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Chapter2．　X－RayDiffractionTheory

2．1BasicTheory

2．1．1BasicsfbrX－raydifrraction
We shallnow discuss the nature ofX－ray di餓●aCtion and make relationship ofthe

di釣●aCtion pattem tO the struCture Of matter．We nrst consider X－ray difn－aCtionfrom

elementary chargedparticleslike electrons．In ourdiscussion，We aSSume thattheincident

X－raybeamismonochromatic．WealsousetheFraunhofbrapproximationduringlnterfbrence

OfX－rayS．Then，We COnSiderparallelwaves bothintheincidentand scattered directions．

FurthermOre，WelgnOrethecaseofre－SCatterlngOfthe scatteredwave．Finally，WeCOnSider

interfbrencee脆ctsduetocoherentscattenngwithoutchanglngthewavelength．

2．1．2Scatteringbyaslngleelectron

Accordingtotheclassicalelectromagnetic（CE）theory，X－raySCanberepresentedbya

transverse wave，COnSistlng Of electriC and magnetic nelds perpendicular to propagatlng

directionl1］．Whenthe X－rayisincidenttothematerial，atOmicelectronsinteractwiththe

electric丘eld．As aresult oftheinteraction，the bound electronis oscillated withthe same

frequency to theincident X－ray．According to the CE theory，an aCCelerated electron will

radiateelectromagneticwavehavingthesamefrequencywiththeincidentwave．Thus，When

theelectricneldinteractswithanelectron，aSeCOndarywave，havingthesamefrequencyof

the丘eld，isemittedduetotheoscillationoftheboundelectron．Thissecondarywaveiscalled

thescatteredwave．TheintensltyOfthescatteredX－raybeamisproportionaltothesquareof

theamplitudeoftheincidentelectric丘eld．

Z

Ⅹ

Fig．2．1SchematicdrawlngOfscattenngphenomenafromanelectron

UsingtheCEtheory，Thomsonderivedanexpressionofthescatteredwavebyaslngle

electronl2］．InFig．2．1，theelectronislocatedatpointO．Atnrst，WeCOnSiderthecaseofthe

POlarizedX－rayWhoseelectric丘eld，E。，ParalleltotheZ－aXis．AtapolntPofdistanceRfrom

O，thecomponentofthescattered丘eldpolariZedperpendiculartotheXYplaneisglVenby：
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／．－　／」

Where e and m are the charge and mass ofthe electron，Cthe veloclty Oflight．Thenwe

COnSidertheincidentX－ray丘eld，E。，POlarizedparalleltotheX－aXis．Theinducedscatterlng

neldpolarizedparalleltotheXY－Planebecomes：

／．－　／」 （£） co∫2β／月

Where，20isthescatterlngangleasillustratedinFig．2．1．AstheintensltyOfX－raylSCalculated

bysquareoftheelectricneld，theincidentintensltyOftheX－raybeamis：

／／∴

SincetheincidentX－raybeamisunpolarized，thenthescatteredintenslty，I”isderived

byanaverageofthescatteredelectricneld：

圭＝
／∴／∴．　し・

2　　　　　〝〆C4月2

ノ＋CO∫22β

）
（24）

InEq．（2．4），thefactorintheparenthesesiscalledthepolarizationfactor．Thiscondition

holdsequalforotherchargedparticles．Ifweconsiderthecaseofaproton，themassbecomes

farheavierthananelectron．Then，WeCanneglectX－raySCatterlngbyaproton，becausethe

intensltyShowsinversesquaredependenceonthemass．

2．1．3Scatteringbyanatomconsistingofmanyelectrons

Now，WeCOnSideranatomcontainlngZelectrons．IfalltheseZelectronsarelocatedat

thesamepolntinspace，thescatteredwavesfromthemwithchargeZewillbeinphase，andEq．

（2．3）readilygives：

／、／、／

However，thewavelengthsusedinX－raydifn－aCtionareoftheorderoftheatomicdiameter．

Therefore，iftheelectronsinanatomarelocatedatdi任もrentdistances，thescatteredwavesare

not completelyln Phase．As a result ofthe destruCtiveinterference，the netintenslty Will

becomelessthanthat ofEq．（2．5）．Itis possible to considerthatthe actualamPlitude will

