o + ilAw @)+ 3mid? + 304 (3

5= =5 [@lG(7 B (v + A, 0]

1 _
"‘Zfof?’Bc‘ﬂ) + mf‘ﬁlﬁ): (3.4)

where Ay, ¢, and ¢ are N X N matrix fields, and F;y =
6MAN - aNAM + l[AM, AN] By expanding AM as

*We can consider other terms such as higher derivative terms
and the Yukawa interaction term.
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and using the equations described in the previous section,
we rewrite (3.2) as

1 .
SYM = —4—K2 [dgTr([AXB - .EBXA - lfABCXC

+ [X4 Xp])2 (3.6)
In a similar manner, (3.3) and (3.4) are rewritten as
1 1
S, = [ deTe( =5 (Lad + [ 0]
l 242 1 4)
+2mx¢ +4¢ , (3.7)
$= = [ag (i Loy + X0 0]
f 2 A A
1 - _
"‘ngBclPYABC‘P + mflﬁlﬂ)- (3.3)

The theory possesses the G X G symmetry, while the left
G symmetry is not necessary for the large N reduction. We
take the planar ("t Hooft) limit in which

N — oo, k— 0 with kN = A fixed, (3.9)
where A is the ’t Hooft coupling.

To obtain the reduced model, we first define an
n-dimensional vector space V), by truncating the space of
the regular representation of G as follows. We label the
irreducible representations of G by r, and denote the
representation space of the representation r by VIl and
its dimension by d,. We define a set of the irreducible
representations, I, , for a positive number A:

Iy = {r; Cy(r) < A2}, (3.10)
where C,(r) is the second-order Casimir of the representa-
tion r. Then, V, is defined by

Vv,=@PUrle.. ev (3.11)
r&ly d"r
Note that the dimension of V,, is given by
n=> d. (3.12)

r&ly

Indeed, the space of the regular representation is obtained
by taking the A — oo limit in (3.11). The A — co limit
corresponds to the n — oo limit, and A plays the role of a
ultraviolet cutoff. We next introduce a k-dimensional vec-
tor space W, and consider the tensor product space

Vy=V, oW, (3.13)

where N = nk is the dimension of V.
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The rule to obtain the reduced model is

diQ)— b e — i,

fdg—»v,

where X, q’; , and L, are N X N Hermitian matrices
that are linear operators acting on V. L, take the form

I:A=<@LE(]@...@LE{]>®1k,
%f_J

r&ly

XA(g) - XA)

3.14
L,—I[L,] G

(3.15)

dr

where LE;] are the representation matrices of 74 in the
representation r. v is given by

v=1V/n, (3.16)
where V is the volume of G:
V= fdg. (3.17)

Applying (3.14) to (3.6), (3.7), and (3.8), we obtain the
reduced model of (3.1),

Sr = SYM,r + SS,F + Sf,r’ (318)
v LA IR ) N
Syrr = — 12 Tr([L4, Xp] — [Lp, X4l — ifapcXc
+ [X4 X5D% (3.19)

v 1 .~ = AA 1 o 1 4
Sor=—> Tr(— SULy $1+ Xy PP +5mid® + - ¢“),
K 2 2 4

(3.20)
v 2 oA A oA
1= = {10 (L 91+ (£ )
1 2 o PN
LD F ). G2
Making a redefinition
L,+X,—X, (3.22)
leads to
S = Sy, + Sh,+ S, (3.23)
v A oA . N
Sym, = — el Tr([Xy, Xp] — ifapcXc)? (3.24)
s, == Tr(—l[)? S + L2 + lg?)“) (3.25)
ST 2 2 27 47 )
S’——UT’QA)A(A-FI 9 LABC )
i iy [Xa ] ngBC¢7 4
+ mpip lzf). (3.26)
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Note that S’ is identical to the dimensional reduction of
(3.1) to zero dimension. X, = L, is a classical solution of
S’ around which we expand S’. to obtain S,.

The statement of the large N reduction is as follows.
Here we assume that G is semisimple. If we expand (3.23)
around X, = L4, the planar limit of (3.1) is retrieved in the
limit in which

n— oo, k — oo,

(3.27)

k— 0, with A= k2N = k?nk fixed.

For instance, the correspondence for the free energy is
given by
F _F

NV NV’
where F and F, are the free energies of the original theory
and the reduced model, respectively. For the correspon-
dence for the correlation functions, see [19]. The reduced
model (3.23) respects the G X G symmetry and the gauge

symmetry of the original theory. The latter corresponds to
the symmetry given by

(3.28)

X' =UXU"! (3.29)

for an arbitrary N X N unitary matrix U, where X stands
for X, or ¢ or i or .