COrreSPOndtoanumberofFtelectronslessthanZ．Then，theamPlitudeoftheelectriC丘eld

scatteredfromanatomwillbe：

ga＝且且 （2．6）

ThequantltyFaiscalledtheatomicscatterlngfactor．

AccordingtoEqs．（2．3）and（2．4），thescatteringintensityfromtheatombecomes：

／／／、ン／、

Where Ft＊is a complex c0両ugate ofFa，aS a reSult ofthe Fourier transfbrmation（See

Eq．（2．15））．For a macroscopic samPle，the difn－aCtedintensity willbe proportionalto the
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irradiatedvolume．We，therefbre，denneabsoluteintensltyPerunitvolume：

／／／、：：／I－

For calculatlng Fa，We COnSiderinterfbrence by two electronslocated at A and C，

SeParated by a distance r．In Fig．2．2，the direction ofincident and scattered beamsis

indicatedbytheunitvectorS。andS，reSPeCtively．Theangle，2qbetweenthetwovectorsis

thescatterlngangle．

Fig．2．2　SchematicdrawlngOfthescatterlngbytwoelectrons

Accordingtothe丘gure，

AD＝－S・r and BC＝－S。・r．

Thepathdi脆rencebetweentherays11′and22’ismeasuredby：

6＝AD－BC＝－（S－S。）・r．

Then，thephasedi脆rencebetweenthetworaysbecomes：

¢＝晋×∂＝一号×（S－So）・r

WedenneherethescattenngvectorsintherecIPrOCalspace；

∫＝

．Y－．Yo

J

Themagnitudeofsisafunctionofthescatterlngangle：

卜l 誓l＝呈苧

（2．10）

（2．11）
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Then，theresultingamplitudeofthescatteredX－raySfromthetwoelectronswillbe：

且＝丘bO＋丘と－2かぶ・れ
a

IfweconsideranatomcontainlngZelectrons，andifthedistanceofelectronsfromtheorlgln

isrepresentedbyvectorsrz，thentheresultantscatteredamPlitudewillbe：

且（S）＝∑qe‾2呵
Z＝1

Thus，aCCOrdingtoEq．（2．6），thestruCturefactorFa canbeexpressedby：

瑚）＝旦坦＝訪ピー2如
Z＝1

Intheatom，electronsareconsideredtobecontinuouslydistributed．If p（r）istheelectron

densityinthevolumeelementdv，thenEq．（2．14）changesto：

瑚）＝Jβ（r）e‾2加励

This equation was derived by Fourier befbre the di餓●aCtion theory was discussed．This

equationdemonstratesthatthescatteringanq，litudeq／Xlnv，istheFburiertrandbrmq／the

electrondensio，．ForcalculatingFL（S），theintegrationisperhrmedinsidetheatom．

FortheX－raydifn－aCtiontheorylnCludingFouriertransfbrm，thereadermayrefbrthe

textofgeneraltheoryl3，4］anditsapplicatontopolymersl5－8］．

2．2　FourierTrans駄Irmation

2．2．1　RelationintheFouriertransfbrm

Following the Fouriertransformderivedin Eq．（2．15），itis possible tointroduce the

generalizedtheoryapplicabletoallmaterialphasessuchassolids，liquidsandgases．Inthe

generalized theory，relations ofthe struCture factor，F（S），and totalintensity，Fs），Ofthe

materialarederivedasfollows：

ダ（∫）＝Jβ（rわー2加励，

ぺ∫）＝ブF＝圭F（∫）F＊（∫），

WhereF＊（S）isthecomplexc0両ugateofFts）．

ThemoststrikingpropertyoftheFourierintegralisthatp（r）isconnectedtoFts）bythe

reversefbrmula：

β（r）＝J叫）e2加励ぶ，

Wheredvsisthevolumeelementofthereciprocalspace．Equation（2．18）indicatesthatthere

existsarelationofreciprocitybetweenFts）inthereciprocalspaceandp（r）intherealspace．If

Weknowtherelationbetweenthetwospaces，ltisconvenienttounderstandtherelationship

betweenthestruCtureanditsscatterlngPattem．

Using analytical results of the Fourier transform，itis possible to discuss the

relationshipofthe struCture Ofasubstancewiththe X－ray SCattenngPattem．Here，We Will

PreSentSOmeeXamPlesofcharacteristicfunctionsandtheirFouriertransfbrmS．
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2．2．2ExamplesoftheFouriertransfbrm

Weimagineherethatj（x）isaone－dimensionalelectrondensitypronleasastruCture

modelin the real space．The corresponding di餓●aCtion pattemin the recIPrOCal spaceis

deducedbyI（S）usingEq．（2．17）．Incaseofanevenfunction，Fa（S）isusedinsteadofFts）F＊（S）．

（a）DeltanlnCtion

Deltafunctionisdennedby6（x）＝Oatx≠0，and6（x）＝CX］atX＝0．

If ji（x）＝6（x），then Fl（S）＝J∂（x）dvx＝1・

（ii）

メ（芳）

0

メ（可＝∂（可

Fl（∫）

Fig．2．3　Theillustrationsof（i）deltafunctionand（ii）Fouriertransform；Fl（S）．

（b）Rowofthedeltafunctions

Ifwesupposetherowofthedeltafunctionsseparatedbyaregulardistance’a’：

伽）＝∑仲一画
タ7

TheFouriertransformOfthej；（x）becomes：

軸）＝　∑e‾2m∫乃a
タ7

．＼・‖1汀．＼・．＼’（J

Sln郡α
，　　　　　　　（220）

WhereNisthetotalnumberoftherow．IncaseofthelargenumberofNFb（S）becomes

arowofdeltafunctionsseparatedbylkl：

sin班
賞（∫）＝

Sln郡α　　α　乃　　　　α
＝1∑∂（∫一一）　　（221）
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（C）Applicationofthedeltafunctioninpolymers

Combining the above relations discussedin（a）and（b），X－ray difn－aCtion pattemS by

POlymers canbe estimated．Ifweimaglne alinear－POlymermolecule，the periodic monomer

repetitionis aligned along the vertical direction．An array of the periodic points　伍）is

CharacterizedbyJiinthehorizontaldirection（x）andj；intheverticaldirectionb））．Then，thetwo

dimensionalfunctionj；（x，y）illustratedinFig・2・4（i）istransfbrmedintoF3（sx，Sy）likelayerlines

SeParatedbyl／ashowninFig．2．4（ii）．Inthepolymermolecule，distanceofthemonomerisinthe

orderofseveralÅ．Then，thereflectionofthelayerlinewillappearintheorderofÅ‾1，Whichcan

bedetectedbywideangleX－raySCattering（WAXS）．

In the chapter4，We Will discuss a di餓●aCtion pattem Ofthe oriented polyethylene

terephthalate（PET）．The cold－drawn PETmolecules are alignedparalleltothe drawdirection，

dennedbyj；．The corresponding pattem shows di凪lSelayers（See Figs．4．1（a），（b）and（C），

pp32）．

J・－ミ

（iii）

し （ii）

／、

（iv）

1丑

Reciprocalspace

Fig．2．4（i）Functionoftheperiodicpoints，j；，and（ii）theFouriertransfbrm，FB．

（iii）FunctionoftheperiOdiclayers，A，and（iv）theFouriertransform賞．

（d）Reversetransfbrmation

IntheFouriertransformation，ltispossibletoobtaintherelationofreversetransformation：

Thefunction，ji（x，y），Showingthe rowoflayerlinesinthe realspacewillbetransfbrmedinto