If G is not semisimple, the above statement does not
hold as it stands.* The zero-dimensional massless modes
around the background X, = L, in (3.23) makes the back-
ground unstable. To resolve this problem, we need a rem-
edy such as the quenching [2,4] or the twisting [6].

IV. LARGE N REDUCTION ON G/H

A. Theories on G/H obtained by the dimensional
reduction of G X G symmetric theories on G

In this subsection, we study the large N reduction for
theories on G/H that are obtained by the dimensional
reduction of G X G symmetric theories on G. For the
dimensional reduction of such theories, see also [22].

Here, as an illustration, we examine the theory (3.1). As
explained in detail below, the dimensional reduction to
G/H is achieved by imposing the constraints

‘£ aXA = ifaABXB’ (41)

L,6=0, (4.2)

£alz_b == ifaABl_p'yABr
4.3)

Loy =1 fany" .

“There is no problem for matter fields even if G is not semi-
simple. In fact, (3.20) and (3.21) without X, retrieve the planar
limit of (3.3) and (3.4) without the gauge field, respectively.
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on the theory. These constraints are, for instance, realized
by adding

/dg Tr(Mf,(ﬁaXB —ifupcXc)? + ML, p)?

+ Mf(ﬁa P+ éfaAB lZ/VAB)(fa I/ ZifaCD)’CD l//>>
4.4)

to the action and taking the M,, M, M; — oo limit.
Because of these constraints, the G X G symmetry of
(3.1) is broken to the right G symmetry. As emphasized
in the beginning of Sec. III, the right G symmetry is
sufficient for the large N reduction to hold. The large N
reduction, therefore, holds for the theory obtained by di-
mensionally reducing (3.1) to G/H as follows. Applying
the rule (3.14) to the theory (3.1) with (4.1), (4.2), and (4.3),
leads to imposing constraints

[Lo Xp] = ifapcXe (4.5)
[Lo, $]1=0, (4.6)

[Lw l//] = %faCD’yCD l!/’ [iaJ 'Z] = _ifaABlz’yABr
“4.7)

on (3.18) or (3.23). Note that the redefinition ﬁa + X, —
X, keeps the constraint (4.5) invariant. For instance, these
constrains are realized by adding

Tr (Mg([ﬁa.;?g] CifseR e+ ML, BT
+ Mf([f/a’ ‘Z] + %faAB{_/}’yAB><[La’ ‘P]
- %faCDYCD l//))

to (3.18) or (3.23) and taking the M,, M, M; — oo limit.
X, = L, satisfies (4.5), (4.6), and (4.7), and is a classical
solution of (3.23) with (4.8). We expand (3.23) with (4.8)
around the classical solution to obtain (3.18) with (4.8). To
summarize, the reduced model of the theory on G/H is the
matrix model (3.23) with the constraints (4.5) and (4.6).
The reduced model retrieves the planar limit of the theory
on G/H in the limit (3.27). It respects the right G symme-
try of the theory on G/H. It also has the gauge symmetry
(3.29) with the constraint

[L,Ul=0

(4.8)

4.9)

satisfied. This corresponds to the gauge symmetry of the
theory on G/H.

In what follows, we see that imposing (4.1), (4.2), and
(4.3), on (3.1) indeed yields the dimensional reduction to
G/H. The left G symmetry corresponds to the invariance
of (3.1) under the transformation

PHYSICAL REVIEW D 81, 085019 (2010)

Ay — Ay + €8,A4 (4.10)
b— b+ €00, 4.11)
1
=+ E(5A‘/' +ZfABC'yBC¢)’
(4.12)

g — b+ 6(5/41,_0 - %fABC'Z"yBC)'

This invariance follows from (2.21), (2.22), and (2.25).
Note that the transformation of the fermion includes the
local Lorentz transformation as well as the Lie derivative,
because Ef, and (4? are invariant under such a trans-
formation. By using L,, (4.10), (4.11), and (4.12) are
expressed as

Xg— Xp + €(iLyXp + fapcXo), (4.13)
¢— P +eil,d, 4.14)
1
b=+ €<i£Al// + ZfABC')’BCl//)J
4.15)

- _ - 1 _
b=t e(iLad — yfanc TV

Hence, by imposing the constraints (4.1), (4.2), and (4.3) on
(3.1), we can make a dimensional reduction from G to
G/H, which is the so-called consistent truncation. Namely,
every solution to the equation of motion in the dimension-
ally reduced theory is also a solution to the equation of
motion in the original theory.