Fl（sx，Sy）corresponding row ofdeltafunctions along the verticaldirection・Ifwe considera

lamellarstruCtureSeParatedbyL（Fig．2．4（iii）），thedi釣●aCtionpattembecomestherowofpoints

separatedbyl丑asshowninFig．2．4（iv）．AsthelamellarstruCtureisintheorderoflOOÅ，the

di釣・aCtionpattemhasaorderofO．01Å‾1，WhichcanbedetectedbysmallangleX－raySCattering

（SAXS）．ExamPlesoftheFlfunctionareshowninFig．4．12（pp42）andsection4．8（pp44－46）．
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（e）Crystalfunction：

Expandingtheonedimensionalfunctionj；intothreedimensions，thecrystallattice

functionj；istransformedintothereciprocallatticefunction（香）．

Accordingtothede丘nitions，

應ヨフa句b＋γC and

F5＝ha＊＋kb＊＋lc＊，aSeXPreSSedinEq．（1．1）andEq．（1．6）．

ThisfactindicatesthatthecrystallinestruCturehasadifn－aCtionpattemaPPeared

OntherecIPrOCallattice．

（f）Rectangularfunction

Ifweimagineanelectrondistributiononarectangularfunction應（x）ShowninFig．2．5（i），

thecorrespondingdifn－aCtionfunctionisanalyticallycalculatedby瑞（S）．

＿己］

應（Ⅹ）＝
1whenIxl＜言

Owhenlxl＞言

（Realspace）

ズ：

／√ 、

∂

／√ ＼＼＼＼
ノ ー 2 ′ ∂ ＼ J l ′ ∂ 1′互 ノ／2 ′∂ ＼ 　 ∫

Sln　方∫a

汀∴＼■；1
瑞（S）＝a

（Reciprocalspace）

Fig．2．5（i）Therectangularfunction應（x）and（ii）theFouriertransform：Fk（S）．

Therectangularfunctionisamodelofmolecularentityorcrystallineshape，Whichwillbeusedin

theconvolutiontheory．（Seeinsection2．3．3（b），PP20）
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（g）Gaussianfunction
TheGaussianfunctionisabasicfunctiontoconsiderdistributionofelectrondensityormolecular

movements．ThemainfbatureoftheGaussianisthatthecurveWidthisreverselytransfbrmedbythe

Fouriertransfbrmation．Asaresult，thesharpGaussianwillbetransfbrmedintoabroadone．We

usethisfunctiontodiscussthermalmovements ofcrystallinemoleculesuslng aCOnVOlutiontheory

（Seeinsection2．3．3（a），PP18－19）．

（ii）

月亘）＝ぬ‾砿2ズ2

（Realspace）

軸）＝e嘉∫

（Reciprocalspace）

Fig．2．6（i）TheGaussianfunctionj；（x）and（ii）theFouriertransfbrmダ7（S）．

（vi）Spheruliticfunction

Thisfunctionisamodeloftheelectrondistributionofanatom．Itisknownthataspherulitic

materialintherealspacehasasphericalsymmetryinthescatteredintensityarOundthecenter（S＝0）．

（ii） 疏（∫）

應（芳）＝

1whenIxl＜R

Owhenlxl＞R

（Realspace）

爪（∫）＝
3（sin2m成一2冗SRcos2m戒）

（2m戒）3

（Reciprocalspace）

Fig．2．7（i）Thespheruliticfunctionj昌（x）and（ii）Fouriertransfbrm爪（S）．

×竺戒3
3
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2．3．TheConvolutionTheory

2．3．l Convolutionfunction

The one－dimensionalconvolutionfunction，h（x），Ofthetwofunctionsj（x）andg（x）is

dennedby；

姫）＝　抑可g（…）励〟

Theconvolutionfunctionisexpressedby；

力（芳）＝′（可＊g（可

Inthecaseofj（x）＝∂（x），then f（x）＊g（x）＝g（x）．Thisrelationisextendedusingthe

Periodicdeltafunctionshowinglatticeperiodicity（炬）＝j；（x））．Inthiscase，theconvolution，

f（x）＊g（x），rePreSentStheperiodicarrayofg（x）．Extendingtothethreedimensions，the

CryStalline state，arranged atoms or molecules on thelattice，Can be expressed by the

convolutionofj；（r）andacharacteristicelectrondensityg（Z）．

2．3．2Fouriertransfbrmoftheconvolution

Fouriertransfbrm，許，Oftheconvolutionfunctionisde鮎edas

y（可＝釘′（可＊g（瑚＝∬′（嫌（芳一一〟）励〟e‾2加●ズ励ズ励〟…………………（2・24）

Here，the variablesu andxare changedinto U＝u and W＝X－u．Inthis case，PrOductofthe

VOlumeelementsdvAvuisequivalenttodvUdvw．

y（車∬′（U）g（断わ‾蝕（U＋断）動d加

＝巨（U）e‾抽㌔可g（肝）e‾2万Z∫附加『＝印）・G（∫），・・・（2・25）

where Fts）＝ダ伍x）］and G（S）＝ダtg（x）］．

Accordingly，theFburiertrandbrmq／theconvolutionjiLnCtionisequaltotheproduct

・イJ〟‘・什′MV〃川J‘亘／J川l・Jん′JnJ

訂［姫）］＝訂［′（可＊g（可］＝F（可・G（∫）

Using the reverse relation of the Fourier transformation，the productjiLnCtionis

J川JJV〃川J‘・l／んJ仙J〟‘・r〃J…′／〃Jh〃可J〟‘・什′川∨〃川J‘亘／J川l・Jん川、ご

nus　　　訝‘［丑r）・g（瑚＝F（∫）＊G（∫） （2．27）
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2．3．3Applicationoftheconvolutiontheory

（a）Thermalmotionofthecrystallinemolecules

Athightemperatures，CryStallinemoleculesaredisplacedfromtheregularpositons．Due

tothethermalmotion，ltisconsideredthatthe difn－aCtionwouldbe distufbedintoadi凪ISe

Pattem．However，theresultshowssharpreflectionpeakswithdecreaslnglntenSltyathigher

angles（S）．Thisfactispossibletoexplainbytheconvolutiontheory．

ThecrystallinestruCturehasaregularpackingofatomsormolecules．Werepresentthis

StateuSingtheconvolutionofthetwofunctions：thelatticefunctionj；（x）（orj；（r）inthethree

dimensions）and electron densityfunction，j；（x），distributed by the Gaussian．Then，the

fbature ofthermalmotiononthe regularlattice separatedby’a’is shownbyj；（x）＊j；（x）as

illustratedinFig．2．8（a）．

應（芳）＊

l

十亘1

l

l

α－＞

（Realspace）

Fig．2．8（a）Electrondensityprofilesontheregularlatticeseparatedby’a’

The difn－aCtion pattem Ofthe above state can be calculated by Eq．（2．26）．The

transfbrmedfunctionF2（S）isarowofdeltafunctionsseparatedbyl／a（orreciprocallatticein

thethreedimensions）．Ontheotherhand，thetransformedfunctionF7（S）isaGaussianhaving

abroadhalfwidth．Theproductofthebothfunctionswillbetherowofthedeltafunctions

CutOffbytheGaussiancurveShowninFig．2．8（b）．Asaresult，thedi釣●aCtionpattemhasa

Sharpreflectionpeakswhoseintensitywilldecreaseathigherangles（largesvalues）

賞（∫）・ダ7（∫）

1／α　　　　　　　　　　　　　　　　　　　　　 ∫

（Reciprocalspace）

Fig．2．8（b）Featureofthedifh’aCtionbythestruCtureShowninFig．2．8（a）
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Considering thelarger thermal motion at higher temperatures，atOmS are OSCillated

randomlyfromthelatticepolntS．Then，thecrystallineregularltyWillbebrokeninthe short