Let us obtain the explicit form of the resultant theory on
G/H. Using the equations described in Sec. II, we solve
(4.1) as

X, = Ad(h(y))aﬁeg(a')aﬂ(a'), (4.16)
X, = —Ad(h(y))ap b (). 4.17)
Similarly, (4.2) is solved as
¢ = ¢(0). (4.18)
To solve (4.3), we introduce p(z4) defined by
i
p(ty) = — ZfABC?’BC~ (4.19)
It satisfies
Lo(t4), p(tp)] = ifapcp(to). (4.20)
Then, we can solve (4.3) as
= €00l y(g), g = y(o)e 100l (421)
where 0%(y) is defined by
h = e, (4.22)

Substituting (4.16) and (4.17) into (3.2) leads to
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w _ 1 .
S = 25 [ @ VRT3 Funebe + il ]

+ %mv(am + il b = € farech)

X (0, by + il bl = ¢ fate o)

4 %K’”K”P(fw — 0%, )y — b’;pm)),
(4.23)

where w is the volume of H, f,, =d,a, —d,a, +
ila,, a,l, and by, = d,e, —d,e) — fabCeZef, =
faa ﬁezelyg . The final expression is indeed independent of
y. We have obtained YM theory coupled to d Higgs fields
on G/H. This result agrees with the one in [22]. Similarly,

substituting (4.16), (4.17), and (4.18), into (3.3), we obtain

K

SO/H = Kz [dD‘da-\/ETr<%K“”(aﬂ¢ +ila,, ¢])

X (0,6 + ila, 8 = 316, F

1

L2402 l 4
+omie?+ ¢ ) (4.24)

Finally, by using (4.16), (4.17), and (4.21), and the equation

e 00 5y, 10" 0P = Ad(R) gy (4.25)

(3.4) becomes

w _ _ 1
S?/H -2 de dax/%Tr(eﬁ,f)(y‘X(aM)( + Za)ﬁyyﬂy)(

) . 1 _
+ ila,, )(]) —ixy'lde xl+ Zfabceéerw“”“X

abc

1 1 ) )
— gfanc Xy x + gfaaﬁ)(v““”x + me)()-

(4.26)

We have obtained 29/2-flavor fermions for even d,
2@+D/2_flayor fermions for odd d and even D, and
2(d=1/2)_flayor fermions for odd d and odd D.

B. Minimal theories on G/H

In the previous subsection, we obtained the reduced
model of (4.23), which is YM theory with d Higgs scalars
on G/H originating from the consistent truncation of pure
YM theory on G. We also obtained the reduced model of
multiflavor fermions on G/H originating from one-flavor
fermion on G. In this subsection, we will study the large N
reduction for “minimal” theories on G/H: pure YM the-
ory on G/H and one-flavor fermion on G/H.

We first study pure YM theory on G/H. As explained
below, it is equivalent to a theory on G

PHYSICAL REVIEW D 81, 085019 (2010)

. 1 j
S = T ga /dg Tr(LaXp = LpXo = ifapyXy

+ [Xa’ X,B])Z» (427)

with the constraint

L, Xo = ifsapXp. (4.28)
The theory (4.27) with (4.28) possesses the right G sym-
metry. Hence, the large N reduction holds for pure YM
theory on G/H. Applying the rule (3.14) to (4.27) with
(4.28), we obtain the reduced model of pure YM on G/H
which is a matrix model

A v PR Foop j X
S?{\I/},r =T 4_K2 Tr([La, Xﬁ] - [LB’ Xa] - lfa/g)’xy)z’
(4.29)

with the constraint

(Lo Xo] = ifaapXp- (4.30)
The reduced model retrieves the planar limit of pure YM
theory on G/H in the limit (3.27). As before, the redefini-

tion L, + X, — X, in (4.29) yields

i v A . 5 . ~
S?Il\?l,r/ == m Tr([Xa’ XB] - lfa,B'yXy - lfa,BaLa)z'
4.31)

Note again that the redefinition keeps the constraint (4.30)
invariant. Hence, the reduced model of pure YM theory on
G/H is also given by the matrix model (4.31) with the
constraint (4.30). X, = L, satisfies the constraint (4.30)
and is a classical solution of the reduced model, (4.31) with
(4.30). We expand the reduced model around the classical
solution and take the limit (3.27) to obtain the planar limit
of pure YM theory on G/H. Note that (4.31) with (4.30) is
obtained by putting X, = L, in (3.24) with (4.5). The
reduced model, (4.31) with (4.30), respects the right G
symmetry and the gauge symmetry of pure YM theory
on G/H.

Now let us see that (4.27) with (4.28), indeed, yields pure
YM theory on G/H. Equation (4.27) is obtained by putting

X,=0 (4.32)
and (4.28) in (3.6). Recall that (3.6) is invariant under the
transformation (4.13) with A = a. Note also that (4.32) and
(4.28) are invariant under this transformation. Hence,
(4.27) has the symmetry given by

Xo = Xo + €L, Xy + fuapXp) (4.33)
This implies that we can impose the constraint (4.28) on
(4.27) to truncate (4.27) consistently to a theory on G/H.
The solution of the constraint (4.28) is given in (4.16). By
substituting the solution into (4.27), we indeed obtain pure
YM theory on G/H
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. w B
S = 1. f AP~ oNKKM K Ti(f 4, f2,).  (4.34)
Next, we study one-flavor fermion on G/H. Instead of

(3.8), we consider the following theory on G:

5= =5 [dei(iBy Loy + e )

1 - -
+ Ly DY g (439)

with the constraints (4.28) and

£a¢ = ifaaﬁ'ya'glpr £al_p = _ifaaﬂl_ﬂYQB,
(4.36)

where ¢ and ¢ are a 2°~9/2_component fermion for even
D — d and a 2°~4=D/2_component fermion for odd D —
d. Indeed, while (4.35) is a theory on G, y“ are the gamma
matrices in D — d dimensions. As we will see below, the
theory (4.35) with these constrains represents one-flavor
fermion on G/H. It possesses the right G symmetry, so that
the large N reduction holds for it as in the case of pure YM
theory on G/H. Applying the rule (3.14) to (4.35) with
(4.28) and (4.36) and making the redefinition ﬁa + X «—
X .., we obtain the reduced model of one-flavor fermion on
G/H which is a matrix model

| - [
1= = {00y R 0]+ g D70
), (.37)

with the constraints (4.30) and

[f‘a’ l_p] = _%faaﬁlzyaﬁ-
(4.38)

[ia’ lﬁ] = %faaﬁyaﬁ lﬂ,

We expand the reduced model around a classical solution
X, = L, and take the limit (3.27) to retrieve the planar
limit of one-flavor fermion on G/H. The reduced model
respects the right G symmetry and the gauge symmetry of
one-flavor fermion on G/H.

Finally, let us see that the theory (4.35) with the con-
straints (4.28) and (4.36) is indeed one-flavor theory on
G/H. 1t is easy to verify that (4.35) is invariant under the
transformation

Xa - Xa + E(Laxa - ifaa,BXﬂ)r (439)

i
b=+ e Lat = Faapy ),
) (4.40)
- — — 1 -
b= 0+ e L0+ LTy )
We can, therefore, impose (4.28) and (4.36) on (4.35) to
truncate (4.35) consistently to a theory on G/H. We will
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check below that the resulting theory is the one with one-
flavor Dirac fermion on G/H. We define p(z,) by

. i
p(ta) == Zfaaﬂyaﬂ- (441)
p(t,) satisfies
[ﬁ(ta)’ ﬁ(tb)] = ifabcﬁ(tc)! (442)
e 0 MP) y i0" A1) = Ad(h) Y p- (4.43)

We can solve (4.36) as
= €00 y(gr), g = y(o)e 100 (4.44)
Substituting (4.16) and (4.44) into (4.35) indeed yields

gmin = — 2 / d’~ oK Tr(eﬁ)‘mf“
’ K

1 gy ; S
X BM)(+Zw,L YoyX tilay, x1) + mexx )

(4.45)

V. CS-LIKE THEORIES ON G AND G/H

In this section, we construct CS-like theories on G and
G/H and give their reduced models. The CS 3-form on G
is defined by

Ny
w5 =Tr<A/\dA+?lA /\A/\A). (5.1)

For an arbitrary N X N unitary matrix, the gauge trans-

formation is given by
A =idUU™" + UAU™. (5.2)

As is well known, the CS 3-form is transformed under the
gauge transformation as
= w3 — idTr(U~'dU A A)
—ATr(dUU" AdUU ' AdUU™Y).  (5.3)

The 3-form in the third term of the right-hand side is
closed:

dTH(dUU™'" AdUU' AdUUY) = 0,

which means that the 3-form belongs to H3(G).
We define a 3-form f on G in terms of the structure
constant f,pc:

5.4)

1
f = yngcEA A EB A EC. (55)

It is easy to show that
df =0, (5.6)
d*f=0, (5.7)

which means that f and *f are harmonic forms so that f
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and f are nonzero elements of H3(G) and H?73(G), re-
spectively. We define the CS-like theory on G

1
S=E[w3/\*f. (5.8)

We can show that (5.8) has the gauge symmetry as follows.
Using (5.3), (5.4), and (5.7), and the Poincare duality, we
find that S transforms to