rangestruCture．However，fbllowedbytheErgodictheoreminthethermOdynamics，atime

averagestruCtureiscoincidentwithaspaceaveragestruCture．Thenthee脆ctofthethermal

motionispossibletodiscussusingthebroaderdistributionoU；（x）．

＼ノ／、、ノ‾、し ／＼、、ノ 、㌧

應（芳）＊月（芳）

／卜、ノ‾＼ ノ ＼、、ノ‾、㌧ ノ

α－＞l　　　　　　　　　　 X

（Realspace）

Fig．2．8（C）Widerdistributionofelectrondensitybythethermalmotion．

Thee脆ctofthethermalmotionisemphasizedinFig．2．8（C），Wherethehalfwidthof

j；（x）becomes widerthan thatin Fig．2．8（a）．The resultant difn－aCtion pattemin Fig．2．8（d）

Showsthatthe sharpdi釣●aCtionpeaksarerapidlycutoffbyF7（S）．De甲iteq／thethermal

J〃〃Jん′Jn、、〟〟り…ハ‥イJ〟日頃／川l・Jん′Jり，′JmT〃lん灯、JMJl・〟〟代で‘〟J恒で〟‘・J・Jr〃J／，‘γ〟丁目・ハ．

／ ／ ′ ；

ノ′

賞 （∫） ・ ダ 7 （∫）

、
■ヽ．

＼
＼

／
／F

l

l

、ヽ、

′ 　＼
＿ 「 十 十 1

＼ ＼ r l t r

く 到

（Reciprocalspace）

Fig．2．8（d）Effbctofthethermalmotion：ThesharppeaksarecutbyF7（S），

ShowingthatthepeakintensitywillweakenedathighdifB’aCtionangle．
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（b）Effectofthecrystallineshape

Theappearanceofdi餓●aCtionpeaksisa脆ctedbythecrystallineshape．Itispossibleto

explainthee銑ctofthecrystallinesize（ororderedregion）bytheconvolutiontheory．Ifwe

COnSidertwofunctionsj；（x）andj；（x），Whichrepresentcrystallineperiodicityandshapeofthe

CryStal，reSPeCtively．Consideringthemultipleofthebothfunctions，j；（x）・j；（x）indicatesthe

e脆ctofthecrystallineshape．AsshowninFig．2．9（a），thecrystallinerepetition伍（x））iscut

bytheedgeo付言（x）withtotallengthofL．

應（芳）・應（芳）

一づ＞
（7

l← 　 　 　 　 　 　 　 　 　 芳

（Realspace）

Fig．2．9（a）Featuresofthecrystallineshape：thecrystallineregularity，j；¢），

iscutbythecrystallineshapefunction，j；亘）．

The above struCture denned bythe multiplefunction，j；（x）・j；（x），has adifn－aCtion

PattemtranSfbrmedbyEq．（2．27）：

訂伍（芳）・應（瑚＝賞（∫）＊蔦（∫）．

The difn－aCtionintensityofthe above struCture Will have a regular peaks on the

recIPrOCallattice separated byl／a．The peak has awidth depending onl丑as shownin

Fig．2．9（b）．InthecaseofasmallcrystalhavinglowLvalue，thepeakwidthisbroadenedby

l／L．Thisfactclearlyindicatesthatthecり′Stallinesizeiscloseb，relatedtotheshaTPneSSq／

J〟日頃／川l・Jん′Jリ，川ん

賞（∫）＊汽（∫）

丑 ≠ 北 （ 爪

∩（　　　 〔ハ 八〔　　　h　ハ

八八 北

’〕＝ V　 Y U … 〕 Y〕U U 〕‾ 月 軒 ‾〕U U 〕1／αユ U U Y 〕V U U 一
　　　　 g

（Reciprocalspace）

Fig．2．9（b）Effbctofthecrystallineshape：thedifB’aCtionpeaksarebroadened

inthesmallcrystaldependingonthefactorl／L．
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