1
§=85-— f Tr(dUU ' AdUU ' AdUU™Y),
3a Jc,

(5.9)

where Cj is the 3-cycle dual to *f. As in the case of three-

dimensional CS theory, if we normalize « appropriately,

we obtain
S'=S+2mn (5.10)

for an integer n, so that ¢’ is indeed invariant.
Equation (5.8) is rewritten as

1
S = a deX GEXIE]I\;EéfABC Tr(AMBNAL
2i

1 1
= %a fdngBC Tf(iXA LgXc + EfBCDXAXD
o

2

+ glexBxc). (5.11)

The reduced model of (5.11) is
AoA oA 1 A oA
S, = e (iR K+ 5 Frcoa
o

20 5 o 4
+ glexBxc), (5.12)
which retrieves the planar limit of (5.8) in the limit (3.27).
By making the redefinition L, + X, — X,, we obtain
from (5.12) up to an irrelevant constant term

v 1 PN 20 4 &
S, = @fABC Tr(EfBCDXAXD + §XAXBXC>' (.13)

XA = ﬁA is a classical solution of (5.13). We expand (5.13)
around f(A = ﬁA and take the limit (3.27). Then, (5.13)
retrieves the planar limit of the original CS-like theory. For
G = SU(2), (5.8) is nothing but pure CS theory on the 3-
sphere.

Next, we study the CS-like theory on G/H. It is easy to
see from (2.21) that

SA(fBCPEMENEL) = 0. (5.14)
This implies that (5.11) is invariant under the transforma-

*In [26,27], the different type of the large N reduction on S°
developed in [20] was explicitly demonstrated for this theory.
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tion (4.10). Hence, by imposing the constraints (4.32) and
(4.28) on (5.11), we can truncate (5.11) to a theory on G/H
as in the case of YM theory on G. The resulting theory is a
CS-like theory on G/H which takes the form

w _ .
SG/H =a de da'\/Efa'ByTr<lXa£ng7

1 2i
+ Efﬁygang + gXaXBXy)

=Efw3m<f. (5.15)
a
Here @5 is the CS 3-form on G/H:

) Y

w3=Tr(a/\da+§a/\a/\a), (5.16)
with

a=a,do* i=don (5.17)
pdot, ppr :

f is a 3-form on G/H, which is analogous to f on G:

f=faﬁye“/\eﬁf\e7’. (5.18)
* stands for the Hodge dual on G/H. (4.16) has been used
to obtain the second line of (5.15). By construction, (5.15)
has the symmetry under the gauge transformation (5.2)
with §,U = 0(aU/dy™ = 0). Indeed, we can easily show
that

d=f=0 (5.19)
which means that xf € H?~973(G/H). Hence, under the
gauge transformation

a' = iduu=" + uau™! (5.20)

with u an arbitrary o-dependent N X N unitary matrix,
(5.15) is transformed as S’ = S + 27n, as in the case of a
CS-like theory on G.

The reduced model of (5.15) is

A 1 o ¥
SE;/H — 6%fal37 Tr(iXa[LB, Xy] + Efﬁyéxaxé

2, oo oo
+—XQXBX7),

3 (5.21)

with the constraint (4.30). The redefinition £, + X, — X,
in (5.21) leads to

G/HI __ v - 1 A A 2[ A A A
Sr _6_af BVTr(EfﬂngaX(g +?XQXBX7
+ fﬁwia)?a), (5.22)

up to an irrelevant constant term.
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LARGE N REDUCTION ON COSET SPACES
VI. CONCLUSION AND DISCUSSION

In this paper, we showed that the large N reduction holds
on coset spaces. The reduced models of large N field theo-
ries on coset spaces are obtained by imposing the con-
straints on the reduced models of the corresponding theo-
ries on group manifolds. We also constructed CS-like
theories on group manifolds and coset spaces, and gave
their reduced models.

As an application of our findings in this paper, we can
define large N field theories on $*~SO(5)/S0O(4) nonper-
turbatively in terms of their reduced models. In particular,
it is interesting to construct the reduced models of super-
symmetric gauge theories on S*. While the reduced models
of those on R X §3 constructed in [19,20] still has the con-
tinuous time direction, the reduced models of those on S*
are indeed defined in zero dimension so that they would be
more tractable. The large N reduction for CS-like theories

PHYSICAL REVIEW D 81, 085019 (2010)

can be applied to the study of the theory proposed by
Aharony et al. theory [40].

We hope to find reduced models of large N field theories
on a wider class of curved spaces and eventually to make
progress in the description of curved space-times in the
matrix models conjectured to give a nonperturbative for-
mulation of superstring theory.
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